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ARIHANT PRAKASHAN, MEERUT 


PREFACE 


“You can do anything if you set your mind to it, I teach calculus to ТЕЕ 
aspirants but believe the most important formula is 


Courage* Dreams = Success" 


It is a matter of great pride and honour for me to have received such an 
overwhelming response to the previous editions of this book from the readers. 
In a way, this has inspired me to revise this book thoroughly as per the changed 
pattern of JEE Main & Advanced. I have tried to make the contents more 
relevant as per the needs of students, many topics have been re-written, a lot of 
new problems of new types have been added in etcetc. All possible efforts are 
made to remove all the printing errors that had crept in previous editions. The 
book is now in such a shape that the students would feel at ease while going 
through the problems, which will in turn clear their concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 
• Theory has been completely updated so as to accommodate all the changes 
made in JEE Syllabus & Pattern in recent years. 
» The most important point about this new edition is, now the whole text matter 


of each chapter has been divided into small sessions with exercise in each 
session. In this way the reader will be able to go through the whole chapter in a 


systematic way. 

ə Just after completion of theory, Solved Examples of all JEE types have been 
given, providing the students a complete understanding of all the formats of 
JEE questions & the level of difficulty of questions generally asked in JEE. 

» Along with exercises given with each session, a complete cumulative exercises 


have been given at the end of each chapter so as to give the students complete 
practice for JEE along with the assessment of knowledge that they have gained 


with the study of the chapter. 
• Last 10 Years questions asked in JEE Main & Ady, IIT-JEE & AIEEE have been 
covered in all the chapters. 
However I have made the best efforts and put my all calculus teaching 
experience in revising this book. Still I am looking forward to get the valuable 
suggestions and criticism from my own fraternity i.e. the fraternity of JEE 
teachers. 
I would also like to motivate the students to send their suggestions or the 
changes that they want to be incorporated in this book. 
All the suggestions given by you all will be kept in prime focus at the time of 
next revision of the book. 


Amit M. Agarwal 
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It was in this aspect that the process of integration was 
treated by Leibnitz, the symbol of | being regarded as the 


initial letter of the word sum, in the same way as the 
symbol of differentiation d is the initial letter in the word 
difference. 


Definition 
If f and g are functions of x such that g' (x) = f (x), then 


the function g is called a anti-derivative (or primitive 
function or simply integral) of f w.r.t. x. It is written 


symbolically, | f (x) dx = g (x), where, t gx) =f (x) 
к 
Remarks 
1. In other words, | 00) dr = g (x) iff 9° (x) = f (x) 


2. | f(x) dx = д (x) + c,wherecisconstant, 
[ (g(x) + СУ- g'(x) =/()land Ciscalled constant of integration. 


Session 1 


1 Example 1 ro += (0+1) х", then find 
ІХ 


Іс dx. 
Sol. Аз, 2. [^ o C] (п +1)х^ 
ж 


= — (x^*! + С)їв anti-derivative or integral of (n + 1) x". 


лэ 


ан ай 
[х de 


+C 


1 Example 2 if S sinx re) =c0s x, then find 
ІХ 
[соз хах. 
Sol. Аз, А капа C)- cosx 


= sin x + C is anti-derivative or integral of cos x. 
Joosxdx =(sinx)+C 


Fundamental of Indefinite Integral 


Fundamental of Indefinite Integral 
EE ETC) 

dx 

e Јо) а=) +C 


Therefore, based upon this definition and various standard 
differentiation formulas, we obtain the following 
integration formulae 


27 
а (иу, DE 
23 энэн = т 


Since, 


*Cnz-l 


d QU vigas ћи 0 
СЕ [rds cel ew епх # 


(iii) Lese = fet dx=e*+C 
dx 


Ён х 
"ES (кг ,а>0аж1 


40 


= ја dioi Тр, а 


(0 -—(-созх)=їпх = fsinxdx=—cosx+C 
dx 
(vi) а ау ова J dx == с 
u - x = |соѕ х х =5іпх+ 
‚4 
(vii) (ан х) = ес? x = | ес" x dx =tanx+C 
dx 
ua d 2 2 
(viii) = (- cot х) = совес х =f совес х dx = —cot x +С 
а 
(ix) — (sec x) =sec x tan x 
dx 
= [sec x tan x dx =зесх +С 
d 
09 c Ссовес x) =созес x cot x 
= | созес x cot x dx = — созес x + С 
63) £ (og sin x|) =cot x 


= со x dx =log|sinx|+C 


(xii) © (- log cos x |) = tan х 
dx 


= [tan x dx --log|cos x|+C 
aay d 
(xiii) Slog [sec x + tan x |) «sec x 

dx 

= [sec x dx =log|sec x tan | 


(xiv) Тоон созес x — cot x |) -совес x 


жс 
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= foe? eset ук 


p 
ing | x" dx = — + С 
Л p= 


өле была tH 


(3/241 1/241 -1/2*1 


gps айс 
3 


(i) 1 = (x? +5у ах [using (а + b) = а?+3а®Ь Sab" b? ] 


= (совес x dx = log |cosec x cot x|+C 12 [бе +15х* + 75x? + 125) dx 


d. px. % 
СЕЧЕ ea 
x 


1 Example 3 Evaluate 


5x- 
в је“ ЗЕТ у fot es de 

” %5х-1 2 5х! 
Sol. (i) T= pena. (oe - 


2 з E 
inž p 1550 BX see С 
7 5 з 
ка 3 
1 = Хо 4 3x5 +255? +125х+ С 
7 


] Example 4 Evaluate 


@ fian? x de 0 fo 


(8 je x-+cos® Хар = —cos 2x 
i) === жее. 
sin? x cos? x COS X 


Sol. (i) 1= [лап xdx = I= [чес x = 1) de 
I= рес x dx [idx [using fsec* хах = tanx + С] 


= I=tanx-x+C 
6) 18 [———À;,— dx 


sin? x cos? х 


2 2 

sin? x + cos? x TES 

12 [—PT— dr [Using sin? x + cos” x = 1] 
sin? x cos? x 


in? 2 
sin? x cos! х 
Is Joa АРТАР 
sin? x cos? x sinf x cos* x 


Те sec? x dx. | cosec? x dx 


I=tanx-cotx+C 
(iit) 1= sin CLER Xd. 
sin? x cos? x 


(sin? ЭШ сон ху 4 


1= 
sin? x cos? x 
[using (а + b)? = a? +b? +346 (а + b)] 
s (sin? х+ соз? х) -3sin? x cos? x(sin?x + cos? x) P 
sin? x cos? x 
"ЖЕ" 
ЕТЕНЕ 
1 “ sin? x cos? x 
лт | 
х 
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їе [————&- fade 1 Example 6 Evaluate 
sin? x cos? x үт 
(i) fatte d (i) јави dx 
ju fet zs out a reota ас 
зіп? х соз? х Sol. (i) 1- [59 dx = І без de Шыда | = b8: 8] 
I= | нас x ах + | сонс x dx -3x +C ghe 541 
I-ünx-cotx-3x4C (log, 5+1) 
= lg, 561 
(iv) r= 09-00825 a. fusing coszx = 26063 x-1] доо [seta E— 4c 
1-cos x log, 5+1 
cos x — (2 cos? x — 1) Ч Лови х Jos x gy = (2/2 x 
fa [£x eer хэ1) Gi) 1- [аи dx = [259 * ах = [2 dx 
и blink: се 
1 
— ЕШ 
cos x T 7-1 loga b 
а logs b= 
НЕСІН = јат de = [Vx de юге = 
-(сөзх-1) ü E 
=®—+ 
[as —2соз* x + соз x — 1 = -(2cos x +1)-(совх - 1)] 3/2 
= T= Í(2cos x+ dx & faet desat +0 
T=2sinx+x+C d 
Ух + IX 
Женат = 1 Example 7 Evaluate је a 
x 
In rational algebraic functions if the degree of numerator is d 
greater than or equal to degree of denominator, then always ы сел -D ве 
divide the numerator by denominator and use the result of | Here, I= | Е) 
integration. 
y= je e nto zu s 
1 Example 5 Evaluate Gc Vx +1) 


x 
dx _ [Ux + Vx - Dic x эл) 
Iz +2 ] (x ух +1) di 
[Using, а“ — Б? = (a – ba^ + ab +) 


a 
-|в-Әж-5--хас 


fs (е сун 
х+2 х%2 
| Example 8 Evaluate 


(x+2)(x? 
=> 1= [eee 1+2x? x5-1 
х+2 74 ii) | 
8 0 Ја ТЕТЕ Ё 0) Га 32 
CE 
x42 Sol. (i) Here, I = ae HUN eo fe +x? 
Р: xxx) eso 


Тес навија 2| c6 
1+х' х 
— dr 
“We zües)4 “иса 
= | ак 
Јаве] 


сэн 
(i) Here, 1 = [57 16 


1 
nm тхе ctn x+C 
x x 


x541-2 
хэ 


dx 


а ја ак af 2 


хэ 


pe [een х0 of dx 
(#1) х +1 


[Using, a? +B? = (а + а? — ab + b*)] 
- [e -x + ђак 2f S — ах 
x +1 


3 
= 4x -2tantx4+C 
503 


1 Example 9 Evaluate 
је 


% Да 
: xt 4x? Qx +1) 
о Tax? ЕСК х ШІ 
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-| (а +2х)-(4х* —2х +1) 4х 2х41) le 
Е (1-2х) (1-2х) 
2x +1-4х?}йх 
-2x 
@х+)й-2х) 4. 
а-2х) 
-| (хэл) ёс-х +х+С 


Е j& *Düx'- 


] Example 10. Evaluate 


1 
0 Iz (x —a) cos (x — b) 5 


- 1 
© 155 w- ocos b) к 
X 


Sol. Тај 
зо. ove = f 2 9 ene 5 
х cos (a-b) 
(em. 1). S eos(a =b) ТЕГІНЕ D] 
лн ae _ 1 равза - B) - (x - a) 
— cos(a- b) | ава 
si jec cos (x = a) 
cos (a— b) * | sin (x — a) cos (x — b) 
(x= b)sin(. 
(x — a) cos ( 
= j | ох а) + tan (к BI ёс 
25 
EE Џој | sin (x — а) | -log| cos(x – b) | + C 
2222 | sin(x-a) 
а) ЕТ ^ 
арлар. 
-| дабы) |, i) t= [ecw eae 
Ax 42x41 4х'—4х+1 (1-2х) -aoee a 
ED EE" = sin (a — b) соз (x — a) cos (x — b) 
a.d sin (x — b) - (x — a) 
gi (ах x Ee (673) lens (5a) eor (8) ші 
хе (ахї +2х +1) (ax! -4х+1 (0-20) 2-3 | siae вн (кй 
4 (1-4х“ + 4х? 16x) ах ах +1) gy sin (a — 5) ^ | cos (x — a) cos (x — 5) 

(4x? +2х +1(4х®-4х+1) (1-2) | cos (x ~ b)sin (x 18 
== Ax*)(ax*e2x et (4х1 2+1) Ах (хе), cos (x — а) cos (x - Б), 
(4x? +2х +1)0х 1) (1-2) BE [бап (x – 9) - tan (x — a)) dx 
[using, 16x* 4x? 12 16x* + Bx? +1- 4x? P qu log|cos(x -b)+ log |cos(x -a)]]-C 

sin (a7 5) 


= (4х? 1)! - (zx! = (ax? +1+2х)] 
"(pum -2х+1) _ 


алша), === 
(1- 2x)? 


25 sin (a - 5) 


cas (x —a) 
cos (x — b) 


Б 


|< 
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sin (x-- a) 


1 Example 11 Evaluate f snid” 


inta ри хь => ж-й 
in (x +b) 


ти [sott bea) 
sin t 


«мана оне ái 
sint sint 
= cos (a — b) fidt + sin (а — b) f cot (t) dt 
=t cos (a — b) + sin (а – b)log sint | С 
=(х + b) cos (a — b) + sin (a — b) log] sin (x + b)|+C 
] Example 12 


ооо 5 
Фил + and 19-12, then find foo. 
(0) The gradient of the curve is given by У =2х — 2. 
dx ж 
The curve passes through (1, 2) find its equation. 
Sol (i) Given, /(х)- i 2 


> 
On integrating both sides w.r.t. x, 


we get [reas (+2) 
> fe) L5 оре +е 


Now, аз f(1) = 3 (called as initial value problem 


5 25 


or f(1)=—) 


ie. when x =ђу = 


Putting, x = 1in Eq. (i), 
f(a) = 2+ ов +c, but а) = 2 
-lc = Сел 
44 


2 
= Қә-і-әгішікізі 


uas a. 3 5 
i D ac = ax - 3] ae, 
(i) Given, 2 -2х- 3; ог dy Е 2) 


On integrating both sides w.r.t. x, we get 


jo -Їв-3) dx 


ax? (3 
* duco 


Since, curve passes through (1, 1). 
= 1=1+3+С2С=-3 


ЖЕСЕ 
F(x)= x Tz 3 


Important Points Related 
to Integration 
1. fk f(x) dx =k [ f (x) dx, where k is constant. ie. the 


integral of the product of a constant and a 
function = the constant x integral of the function 


JU CDE (x) tt fa CO) dx 
= лода леда. +] fs) de. 


ie. the integral of the sum or difference of a finite 
number of functions is equal to the sum or difference 
of the integrals of the various functions. 


Geometrical interpretation of constant of 
integration By adding C means the graph of 
function would shift in upward or downward 
direction along y-axis as C is +ve or — ve respectively. 


ы 


а 
"1 = |= +C 
eg у=[х&=5; 
C, 
~ | жс, 
S жс, 
оГ” 9 
Figure. 1.1 


у= |) = F(x) «c 
> Е'(х) = f(x); Рх) = Их) 
Hence, у = | f(x) d denotes а family of curves such 


that the slope of the tangent at x — x, on every 
member is same i.e. F'(x,) = f(x) [when x, lies in 
the domain of f(x)] 


Hence, anti-derivative of a function is not unique. If 
=: (x) and g;(x) are two anti-derivatives of a function 
f(x) on[a, b], then they differ only by a constant. 

ie. nGo)-na)-c 


Anti-derivative of a continuous function is 
differentiable. 


1f f(x) is continuous, then 
[feodx- Fc 


> 


- F(x) = f(x) 
=> always exists and is continuous. 
= F(x) 


Chap 01 Indefinite Integral 


5. If integral is discontinuous at x = ху, then its anti-derivative at x = x, need not be discontinuous. 


eg. [x^ dx. Here, ху discontinuous at x -0, But | “Уа => x”? +C is continuous at x =0. 


2 


6. Anti-derivative of a periodic function need not be a periodic function. e.g. f(x) =cos x +1 is periodic but 
ficos +1) dx =sin x + x +C is a periodic. 


Daily Life Applications 
The Derivative The Integral 
Function Its derivative function In symbols Function Y's Anti- In symbols 
derivative Function 
Distance (s) Velocity (v) udi Velocity Distance зе І v(t) dt. 
dt 
Velocity (v) ^ Acceleration (a) p Acceleration. Velocity v= јада 
а 
Mass 09) Liner Density (p) р=№ Linear Density Mass n= ро) de 
ж 
Population (Р) Instantaneous growth 4Р Instantaneous Growth | Population »-j ( 2) di 
di dr 
Cost (C) Marginal cost (MC) мс= = Marginal Cost. Cost co-f (£ ) i 
4 dq 
Revenue(R) | Marginal Revenue (MR) E e Marginal Revenue. Revenue к= П ВЈ ) % 


Here, q is quantity of products. 


Exercise for Session 1 


= Evaluate the following integration 


dx Пра ЛЕ 
Пн шэн 
1+ х Е МЕҢ 
3. rna. j Jue 
6. ах gy 
И (1+ х2) 
8. |25-ө"-ах 
9. рео? a 10. [обли ennt) 
өтте 
11. | кей, 12. | tanx tan 2x tan3x dx 
cot x - tan x 
13. атах ox 14. | cos? x dx 


15. | sin? x cos? x dx 
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Methods of Integration 


If the integral is not a derivative of a simple function, then 
the corresponding integrals cannot be found directly. In 
order to find the integral of complex problems. 


eg [2 | = e 


Some Integrals 
which Cannot be Found 


Any function continuous on an interval (a, Б) has ап 
anti-derivative in that interval. In other words, there exists 
a function Р (x) such that F ‘(x)= f (x). 

However, not every anti-derivative F (x), even when it 
exists, is expressible in closed form in terms of elementary 
functions such as polynomials, trigonometric, logarithmic, 
exponential functions etc. Then, we say that such 
anti-derivatives or integrals “cannot be found”. 

Some typical examples are 


ө а wjf” 
(iv) J Vi sin? x dx 


(vi) [sim (x°) dx 


cos x 


dx 
ши 1 
ii) | ы“ 


(v) [Asin x ах 


(vii) feos (x*) dx (өші) | x tan x dx 


(x) |е ах о fe" ах 
(xi) E dx (i) f rex? ах 


(xiii) IE 14 x? dx etc. 


Integration by Substitution 
(or by change of the independent variable) 


ТЕ g (x) is a continuously differentiable function, then to 
evaluate integrals of the form, 


T= [СЕ (х) dx. 


we substitute g (x) = t and g' (x) dx =dt 
The substitution reduces the integral to | f (t) dt. After 


evaluating this integral we substitute back the value of t. 
] Example 13 Prove that 


яд (ах+Ь)"" 
J(ox+by dx = NOTE 


Sol. Putting, ax +ђ = t, we get 


+С,п+1. 


adx = dt or de = а 
а 


йз ү 
а а п+1 
m 
BHCLL MCA 
а(п+1) 


12 [(ах+ђуах EE 


Remarks 
1. It ff ах =g (x) Gthen fi (ах + b) dx zip (ax+b)+C 
а 
1 
ax+ b 


Thus, in any fundamental integral formulae given in article 
fundamental integration formulae if in place of x we have 

(ax + b), then same formula is applicable but we must divide by 
coefficient of x or derivative of (ax + D) i.e. a 


2. и ас = tog] x] + Gthen | ах = 11од[ах+ |+ С 
x а 


Here is the list of some of 
frequently used formulae 


m 
O fex eb ах = t ү „_, 


а(п+1) 
09 |-4--ах-11 b 
EB 2 log |ax +b|+C 
(8) [e*t aco tee ac 
а 
bxc 
(v) Јан dx - 1.0 с 
b Лора 


[7 Jsin (ax +b) dx - cos(ax +Ь)+С 
89 Joos (ax +b) de == sin (ax +b) «C 


(vii) Јес? (ax +b) dx = 1 an (ax +5) +С 


(vii) [совее (ах +b) dx == 2 cot (ax +b) +C 
(ix) [sec (ax +b) tan (ax +b) de EL (ax +b) +C 
(x) | созес (ax+ b) cot (ax + b) фи твое (ax +b)+C 
(xi) Јанис: Новог на 
(xii) [соках +b) dx = log |sin (ах + b) | +C 
бш) fsec(ax+ Ух == log |sec (ах +b) + tan (ах +) С 


(xiv) | совес(ах +b)dx E log |cosec(ax b) — соКах+ БЕС 


1 Example 14 Evaluate 


1 Sens 2 

о icc Ee o rer 

- ^ 243x? 

(ill) fex -2) 5x «2dx. (М рата 
Sol. (i) Here, I = Гат Ет 


=f (3x44 + ox +1) 
[m И ТАТУ Geet) 


= [Бе үнэ 


(3х + 4)—(3х +1) 


=: Маа етік 


2i ferto] хас 
73] з/2хз | 3| 3/2x3 

yu 
бах)" үс 


Using, Јах + bY ёс (n*1)a 


IC aj? e Qx 17] C 


(ii) Here, 1 = [је -| eg = 
= [41031 
іт 
de 


a We а-а 
=> Ux +7)ах - (ах y “ак 


aa (ба хэр" [оът +c 
3/2x4 1/2x4 


(4x47)? — ien +т кс 


i 
3 
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(ii) Here, 1 = [ох - 24x +2 dx= ДЕ EJ Y2dx 


216-6) 
(+2 “рет? 


-1 хөө) Bx +2 26-9 „Вх +2 dx 


бай ак] Bx +2 dx 


САРАН 20 вххэй" | үс 
3| 3,3 БЕРЕ 
2 2 
Шах +2) — E 42!) +С 


Nn ajete 


(у) Here, I = је Pt) 


х (1432) 


21+ х?) | х? 
25 (1+ PM + =) = 


= (5 Jedem Es 


+їаа!х+с=-7® 


х 


I Example 15 Evaluate 


dx 


Z+ ши х+С 


4 Sin (log x) 3sinx + 4cos x 
PEL. 1 22 
” еті" x " + 2 

(ii) Ма” dx (м [xsinax? +7) dx 


зор 0) 1- [EOS gy 
х 


We know that, 4. (log x) =i 
Thus, let log х - t 
> sand 

x 


oi) 


1- fain (t) de =- cos (t) «C 


=- cos (log x) + С 
3 
dinxddcorx о... 
Asin x -3cos x 


(i) T= f 


[using Eq. (1)] 


We know, (4 sin x = 3 cos x) = (4 cos x +3sin x) 


Thus, let 4sin x -3cos x - t 
= (4 cos x +3sin x) dx = dt 


E 
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1 = 


= 10р |4 зіп х -3 соз x|+C [using Eq. ()] 


Gv) I= [xsin (ax? +7) dx 


Let 4x! &72t => 8хіх-й => xdx= 


1 
=- 5 оо х +7)+С 


Remarks 


While solving product of trignometric, it is expedient to use the 
following trigonometric identities 


1. sin mx cos nx = 5 (sin(m - n) + sinn + nx 


2. соз тг sin nx = {sin (rm + r)x —sintm- x) 


3. sin ти sinnx 3 (cos (m — п) x —cos (m+ пух} 


4. cos mx cos nx = 3 cos (m = n) + cos (m + m x} 


1 Example 16 Evaluate 
() [соз axcos7xdx (і) fos x cos 2x cos 5x dx 
Sol. When calculating such integrals it is advisable to use the 

trigonometric product formulae. 


G) [соз 4x cos 7x dx 


cos 4x cos 7x 


Here, = о 3x + cos 115), 


[using cos mx-cosnx = коңт =n)x-+cos(m+n)x] 
~ 1= [ eos 4x cos 7x dx =+ (cos 3x + cos 11x) dx 
2 


= 1 feos sx dx +1 feos 11x dx 
2 2 


sin 3x , sin Их 
6 22 
(ii) [сов x cos 2x cos 5x dx, 


+C 


We have (cos x cos 2x)cos 5ке ов х + cos3x)cos 5x, 


[using cosmx.cosnx = хт =n)x + сот +п)х] 


= 1р cos x cos 5x +2 cos Эх cos 5x} 


2 


= L (сов 4х + cos 6x) + (cos 2x + соз 8x)] 


к! 


^. cosxcos2x cos 5x = сох соз4х + созбх + cos8x} 
1 = [(сов x cos 2x cos 5x) dx 


= [cos 2x + cos 4x + cos 6x + cos 8x) dx 
4 


_sin2x | sin 4x , sin 6x , sin 8x 
77% 16 24 з2 


+C 


1 Example 17 Evaluate 
() [зо X COS X- C052X -COS 4х dx 


1- tan? x 14cos x 
i dx 
(i {ты ХЭ ( азық 
со52х вес2х-1 
(iv) dx ) 
) Гнат х М [езект 


Sol. (i) Here, 1 = Јах cos x: сов 2x cos 4x dx 


-1рма- совх-сов2х-сов 4x dx 
[using, sin 2x = 2sin x-cos x] 
1 


2х2 


2sin 2х-сов 2х-сов 4x-dx 


1 1 
== Ísin 4х-сов 4xdx = — [asi 
+! cos 4x: gx /зіп4х совах ёс 


=} јап ax dx = тос 
в 64 


—tan'x 


1+ tan? х ds 


(ii) Here, I= | 


2 
T= сәз хах Using, cos 2x = ТИХ 
in 2x 1+ tan’ x 


+e 


2 
(iii) Here, 1= Шы di; 
cos 2x 


1+ cos? x 


1+2cos? x -1 860353 


[Using, cos 2х = 2со5 x — 1] 
zi 1 
= ех» Әже (ап хх) +С 


cos 2x 


(iv) Here, Г = | dx 


соз? x-sin? x 
1 = flees? x= sin? x) de 
cos? x sin? x 


[Using, cos 2х = cos? x —sin® x] 
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1 2 
-І IT e Sol. нег о ae 
sin'x cos x 2cot 2x 
= J (cosec*x – sec? x) dx = — cot x tan x + C I= [(cot 4x — cos 8x-cot 4x) dx 
sec 2x 1- cos 2x 2 
(v) Here, 1 = |E dx = |-289Х ах, i =t А-1 
У зес2х +1 ан 2х [== “ше 
in? 
We get, 1 - 2885 = [cot 4x(1 — cos 8x) dx 
2со8 x : [using 1 — cos 2А = 25іп?А] 
[using, 1 — cos 2x = 25117 x and 1 + cos 2x = 2cos x] = [со ах 2 (ах) dx 
= Jtan?x-de 


As, tan? x = весёх 


1 = JE asin? ax de 
sin 4x 

I= Јек) de = ша х-х+с = Jasin ахсан Ande, 

1 Example 18 Evaluate 


using sin 2A =2sin Acos А 


cot? 2x - 1 ная 
t= | | ——— - cos 8x -cot4x | х. = [пвх ах 
|| 2cot2x i 2 ч 


Exercise for Session 2 


= Solve the following integration 


T je 2. рл X (5 | 5 sin2x) dx 
Tr sin x cos x «sin x 
3. |(85п x cos? x -sin* x) dx 4. [cos x* dx 


in x + 005 x : соз 2x - cos 2a. 
5. [5 ах, here (sin x + cos х)>0 6. [5252 -сов2и |, 
J^ irsz ( соз X соза 


з 


з 
En X EOS к 8. 


sin’ 
7. E T 
sin? x-cos? x 


9. | Л-эт2х dx 


Sec? x -cosec^x dx 


12. соѕ 4х + 1 
1% cot x — tan x 
іп 2x + sin5x — эп 3x 
13. [(зла-зп(х - а(х _ ))® 14. ү-н. 
sinasin (x - o) +п| 5 —« JJ dx рата 


15, [SOS x «sinh x 


dx, herecos 2x >0 
М + cos 4x 


Session 3 


Some Special Integrals 


Some Special Integrals 
dx 1 


915 ұта (2) с 
х®+а® а а 


ах 
(у) |- zog | x tx? +a? |+С 
peur ril eet a 


(vi) log|x +x? -a |+C 

со [FF abe ten (в 
а 

уш) J fa? +x? ах 


1 
Нэгд Пон | x + ја“ +x? |+С 
(ix) [4x? –а ах 


1. 
pee а ра юа |+С 


Some Important Substitutions 


Expression. Substitution 
ate x? xzatanÜ or acot® 
а-а x=asin@ ог асоз0 


т 


Р, х= азес@ or а созесд 


2-5 х=асоз20 


atx 


55; or (х-а)(х-ЁВ) 
-х 


x-a co 0+ sin! 0 


Application of these Formulae 


The above standard integrals are very important. Given 
below are integrals which are applications of these. 


Type | 
9|-25-- [m 
a ах? bx +c dax! +bx +c 


(8) | (ах! + bx c dx 


Шах? + bx +c can be factorised, then the integration is 


easily done by the method of partial fractions (explained 
later). If the denominator cannot be factorised, then 
express it as the sum or difference of two squares by the 
method of completing the square 


5 ( 2,6 3 ( ej ( ы 
ax*^*bx ста | x^— x+- ј=а | х+-— | +|— | 
а а 2а а) 4a 
make the substitution x + 2 =t. 
a 


1 Example 19 Evaluate 
i 1 
(i) Ба ia^ 


(iv) (42x? -3x c1 de 


completing х? — x +1 into perfect square. 
"Iac 
х®-х+1/4-1/4+1 “(х-1/2) +3/4 


al 


1 
z гаа “| 
gag tum (8 


1 1 
ril 


х? + x/2-1/2 


-и 


1 
ыы 
Ив Ива 


=1 4к =1f dx 
2'(x«1/4) -9/16 2'(х+1/4) -(3/4Y 
Ж.ж 
2 2(3/4) 


х%1/4-3/4 
х+1/4+3/4 


log 


2(x +1) 


т dx dx 
I= = 
e um ПЕНЫ 


=f dx 
(«-1) + (v2) 


= log |(x = 1) + (x - 1° + (V2)? | 


Башы ere “| 


= log |(x —1)+ yx? –2х+3|+С 
(iv) 1- Јер —зх +1) dx = V2 | Дх coxa +1/2) dx 
= Јо -3х/2+9/16-9/16+1/2) de 


=> (С (х-3/4)-1/16)4х 


зла) зла? - 116 
ын 


E 


- L1. лов - 3/4) x - 8/4 1/16 


16x2 


|Қах- је —зх/2+1/2 
8 
tiet х* — 3:/2 + 172 
32 


1 Example 20 Evaluate 


жс 


Sol (i) Here, tef 
1-8 


Let, 1-6 = 


Then, -2e?'dx =2tdt 
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(i) Here, I = = а 
= 


Let, х =t,2x dx = dt 


1-1 dt af dt 
Merer T 
а 
1=| 23 =] 
Бла -( +1/2)' (45/2) —(t 1/2)" 
(tri ЖЕКТЕ 
(ша). an ( ^: Ін 


5 
(iii) Неге, I = dx. Let,a* =t 
2225 


ша! loga dx - di, а" а= 29 
loga 
dt 1 


1 
. I= = sin” (+ С 
Пра а ин 


I2 an") 
loga 


Ри 
e irs 


Let, 022 = 2 x”? dy = dt, x"? ас = E dt 


(v) Here, T= | 


За 
ШЕТЕН 


oP cc if Eua 
“Бас(Д ус ө (ee 


1 Example 21 Evaluate 


cosx ç [ne 
" Гая x-2sinx-3 ца ! sin (x +a) iii 


25іп2х -cos x 


(ii) | 


6 —cos? x - 4sinx 
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cos x dx 


ein? заа x-3 


Put sin х = 
dt dt 
fa ма 
Е ІЗ -2-3 Палатината 


02-1)? – (2) 


= log|(t -1) + t – 1): — (2 |+С 
T= log | (sin x – 1) + ysin? x -2sinx -3|4 C. 


А [sin (x а 
(i) ате f а) 


Sol. (i) Let I= Í 


^ cos x dx =dt 


sin (x = o) 
за (x-a) 


sin (x —0) . 
sin (x ға) 
=] sin (x — а) 
fin? x main 


sin x сова — 
i=j cos EE 


Isin? x- sin? a 


sin x dx cos x dx 
= cosa Е -sina [0 
vsin? x -sin*a. vsin? x sino 
sin x ах 
тоза | === 
y1- cos? x – sin? a 
cos x dx 
-sina f= 
ysin? x - sin* а. 
sin x dx cos x dx 


= cosa] ede nof ка 
Teast conte Таана 


In the first part, put cos x = t, so that — sin x dx = dt 
and in second part, put sin x = и, so that cos x dx = du 


а à а 
л Ді петина ЛАЛЫН 


ва 
ји – y(u? – sin? 0) + С 
sco x)... 
=- cos a-sin”? | === | - sin ос Лор 
cosa 
|sin x – узіп? x —sin? a. |+ C 


2sin2x—cosx jy 


(iii) га, 


=- сов a-sin 
соза 


= cos? x - ásin x 


ajena & 
sin? x —4sin x +5 


Put sin x = t, so that cos x dx = dt 


50 


(®-4 +5) 

(at - 1) X t 4) 

Comparing coefficients of like powers of t, we get 
23 = 4-4% фи 7-1 

= АХ-ар-? E 

20-4)%7,, 

41-41 45 


Now, let 


[using Eqs. (i) and (01 


= 205112 424547 f 


= 4t+4-445 
4 
EET 
ЖИНА ИМЕК эхэн 


22log|t* -asiar ЈЕ 


=2log|sin? x — 4sin x +5|+7 ал "(sinx -2)« C 


Type II 
(px +q) dx n 
Ses +bx +c e 


(рх+) — ак 
dax? +bx +c 


Gii) [(рх +q) Jax? e bx +c dx 


The linear factor (px + q) is expressed in terms of the 
derivative of the quadratic factor ах? + bx + c together 


with a constant as px E +Ьх+с)+ц 


= рх +9 = А (2ах +b) +p 


Here, we have to find 2 and |t and replace (px +q) by 
(A (ах + b) +p) in (0, (ii) and (ii). 


1 Example 22 Evaluate 


0 ЈЕ ж 


Sol. (i) Let 1=| а 
х 


E 


1 
dx 
a? ex! 


(ii) IE 


È -2x dx =2t dt x dx s ct dt 


-өше(2)мас 

а 

-es (Eee EET 
a 


а? - х? 
i) Let | T= fx ж 
(өле І a +x? 


Put x? = t=92xdx=dt 


ly [Е a-t 
zh 


where a* – 2 =u => -2t dt = du 


ма 
aidar (41-14 —— lee 
2 а) А (1/2 


[where t = х? and u = a* - x‘) 


| 
pese EH 
: 


Integrals of the Form Ї: k) ay, 


Xx? + bx «c 
where к(х) is a Polynomial of Degree 
Greater than 2 


To evaluate this type of integrals we divide the numerator 
by denominator and express the integral as 


QAx) + =W where R (x) is a linear function of x. 
ах“ +bx +c 


1 Example 23 Evaluate 
(i) fxJrex-x? ах (i) fle тх? ж 
Sol. (i) Let 12x Jie xx! dx 
Put ань 
а 


Then, comparing the coefficients of like powers of x, 
we get 
1=-2А and A+p=0 => А=-1/2Н=1/2 


хека dx 
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= 1 1 2 
= өсгөн 1-х-хіж 
= у Janae ехо жена | ex xéde 


1 1 Ж 1 1 
2-l[Jrarez[j-(o*-x*----0d 
214 21 РОТ 


[where t =1+ x- x°] 


[за (544 
2 


dB 
(ii) Let T= fece Jic ах 


Put, оза) 
dx 


Then, (x &1)-À (–1–2х) + н comparing the 
coefficients of like powers of x, we get — 2А = 1and 
Ш-А=15А =-1/2 and p 21/2 


2 
во, feta finan ae [Eier] 
1-х-хіж 
[-1-2х) Пк aee раак 
=-1 [(-1-25) хх ak 
2 
EI БЕРЕ 
2 4-4 


=-} Жаз) (48/27 —(х + 1/3). ах 


[wheret =1 + x x°] 
A (ава d Ч 1) т 
--1 pua PSS х. -х-э 
(5 2182 Яс Я 
15 - (х+1/2 
ж.а (Ы) + С 
24°" ( 5/2 ) 
куку к-т 
$ aei 
+2 Іс 
is (58) 


(хэл) сан 
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2 
xxx 
1 Example 24 Evaluate = dx. 
x*-x-2 
Sol. Let = 
је 
2 
- 2555 2 


Put, 2x+5=2 = -х 2j + p Then, obtaining 
к 


2х%5-А(2х-1)%ң, comparing the coefficients of like 
terms. We get,2=2A and 5=џ А 
Í FE 


[wheret = x? - x -2] 


=x +loglel+6 fo oF” 


1/2) 


1 
23/2) 


х 
—= 2+0 
3 


= х "ој | x'- x-2|*6- log 


B 
Em 
x 


4 х 
- -х-2[+2-1 
x + log | x 1 ырп 


Integrals of the Type 


2 
LJ ах? +bx+c йг 


ЭГ жез) 


(px? +qx +r) 


ypx? "ах +" 


3. (ах? bx ec) рх! qx tr dx 


In above cases; substitute 


! 


В d px 
ax^ bx e ce Mpx qx tr) +H iic x tax +) +y. 


Find А, р and y. These integrations reduces to integration 
of three independent functions. 


1 Example 25 Evaluate | 


2х2+5х+4 


НЕТТІ 


dx. 


2x? +5х+4 
= dx 
ичер БЕТІН 


2 LA 
рш 2х2+ 5x + 4 = А (x* x £1) z” +х+1)} +7 
ог 2х2 +5х +4= А (х x +1) +р Qx 41) + 7 
Comparing ће coefficients of like terms, we get 
жш, 4=А+р + 
2 ЦЭ ү=1/2 
Hence, the above integral reduces to 


pa [за i 
БЕТІН 
s Qx*) 11001 


ЧЁ 2 ciu 
т зүйл dx 
=2 ју Ра rri 


(х2 +х+1) 
1 + 
dex 2 (джхэл 


[wheret =x? +x +1] 
TIUS eai" 
== +1/2)' + (43/2) dx += -— 
Ме ЕЈ 2 1/2 


dx 


1 
+1 

ИРЕН 
ч oen ei] 


decem + Logi De rene 
$ БЕРЕН БЕРЕТ) 

tafatta + tog (eem pe 
reete) eec 


Trigonometric Integrals 
(a) Integrals of the Form 


dx, 


a cos^x + b sin? х 


1 а] 1 


а+ зіп х 


ax, | —À 


a+bcos*x 


(asin x + b cos x)? 


3: а] 1 


а+Ь зіп? х+ссоз? x 


То evaluate this type of integrals, divide numerator and 
denominator both by cos? x, replace sec’ x, if any, in 


denominator by (1-- tan? x) and put tan x =t. So that 
sec! x dx — dt. 


1 Example 26 Evaluate 


1 
0 Ire x 


+905? x 
И dx 
So. (i) 1=|— ——À— 
) Јат 


"ХЭ 
(ip 1555: 9 


Here, dividing numerator and denominator by cos? x. 
We get 


Put tanx =f 
= sec? x dx dt 


refus 


-1| dt 
4748 e (3/2) 


41 +9 


ас 
ze x 


Dividing numerator and denominator by cos? x, we get 


rf 


sec? x dx 
3(1+ tan? x) - 4 tan? x 


sec? x dx =| 
3sec x — 4 tan’ x 


Let tanx=t => sec? хаха 


1 33+: 
2. бу 758 88-47 
ешкі o 

86158 -ных|” 


(b) Integrals of the Form 
J— _ «j——«, 


asin x+ bcos x a*bsin x 
3 
Јао ;—_+__« 
atbeos x Jasin x+beos xc 
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To evaluate this type of integrals we put 
2tanx/2 1-tan' x /2 
and сов x E PAT 
1+tan® x /2 ltan! x /2 
tan x /2=t, by performing these steps the integral reduces 
to the form | 


sinx = and replace 


dt which can be evaluated 
2 +ы+с i 


methods discussed earlier. 


1 Example 27 Evaluate 
" dx 
Ш тр 


"m [оттуг 
2tan x/2 


Sol. For this type we use, sin x = — 7 ——, 
we 1+ tan! x/2 


1-tan! x /2 
T+ tan? x/2 
ж 
2+sin x + соз x 
dx 
Ра Хап? х/2 


cos x= 


025781) 


Mai ме: 


и 


" dx 

(lel Бетте 
sj — 

3.2 ва x/2 


1+ tan? x72 
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И 
dt 
-а +2 -3+3+1 
dt 
-2|------- 
Ги 
1 24:-43 
=2:—— loy + 
з) | ата | 


2- V3 + tan x/2 
243 tan x/2 


(c) Alternative Method to Evaluate 
the Integrals of the Form 
ini на 


To evaluate this type of integrals we substitute. 
а —rcos8,b =r іп 8 and so 


ya? +02, в-ш"(2) 
а 


asin x + bcos x =r sin (x +0) 


r 


1 1 1 
Маре | ИИК ей 
50, [кй “күрү m 


x | 
tan| 252 

22 
B 

ЕЗ ЩИТ 2) 
кап | = + (апт! — 

272 а 


1 
1 Example 28 Evaluate Esca d 


*C 


1 
=1 fcosec (x +0) dx = log 
r т 


log +C 


Sol. Let В =rsin@ and 1=r cos®. 


Then, r = (43) + (1)? =2 and mno- > 8-2 
1-| т dx 
Yasin x+cosx 


дра 
Тап Osin x +r 6050 cos x 


gi. et -0)4 
me 2 [rct Oh de 


тх 8 
Дух ||+С 
(11) 


= 1 ров 
7 


ЕГІС Нэн +c 
2 4 2 6 
"m ма (+) +c 

2 2 12 


(d) Integrals of the Form 


урезани Xtra. резни ЫР 
асозх t bsin x 


acosxtbsinx +e 
Rule for (i) In this integral express numerator as, 
А (denominator) +p (нп, of denominator) + ү. 


Find A,p and ү by comparing coefficients of sin х, сох x 
and constant term and split the integral into sum of three 


integrals. 
Мағаз) 


Rule for (ii) Express numerator ав À (denominator) + и. 
(differentiation of denominator) and find А and p as above. 


243 х) 
I Example 29 Evaluate ЕЕЕ 


ах 
asin x+ bcos xc 


d.c.of (denominator) 
denominator 


ах+ | 


Sol. Write the numerator = А (denominator) + p (d.c. of 
denominator) + y 
=> 2+3cos x-A (sin x *2cos x +3)+ (cos x —2sin x) + Y 


Comparing the coefficients of sin x, cos x and constant. 
terms, we get 


O=A-2p, 3=27 +4, 223A +7 
= № =6/5 p 23/5 ү=-8/5 
3 cosx-2sinx 


Hence, 1-2 f1 dx + 
5 5 sin x &2cos x +3 


x+2cosx+3 


6 
Ээ» одап x +2cos x +3]- 1, К] 
Where, h = | — “о 
sin x +2с05х +3 
s 
эрт” урен 
Zantig 20 tan’ xa. 
1+!ап®х/2 1 щи? х/2 


ах 
sec? = dy 


2tan +22 п? ® 4343 tan? 3 
z 2 2 


«ас А 
= Г] л let tan == ¢ 
tan? ~+2tan +5 
2 2 


= sec? бакет =j- PEE лэн 
2 13 #21 +5 (6+1) +2? 
x 
tan = +1 
1 211591 
аана (ке цан 11-22: T 
NECS Er а 
From Eqs. (i) and (ii), 
тап^+1 


3 
аі log|sin x &2cosx-&3|- тап”! 
5 


1 Example 50 The value of je tan х (ап (x+ А)} dx 
is equal to 
sec х 


8) cot Adog| — — 


(b) tan A-log| sec (x + A)| + C 

sec (x + A) 

— [+c 
sec (x) 

(d) None of the above 


(0) cot A-log 


Sol. Let T= Ја + tan x-tan (x + Ах 


Zi 


МЕС x-cos(x + A) t sin х sin (x + А) | 
cos x-cos (x A) 


sin x-sin (x +A) | gy 
соз x-cos (x + A) 


резба юй 

cos x-cos (x + A) 
па ЕЯ 

Multiplying and dividing by sin A, we get 
sin A dx 

зөнд — 14 0 

ЕЕ 

sin (x+ A -x)dr 


cot A- 
[recess А 
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aå [ета 


cos (x+A)-sin x] үс 
cos xcos(x + А 


cos x-cos (x +A) 


и 


cot A-(ftan(x+ A)dx — [tan хх} 


= cot А. ов | sec (x + A)| - log|sec x |] + С 
Hence, (c) is the correct answer. 


cos 2x 
1 Example 31 The value of f ER 


(а) ов | cot x + cot? x —1| + 2 log| cos x 

+ cos? х-1/2|+С 
(b) -log|cot x + tot? x —1|-- 2 log|cos x 

+ eos? x A21 
(c) log| cot x + cot? x 1| 2log|cos x 

+ cos? х-1/2|%С 
(d) -log|cot x + cot? x 1| +2log| cos x 

as xiii 


cos 2x 
sin x Jcos 2x 


dx, is equal to 


Sol. Let па mE ae =] 


јави = х 
sin x Toa” 


sinx 


Ү2 cos? rd 
sinx 


2 
E Wim 
а Ет -ds 

del cane 


[where t = cot x and 5 = cos x] 


-log| t Jt? —1 | + v2 log| se Js? 21/2] C. 
= - log | cot x + cot? x – 1/2 log | cos x 
dcos? х-1/2|%С 


= 1 ёх-2| 


sin x үсоз x = sin! x 
=f cosec x 
cot? x 


- 


Hence, (b) is the correct answer. 
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Exercise for Session 3 


= Evaluate the following integrals 


2 
хах 2. x 
һ 9-16x* ar 
3 
3, (oe 4. x 
ууру ! а? -х 
х 1 
5. | Ра 6. jae dx 
2% 8x -11 
7. ах 8. | Ss 4 
eos Ге xe 
9. [32 a 10. [ХЗ зах 
х°+2х+2 3-2x-x 
3x-1 Ух dx 
11. [ — — — d 12. 
Гая аат" са 
а-х П-х 
13. | + % 14. | Tr” 
x? «2x +3 16. 
15. || РЭГ НЫ 1 Гаа свая 
ах 18. cos? xsin x 4 
Ци ЕВЕ ах -cos x 4 


a соз x —cos? x ШЫ х 
19. јр“ 20. | а 
3sin x +2cos x Jy 22. 


21. Evaluate ! 3cos x +2sinx 


Evalute | (2x —4)4 + Зх – x?dx. 


23 І (2x? + 5х + 9)dx 
51 ж ук+ 
ах 


24. Тһе value of f m mp is equal to 
[ens con) + үң ааа þe 
(уп + сова) Те mri | c 
военен дн all 


(d) None of these 


Session 4 _ 


Integration by Parts 


Integration by Parts 


Theorem Ши and у аге two functions of x, then 
Гов Jvc- реа 


ie. The integral of product of two functions = (first 
function) x (integral of second function) – integral of 


(differential of first function x integral of second function). 


Proof Forany two functions f(x) and g(x), we have 


EUG) кой} = 00-5 (вО +96) 2 (fox) 


fe) eee E цөл лэ дік 


Ц 
~ (re ena Да reme 
-|Юә)- вођа 
ЕЕЕ 
= [restos - (иә алал) 


Let f(x)-u and Zien 


E Їл 


So that, g (x) = | v dx 


Гоа [vis || 5: valeas 


Remarks 5 

While applying the above rule, care has to be taken in ће _ 

selection of first function (u) and selection of second function (v). 

Normally we use the following methods 

1. Ifin the product of the two functions, one of the functions is 
not directly integrable (e.g. 
log | x |, 07” x, соз”! x, tan” x, ..., etc.) Then, we take it as ће 
first function and the remaining function is taken as the 
second function. i.e. In the integration of fx tan”! x dx, 


tan x is taken as the first function and x as the second 
function. 
2. If there is no other function, then unity is taken as the second 
function. e.g. In the integration of Јат" х dr, tan”! xis taken 
as first function and 1 as the second function. 
. If both of the function are directly integrable, then the first 


function is chosen in such a way that the derivative of the 
function thus obtained under integral sign is easily integrable. 


Usually we use the following preference order for 
selecting the first function. (Inverse, Logarithmic, 
Algebraic, Trigonometric, Exponent). 

In above stated order, the function on the left is always 
chosen as the first function. This rule is called as ILATE. 


1 Example 32 Evaluate 
(i) јап“! x dx (ii) f loge | x| dx 
Sol. @ I= Join x dx 7 x-1 dx 
І п 
Here, we know by definition of integration by parts that 
order of preference is taken according to ILATE. So, 
“біп”! x’ should be taken as first and 1” as the second 
function to apply by parts. 
Applying integration by parts, we get 


1 
I-sin^!x-(x)- хах 
Гг 
ода ТІ 
эхэнд” ха: Јат 


Let 1-x st 


же => хжк--іш 
2 


~ ват xdesxsin' хеј xt +C 


Gi) T= flog. | x | dx flog. |x|-1 dx 
1 п 
Applying integration by parts, we get 
= log) x|-x- | +x dx 
x 


=x log] x|- fide 


lg|x|-x*C 
1 Example 33 Evaluate 
(0 [x cos x dx (i) fx? cos x dx 


Sol. (i) fxcosxdx, 1- fx cos x dx 
Im 
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Applying integration by parts, 
= d 

tex јаве do - f{ to) јео юк 

T= xsin x езіп x dx- xsin x+cos х+С 


(i) 1= fx? cos x de 
тп 
Applying integration by parts, 


Эрс = а (гу). 
17 x* (сов x dx) ІШ (x ] [соз x} dx 
=x? sin x – [2х (sin x) dx 
=x? sin x —2 | x (sin x) dx 
We again have to integrate | x sin x dx using integration 
by parts, 


=x? -sinx—2 |х-зіп xde 
І п 


=x? sin xa јан ade - (52) fue ха) 
=x? sin x-2{- x cosx- |1-(- cos x) de} 

I- х? sin x + 2x cos x -2sin x & C. 

sin"! Ух – cos"! УХ 
sin! Vx + с05 ! УХ 
sin! Vx — cos”! vx 


Sol. Let 8 feror Е 


= pein t2- sin Ух) д 
=] т/2 


ж. 


1 Example 34 Evaluate | 


[у ап“! 8 + cos! 0- 2/2] 
ә 1-2 Језа ЈЕ = пузјах 
т 
E [sin x dx - fide 
1-2 |ш fx de- xc 2% 
т 
Let х = іп? 0, then dx =2sin Ө cos 0 48 = sin 20 40 
ва? Ух dx = [0-sin 2040 
топ 
Applying integration by parts 
cos 20 % 
(ва? Чхас--ө TT J3 cos 20 d0 


-cos 20 + $sin 20 


„214 (1 -2sin' 0) + 1-а. – ваге 
2 


= ic fea cmi dx fi-x EI 
2 
From Eqs. (i) and (ii), we get 


ФРГ -x4C 
т 
= x? -(1-2x) sin" М-С 
х 


Integral of Form f e* (f(x) + (хууах 
Theorem Prove that 
je uten Оа" Ј (а) +С 
Proof We have, [е^ Uf (x) + РО) ах 
= [ех -f(x)dx + је“ р (x) dx 
па 


= f(x) e” -f f'(x) edx Је fx) de C 

-Бо)- +С 
Thus, to evaluate the integrals of the type 

Је о) +7 бој ах, 

we first express the integral as the sum of two integrals 
Је f(x) dx and f e* f (x) dx and then integrate the 
integral involving e* f (x) as integral by parts taking e* 
as second function. 


Remark 
The above theorem 15 also true, if we have e" in place of e 
ie. је“ U 60 + (ко) des & рю) C 


General Concept 
[e әс (x) + f Gu ax 
Proof I» fet? Го), g'(x) dx + [ert Рода 
тта asitis 


Using, |69. (х) dx =e8), we get 
= f(x) et | fx) etae + fett? f(x) dx 


= Дх) ев) +С 


2 


РЕ и о 
x 


enm (зе хах ima. 


= 


a enm [ee (5) (t) Je 
er 


жеш») 605Х 
wp еее ЗА үс 
х 
eg = fem (sin x —sec x) dx 
= Jet sinx dx – езе" sec x dx 
= -е"°*-совх + Дена sec! x cos xdx — [ече sec xde 
> -e™* -cosx 


1 Example 35 Evaluate 
o је (Hea ш fem (казак), 


1--со52х 
sol. () 12 je (irt ae 
cos! x 


rje La 


I= је“ (tan x sec xf dx 


sin x cos x 
а had 
cos! x 


T= [e* -tan x dx е (sec? x) dx 
E д 
I-tan хе" — [sec x-e* dx + Je" se x dx +C 
1-26 nx 4C 
Irene 


1-1 
w 1+ cos 2x 


4 

= је“ гэн е cer a 
"eps 
| 


захаа, 


2со8 х 2со8 х 


= јез Ie € 


= = 
арх. вес хак fe? sect xdx 
2 2 7 


1 
Pape ав х+С 


I Example 36 Evaluate je ( x 
1+х 


Sol 1= (Е 


лях? 


2 
x х(01-2х +x?) 
| а= је “ттар” ах 
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із 
а ју 5 ау 
2х 
zje 4: EE Б 
== гс 
m 
1-25 ЭНЭ 
+x 
Integrals of the Form 
је“ sin bx dx, је“ cos bx dx 
Let I= је (sin bx) dx 
Then, I= fsinbx-e* dx 
1 п 


— (asin bx — bcos bx) 


(asin bx — b cos bx) 


= (а sin фу — bcos bx) +С 


үр (asin be =b cos bx) +C 


f (acos bx +b sin bx) С 
а-ы 


Similarly, | e™ cos bx dx = 


Aliter Use Euler's equation 
Let Р=]е* cos bx dx and Q= [e sin bx dx 


Hence, 


Р+Ю= је“ 


1 ai 
= КЕСЕК 
a+ib a! «b 


se dee [etm de 


P 


е“ (cos bx “ісіп bx) 
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__(ае""сов bx+ be**sin bx) — i(ae**sin іх-іе “соз bx) 
a+b? 
(асов bx +b sin bx) 
a? +b? 


(a sin bx — b cos bx) 
а +b? 


l Example 37 Evaluate 
(i) je cos? x dx 
(ii) fsin (log x) dx 


So (i) = је cot? ха [er ана), 


rele de +> [eos eet dx 


1 
es iy 0 
lesin E 


where, I, = ће 2х-е* dx 


Ћ = J совах +e" dx = соз?х-е* = f- 2sinzx-e* ах 
H n 


cos 2x +2 | Яп 2x-e* dx 
тп 


cos 2x +2 (sin 2x-e* — [2 сов2х-е* dx} 


-cos 2x * 2sin2x-e" — 41, 


= i le” cos 2x + 2sin 2x е^] NC] 
From Eqs. (i) and [ we get 
21 [e* cos 2x %25іп 2x-e"] 
2 5 
pater + 1. e* (coszx +2sin 2x) + C 
2 10 


(i) 1= [ял (log x) dx 


Letlogx-t 
= хте or dx-e dt 


I7 fein t)-e! dt = sin tie = feos t +e! dt 
1 m ІП 


T=sin t-e! – [cos t-e' – |- sin t -e' dt] 
Ітесөіпі-е-соз1-1 


J=} e (sin t- cos t)+ C 
2 


E (log x) — cos (log х + C 


х20х 


Example 38 Evaluate | —— — ——7' 
! P Ге x^ со x)? 


x? 


Sol. Let 1= | т 
(x sin x + cos х) 


Multiplying and dividing it by (x cos x), we get 
(xcosx) ay 


ш Jemen x + cos x)? 
T 


—Ó—Ó 
ас D. 
(x sin x + cos x) 


а xcosx 
S хх сагс 
Де та 


-1 


= x sec x: 
(x sin x + cos x) 

=> 

= f(x sec x-tan x + see x) s de 

(x sin x + cos x) 


зак | (x sin x + cos х) 


ЛЕЕ. а 
(езіп x + cos x) 


cos? x «(x sin x + cos x) 


— хзес x 
МЕХ + не! хак 
(x sin x + cos x) 
— хзес х 
т=—————+!апх+С 


(x sin x + cos x) 


І = у 39 Тһе value of 


jp =" sz 48-50, is equal to 

(а) {э = Ge [s х2. сос! (Де 
(b) i fs (e o 249 - x! sin” В + 4 ЖЕ 
в ifs (е? 8) *249- упт e | ЦЭ 


(d) None of the above 


Sol. Here, T= f sre (Gee 
x 6 


Put x 23 cos 20 
nd dx = — 6sin 20 40 
3- Зсоз 29 in^ 1 
и азса) 5 
ВЕ ЕТ 
coro ЭШ Gin 8)-(—6 sin 20) 49 


7-6 f0-(2sin? 8) 46 = ~ 6 [0 (1 - cos 20) do 


Hence, (а) is the correct answer. 


Sec x (2-- sec x) 


1 Example 40 The value of f 7 А 
(1+ 2sec x)’ 


dx, is 
equal to 
(ay 50% cos x 


+С (b) 
2-со5х 2+ cos x 


(д үс (d) 05x 
2+sinx 2+sinx 


TC 


+C 


Sol. Let T= [553€ 5 gy = 2+1 4, 
` (1+2 ес x)? (cos x +2)? 


ЖЕЛ x (cos x +2) + sin? x 


dx 
(2 + cos x)? 


= fee cos x ax +f sin? x 
2%совх (2 + cos x)? 


: 
sin? x 
= feos x-——* — dr + [825 
п (@+совх) (2 + cos ху 
1 


Applying integration by parts to first by taking cos x as 
in? 
second function, keeping | — ——.— dx as itis 
(2+ cos x) 


1 


sin x 
+ cos x 


(sin x) – fsin x 


“(e+ cos х) 
Г sin? x 

je 289 б 
2+ cos x 


Hence, (а) is the correct answer. 


ТЕхатріе 41 The value of flog (./1— x ++ х) dx, is 
equal to 


(a) xlog (Tx + JT +3817 (мес 
(b) xlog (Ee EC + he ви") (дас 
(c) xlog 1-5 + Ля 9-4 ха] аи мес 


(d) None of the above 


ae dk 
(2 + cos х)? 
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Sol. Here, we have only one function. This can be solved 
easily by applying integration by parts taking unity as 
second function. 


ТЕ we take и = log (1 — x + y1 + x) as the first function 
and v = 1 as the second function, 


Then, 


T= ово x ++ x) dx 
= flog (T= x + Ах | 


1 
1-хжу1жх 
Рен нана ла 7 
2/1-х 2х 
= ховх itx) 
1 у" 
==) ПЕРЕ Еч 
= ховх + х) , 
/ 
раснат, 1 
2 


(17 x)- (1+ x) J-F 


-x!- 
=x lat яя). [У xolg. 


= ховх + Лз) - 1 fidet 
= хво e iex) - 2 xt зат кес 


Hence, (c) is the correct answer. 


к 
1 Example 42 The value of ех ІС је is 


(1+ х2)5/2 

equal to 

S (+1) с ü-xext 
ууз? 9 [PP 
on (d) None of these 

+x 
* ‘+2 

Sol. Let I= fe (=) 


s 1 1-2x* 
је [ce iJ 


M" (= xo p ṣo pii ) 
rey ex? ay eat 

хе“ Le ext ex) 
алуа “ааа ауа 


Hence, (d) is the correct answer. 


жс 
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1 Example 43 if f (sin 38 + sin) e*^* cos @ 09 петина [А ~ 1 Jee 
fi x cos x, 
= (Asin? 0--Bcos? 0+ C sing. Осо50+ E) e^? +F, неше, (унаа cacrectanswers 
then 1 
=12 ()А--4,8--12 : 2x42 " 
Example 45 Evaluate | sin! 4—————— dx. 
12 (d) A=4,B=-12 1 р J fax? +8x+13 
Sol, Let 1 = f (sin 30 + sin 0) e^ 9. cos 9 ШТ JEE 2001] 
= [(3sin Ө — 4 sin? 6)-e%"°-cos 0 40, 2 
! Sol. Here, 1- | наг"| -г--2222--- ёс 
Putsinü-t = сок040-4 |? +8х +13 
= Ја) еа ^A) 
| „јој зна da 
As, [=(Азт?0+ Всоз?Ө + СзїпӨ+ Рсоз0+ Eje" 4 F Jerry +3' 
= (А зіп? – Взіл?0+ Сад + Dcos0+ В+ Ер" 5-Р, Put2x +2=3 tan 8 = 2dx =3 sec? 049 
When, зіл Ө = 3tan03 2 3 2 
= [sine | 385 |3 sec? 048 == Өвс" 649 
1-(AP - Bt? + Cr+ B+ Ee +F [нё ОБЕ ! 
as by Eq. (i) D =0...(6) 3 
From Eqs. (i) and (ii), =} @tano-f леш) 
[Gt 407) ef de = (a - Bt? + Cr+ B+E)e' +F, 53 @ tan 0— log|sec@|} +C 
t 2 
differentiating both sides i s ай ead At 
(31 — 413) e'=(Ar?— Bt*e Ct + B+ Ee! + At" - 2B C) == = tan (22 mal Шин ) +с 


> А--4 and ЗА=В => B--12 


Hence, (b) is the correct answer. E Hie j Dan (ža К 2) тн derniere 


І Example 44 The value of 
СЯН 
= +С05Хх 
jenen. xo ldx, is equal to 
x? cos? x 


) 1 Example 46 Evaluate | 
" 


=т= (etl) tan? (без) зака +8x+13)+C 


x? (x sec? x+ tan x) dx 
(x tan x+1)? 


a, xsec? x+ tan x 
(x tan x +1)? 


а == НЕ 1 5 
( шах Је па) =D 


à 
ЕЕ et 


Гэм 
ховх, 


шетте”. (хавх ес Sol. Here, 1 = [ 
x 


(germ? (s 1 ре 
ховх 


(d) None of the above 


1 
(x tan x + 1)? п мина 


LE 


хїапх+1) xsinx-cosx 


(rin eec rui ыр 


Sol. Let = Је EIC 


NE 


xsin x — cos x [put, x sin x + cos 
еее)“ =>(х cos x +sin x — cos x) dx = du] 
i 2 
Applying integration by parts E == төз du 
— x 
NNLLA ) dx] ven u 
> 
«оная | тегі tesute 
2 


— +S Бр] ай 
Pian ya 12181 sin x + cos x | e C 


Exercise for Session 4 


1. | х?ехах 
3. flog x-dx 
5. [Can x) dx 
7. xtan x dx 
9. [X-SnX ay 
1-cos x 
11. | е*(ап х + logsec x) dx 
13. (este s) 
19. ds T 
17. |е" -cos (bx + c) dx 
19. [sin/x dx 
21. [eot х + х?) ах 
23, JE riia = д-да Ж 
28. [e ЕТЕ 
cos* x 


һом 


J х®зп x dx 
J (log хах 


] (sec худх 


ЖЕН 


Jlog (1+ x?) dx 


cos? x 


1 Je [se xcos 22 


је. 1+ sin 2x | gy 
1+ cos 2x 


Г в5-(2-х2) ds 


(1-хЙ-х* 


[sec x ах 


І (sin? x Pax 


ЖЕГЕНІ 
а+х 


Ip жын cos? x + зіп 2x 
(2cos x -sin x)? 


dx 
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Session 5 


Integration Using Partial Fraction 


This section deals with the integration of general algebraic 


rational functions, of the form LE where f(x) and g(x) 
x 


are both polynomials. We already have seen some 
examples of this form. For example, we know how to 
1 Lx) P(x) 
or or Ae 
ох) Q(x) 00) 
where L(x) is а linear factor, Q(x) is а quadratic factor and 
P(x) is a polynomial of degree п > 2. We intend to 
generalise that previous discussion in this section. 


integrate functions of the form 


We are assuming the scanario where g(x) (the 
denominator) is decomposible into linear or quadratic 
factors. These are the only cases relevant to us right now. 
Апу linear or quadratic factor in g(x) might also occur 
repeatedly. 
Thus, g(x) could be of the following general forms. 
© g(x) = Ly (x) L(x)... Ls (x) (linear factors) 
10)... th) gx) (BE HCO the ih 
* g(x) = Ly (x)... (x)... (x 
жә-не). In GO |. ctor із repeated k times 
тэгээ 
* во) = ысыкы Л sns is repeated k; times 
© g) = Ly GOL GL, 600903 (3)... (2) 
'n lincar factors and 
m quadratic factors 
i a particular quadratic factor 
e gx) =... QE). 


repeats more than once 


+ А combination of any of the above 
Suppose that the degree of g(x) is n and that of f(x) ism. 
Ет > nwe can always divide f(x) by g(x) to obtain а 
quotient g(x) and a remainder r(x) whose degree would 
be less than n. 


fo) ron 
FORMS, NI 


тол” e: is termed a proper rational function. 


The partial fraction expansion technique says that a proper 
rational function can be expressed as a sum of simpler 
rational functions each possessing one of the factors of 
g(x). The simpler rational functions are called partial 


fractions. 


From now on, we consider only proper rational functions. 


(x) 
Ше) is not proper, we make it proper (2) by the 


procedure described in (1) above. Let us consider a few 
examples. 
Let g(x) be a product of non-repeated, linear factors : 
g(x) = 1.(х) (х)... Lu (X) 
Then, we can expand ДӘ in terms of partial fractions as 
B(x 
f(x) A 
sx) L(x) 
where the A/s are all constants that need to be determined. 
Suppose f(x) = x + Land g(x) =(x — 1) (x — 2) (x —3). Let 


us write down the partial fraction expansion of Же) : 
ГЕ 


xl A B с 
+ + 


Их) _ = 

ax) (х-1у(х-2)(х-3) х 
We need to determine А, B and C. Cross multiplying in the 
expression above, we obtain : 

(x +1) = А(х -2) (x -3) + B(x -1) (x –3) 
%С(х-1)(х-2) 

А, B,C can now ђе determined by comparing coefficients 
on both sides. More simply since this relation that we 
have obtained should held true for all x we substitute 
those values of x that would straight way give us the 


required values of A, B and C. These values are obviously 
the roots of g(x). 


Ж-2 3-3 


х=1 = 2-А(-1)(-2)% В(0) + С(0) 
= А=1 

x=2 = 3=А(0)+8(1) (-1)+С(0) 
= в=-3 

х=3 > = A(0) + B (0) +C (2) (1) 
=> C-2 

Thus, А=1, B2 -3and С=2. 


We can therefore write £m asa sum of partial fractions. 
x 
fa) ai 
ga) х 


x). 

Integrating да is now a simple matter of integrating the 
Е 

partial fractions. This was our sole motive in writing such 

an expansion, so that integration could be carried out 

easily. In the example above : 


ПӘ а-а-а а(х —2) +2 In(x -3) +С 


Now, suppose that g(x) contains all linear factors, but a 
particular factor, say L, (x), is repeated К times, 
Thus, glx) = Lh (x) L(x)... Ly (x) 
18 can now be expanded into partial fractions as follows 
ДЭ мм Ary My ,, В 
gix) LG) rix) LG) Lx) 14(х) 
че Tav x) 9 
1 partial fractions corresponding to |, (х) 


1, (х) 


This means that we will have kterms corresponding to L(x). 
Therestofthe linear factors will have single corresponding 
terms inthe expansion. Here are some examples. 

1 


(«-14х-2) 


- 


can be expanded аз 


¥ х-2 
= 3, 
(x —1)%(х -2)(x -3) 
can be expanded as 
A B Ё р с 
+ + + 
> ga ge- e- (х-2) 6-9 
1 
3 


(х-1/ (х &5)? 


can be expanded аз 
A B с р Е 


xat go (855) Gas) (+ 


2541 __. i 
1 Example 47 —— — — into partial fractions 
pe и) P 
Sol. Here, —2* +1 — has Q(x) = (x + 1) (x - 2) ie linear 
Ge) -2) 
and non-repeated roots. 
2х+1 A В 
(х+1)(х-2) х+1 x-2 
> (ax +1)= A(x —2) + B(x +1) 


On putting, x =2 we get 
5-A()* 83) => LE 
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Again, let x =—1 
= Җ-1)+1= А(–1—2) + B(0) 
да}. 
3 
2х+1 1/3 5/3 
(х+1(х-2) x*1 x-2 


1 
int 
1 Example 48 Resolve 6-363073 into 
partial fractions. 


dd 1 шаа. В c 
ud асран) х= 


where А, B, C are constants. 
1= A(x & 2) 2х +3) + B(x - 1) (2x +3)+ C(x —1)(х 2)..) 
For finding A, let x – 1 = бог x = 1 in Eq. (i), we get 
1=А(1+2)(2+3)+ В(0)+ C (0) 
1 


15 
Similarly, for getting B, let x + 2 =0 or x = – 211 Eq. (i), we 
get 
1=A(0)+ B(-2-1)(- 4 €3) C (0) 
> в=1 
4 


For getting C, let2x +3 = бог x = — 3/2in Eq, (i), we get 


1=A(0)+ B(0)-C 


= е 


ET 
5 


1 1 1 4 


Непсе, = k = 
(х-1(х42)(2х%3) 15х-1) Xx42) 5Qx43) 


Зх 42x? +х+ 


1 " 
Ger) +2) into partial 


] Example 49 Resolve 


fractions. 


Sol. This is not a proper fraction. Hence, by division process it 
is to be expressed as the sum of an integral polynomial 
and a fraction. 


Now, Зх? +2x? + x +1= 3x (x! & 3x +2) 
—7 (x* +3х +2) + (16x + 15) 
So, the given polynomial 
Зх ах exl 
(х +1)(х +2) 


(16x +15) 
(c1) 2) 


=(3х-7)+ EU 


Now, the second term is proper fraction hence it can be 
expressed as a sum of partial fractions. 
16х + 15 


(x +1)(х +2) 
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To find A put x +1= 
the factor (x + 1). 
16(=1) +15 
(1+2) 
Tiimi 2=0, ie, x = – 2in the fraction except in 
16(-2) +15 


=~ 1 in the fraction except in 


=A = А=-1 i) 


= B= 

(2+1) pen 
= The given expression = (3x —7)-—1_ + !7_ 
х+1 х+2 


[using Eqs. (i), (ii) and (iii)] 
Case П When the denominator g (x) is expressible as the 
product of the linear factors such that some of them are 
repeating. (Linear and Repeated) 
Let Q (x) =(x –а)“ (x —a,) (x — az)... (x —a,). Then, we 
assume that 


PO) Аа АА 
2) e-d G-a Ea 
Бу Йй „ы Be 
G-a) (х-а)) " (х-а,) 
1 Example 50 Expression z = has repeated 
x 


(twice) linear factors in denominator, so find partial 
fractions. 


x45 
ей (х-2) (x-2 
% (хэ5)-А(х-2)-8 
Comparing the like terms, А-1,-2А 8-5 ог B=7 
х+5 1 7 
БЕЛЕ ДЕ 
(х-2 (х-2) (x-2 


Sol Let 


3x-2 


1 Example 51 Resolve waned 


partial fractions. 


-2 
Sol, Let o nee) 
__А. B 
“GD (G- 
s 3x-22A(x- DG Gee 2) B(x +1)(x +2) 
C (x - Mx +2)+ D(x - I(x +1) 


Putting (x = 1) =0, we get B=1/6, 
Putting (x + 1) =0 wegetC = – 5/4 
Putting (x +2) 7 0 
Now, equating the c 


we get = 8/9 
coefficient of x on both the sides, we get 


5 8 13 
0=А+С+0 => A-Í-I-L 
4 9 36 
3х-2 EM c 
х-1(х+1у(х+2) 36-1 6(х-ау 
5 8 


-—> + _ 
aari) 9(x+2) 


Case Ш When some of the factors in denominator are 
quadratic but non-repeating. Corresponding to each 
quadratic factor ах? +bx + c, we assume the partial 

, where A and Bare 
ax! 4 bx tc 


constants to be determined by comparing coefficients of 
f x in numerator of both the sides. 


fraction of the type 


similar powers of 


x7 


2 : 
1 Example 52 Resolve ———;—~ into partial 
Р (x+1) (x? +4) 
fractions. 
Bii 2x+7 __А_,Вх+С 


Gantt) x41 x4 
2x +7 = A (x! + 4) +(Вх + C)(x +1) 


-1 
~ А or А=1 
Comparing the terms, 0-А48 = Be-1 
7=4A+C = С-з 
2х+7 ___1 (x +3) 
GEDE HA x*1 2+4 


Aliter To obtain values of A, B and C from 

2x +7 = A (x° + 4) + (Bx + C) (x +1) 

2x +7 -(A B) x! +(8+С)х c 4A + C 

Equating the coefficients of identical powers of x, we get 
A*B-0B--Cz2and4A +С=7. 

Solving, we get A=1,B=-1,C =3 


1 Example 53 Find the partial fraction 
2x+1 
(3х+2) (4x? + 5x € 6) 
2x1 _ А Вх+С 
(3+2) (4х? 45x46) (3х+2) (ах ғзх 6) 
then 2х+1= А(4х* +5x +6) +(Вх + С) (3х +2) 


Sol. Let 


where A, B, C are constants. 
For A, let 3х+2=0, 


Comparing coefficients of x" and constant term on both the 
sides for Band C, we get 


4A +3B=0, 


в=-%А = B=} and ба +20 
3 10 


5 
2х +1 4 


"(ах +2)(4х' +5х+6) 40(3х+2) 10(4x? +5x +6) 


CaseIV When some of the factors of the denominator 
are quadratic and repeating. For every quadratic repeating 
factor of the type (ax? + bx + с)“, we assume : 


A,X + Az A, Х+А, 
ах? +bx+c (ах? bx +c)? 


1-6А 29 
эс=— 
40 


Сз. 


An x + An 


(ax? +bx 4 c)* 


2x +2х +х+1 


| Example 54 Resolve 3--2- into partial 
X (x* +1) 
fractions. 
ast 
gol tet 20 +027 trti A ВЕС, РЕЂЕ 
x(x? +1) x х 41 (xê +F 


ог 2x* +2Х + x +1= А (x? +1)? + (В+ C) x(x? +1) 
+(Dx +E) x 
Comparing coefficients of x‘, x^, x, x and constant term 
A+B=2,C =0,2A+D+B=2,E=1,A=1 
жере A=1,B=1,C=0,D=-1,£=1 


Hence, the partial fraction, 
2х“ ах +х+1 1, х 1-х 
x(x? 41) x 14x! (xy 


1 Example 55 Evaluate the following integrals: 


(1-х?) dx NIE 
Газ 2х) ® Јул“ 
x? HAHA " вах 
m Er к ® ТЕСТТЕРІ! 
5 1-x* A B 
88 0155 Li x б-® 
> (ху cis) + Ай –22) + BG 


3 
On putting x =бап@ x =>, we get 


1=Aand1 


ї». 
Een 
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310 11-2х1 үс 


1 
px tloglal+> 
= 5x + log = 


1 3 
== x + log |x|- = log [1 — 2x| + С. 
5514-11-15) 


- -А(х-2%В, 
On putting x = 211 Eq. (i), we get В = 5. 
On equating coefficients of x on both sides of (i), we 
get A =3, 
3х-1 % 
Бэ ёс 
Saw ea ==) 
5 
= -2|-——+с 
зшік-21-- 5 
= А с 
(1058 rd x x42 


= хї+х+1= Ах(х +2) + B(x +2) + C(x?) =.) 
= – 2 ала x =0in Eq. (i), we get 
C 23/4and B-1/2 
On equation Coefficient of x? on both sides of (i), 
ме бе! 1=А+СА =1/4. 


On putting, 


" 
оран. (48 мээн 
x (х +2) x ox 
-1885-252 lg|x424C 
(dh —— uA RAE ‚с 
(х+2)(х®+4) х+2 x? +4 
= B= A(x? + 4) + (Bx + С)(х +2) БЕН) 


On putting x = -2 in Eq. (i), we get A = 


On equating coefficient of х? on both sides we get, 
0=A+B=B=-1 

On equating constant term on both sides, we get, 
8=4A+2C>C=2 


Сы 


+4 


8 1 
ieu eg Ke 
2x dx "T dx 


тіңікед- Flog x? шыға (їр 


1 Example 56 Evaluate I 


Sol, Let I= [ — m dem [— 1 — de 
sin x — sin 2х sin x —2sin x cos x 


sinx & 


=[-— «= | 
sin х(1-2сов x) sin? x (1-2 cos x) 
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sin x. 
(1 – cos? x) (1 – 2 cos x) 
(put cos х=! => -віпхф-й) 


4..0) 


[omma ГҮН СЕ 
(-19(1-2) "ü-00s00-2) 
Here, in Eq. (i) we have linear and non-repeated factors thus 
we use partial fractions for; 
-1 №8 с 
ü-00«00-z) 0-0 040) (1-2) 
or -1- A(1«1)(1-20) + K1-0)(1-20) + С(1—1)(1+:) 


Putting (t+1)=0 or t=- 1, we get 40 
-1=В(2)(1+2) = в--і 
Putting (1—¢)=Oort =1, we get 
-і-А(2(-) = 4-1 
Putting — (1—2t)-00rt =1/2, we get 
=1-с(1-1 (+1) = c--4 
2, 2 3 
E Mi E E 
а-да+ђа-2) 20-41) 6(14:) 30-2) 


So, Eq. (i) reduces to 
1:4:-11-4-а-21-4-а 
1-2 


1+7 


ict 6 
1 1 4 1 

ш-- 1-1|--іш|1-4|--х--іш|1-ш|жСс 
2191 еа gl | 


1 2 
=~} log|1— eos x|- log 1+ cos + 5 og 
]1-2cos x|* C 


xsin x) dx 
1 Example 57 Evaluate Is t ELM 
(1— x sin к 


СЕРІ 


Sol. Here, 1= 
х(1-(хє 


ра б 
ә (хе (-яа x) ee") de - dt 


| dt 
t(-0)0st P) 
T (ERE 
t 1-4 146641 
Comparing coefficients, we get 
1 2 
=ув=-С=-=,0= 
А=ЬВ 3 s 


Мисс 


хилэн Ри 
[where, t = xe*] 


пега 4 


tan 
l Example 58 Evaluate sin 4x-e" У dx. 
Sol. The given integral could be written as, 


I= | sin x+ cos x cos 2x e "dx 
= 4 ап x-cos? x (cos? x — sin? x): e" *dx 
=4 ва х-соз° х(1- tan? х)-е""* de 


«(1 — tan? x): 9" * dx 


tan x 
=4] 4 

(sec? х) 
Put tan! x= 
= 2tan x-sec? x dx = dt 


пе 282, 01-06 а 
(1+1 2 Qf 


[eee 


_ ка А 
EET al^ 


1 ex 
(1+1) 

[using | “(хуул РОА = e*. f(x) + с] 
E Vu 
(1 + tan? x)? 


s ajs 


-2 


1=-2соз* x. e" кс 
1+ хсоѕ x 


ирг 


1 Example 59 solve ln dx. 


14 x cos x 
Sol. Let zn 

Е 
Differentiating both the sides, we get 
* «cos x +e") dx = dt 


= е" (x cos x 4 1) dx = dt 


ә 1- It 


Put (хе 


(x et 


т 
) 


dt 
= Јо [using partial fraction] 


ы = а 
Цэл Е E 
вен ова +e 


тікен Тэ 
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| Example 60 Evaluate; =] dx 

pele) ist] 

[овех ове ре? јак хи + log e*) (2 + loge") (3 + loge*} 

x Put loge” =t => Ldxedt 
х 


Sol. We have, 


1 a, dt 1 1 1 1 

г-| loge" „лове“ log, e? - ЫЕ à 1 

J ege? „ове“ лове) de 5 етте (т 8-0 as 

E ІҢ 1 1 1 | P [using partíal fraction] 
х |loge™ орех loge" = ogh ове t+ log B + С. 


=] de 


т т. т 1 E = E 
орет 4 loge") loge" loge" обе” + log?) Ed | log В+ loge? + С. 


Exercise for Session 5 


= Evaluate the following Integrals : 


х? dx 
Т Jena -20 3) ШАТТЫ 
ах 4 2x 
ТЫЗ) 3 Пет 
cos x dx 
М Гата је ато)“ | mI PETTY E 


secx 
1+ cosec x 


E 
T 8. {жыгу 


1+ tan? х 


І dx 
x 16 (log x)? + 7 log x + 2| 


Session 6 


Indirect and Derived Substitutions 


Indirect and Derived Substitutions 
(i) Indirect Substitution 


If the integral is of the form f (x) g(x), where g(x) is a 
function of the integral of f (x), then put integral оГ 


f(x)-t. 
d(x?+1) , 
1 Example 61 The value of is 
! 4x2 
(a) 24x? +2+с (b) yx? +2+С 


(ox x? +2+с (d) None of these 


зо. Here, 1 = 26212 
х +2 
We know, d(x? +1) 22x dx 
1=] 2х dx 
Jere 
Put, РТА 


2t dt 
2xdx-2tdt => ГЕ «ас 


- 1-2үхі%2%С 


Hence, (а) їз the correct answer. 


Е " 
1 Example 62 27-28, вон d је 


then aand К аге 


(а)2/5,5/2 (b)1/5,2/5 
(95/2,1/2 (d)2/5,1/2 
NEC 2 dx 
Sol. Here, rfe dx ПУ У 
2 ёс 
- DT 
m Ims 
i LIU. da 
Put Se) UD y 
ji 4 
ЖЕНЕ 
КЕЗІКТІ 


1 


2 2 
Bet -21 +C 
--Шейзуізс- l| суу 
за 
2 x 
2ig|—— | +С i) 
5 E| ҒЫТ 
(given) 2% 


" 
where, ЕГЕРДЕ 
д. From Eqs. (i) and (ii), we get 

2 сии «c 
+с= tog] =, 
шаг ТЕЗ 5 5 14x? 
> а=2/5 and k=5/2 
Hence, (а) is the correct answer. 
5x* +45 
(х xe ^ 


1 Example 63 Evaluate | 


х (5845) oy 


E («x 
x 


5x* + ax* 


(вх) aaf 


Sol. Here, 1=f 


5/х* 5 
TU ТРИ 


1 Example 64 For any natural number m, evaluate 
Je?" + х" + т) (ода зэх" 6)" dx x »0 
[HT JEE 2002] 
Sol. Here, I= |(х?" + x^ + y") ox?" 43x" 46)!" de 
= [etm exm + х"у бх?" өзе" өлу" a 
x 
= Јон tmu Hy дт, лт хеј та 20) 


Put х" +3х?” +6х” = 

бт "уе 

~ Eq, (i) becomes, 

Is й _1 
бт ст (1/т)+ 1" 


ший 


1 зт 4 3x2 тн 
- рх?" +3х?" +вх”| т 
rr nm х” x" + 6х") m +C 


xdx 


1 Example 65 J is equal to 


ha x? + te xt 


ta об) +c (2 41e flex? «c 
(920 1e х2) +С 


x dx 


Sol. 
Бес» 1-414 x? 
Put ї+үй+х = = 


хах 


(d) None of these 


1+ x? ae 


15 (82 necne + С 
t 

Hence, (b) is the correct answer. 

(2x+1) 


1 Example 66 err 


3 


x x 
с 
ти 


(а) —_—-—_ +c 
(х2 "ах 72 

2 

x 
+С 
(x? +ах+1'/? 
| 2х+1 


asada ЭМН 
(x? + 4x +1) 


Hence, (b) is the correct answer. 
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1 Example 67 The evaluation of 


КРЕЕРТЕ 
[E — — кі 
xin*t9 + 2хР+9 +1 
ХР x" 
-—— «C (b) + С 
тег ШЕРТ 
4 x? 
(д-—Е— +С ()—— «c 
PES х? +1 
РЕШИ 
Sol, Here, I = ти 


Ръш сі РЕНЕ 

РЕ ge au" [E 97 
(974 ay (x xy 

Taking х as x° common from denominator and take it in 

numerator, 

Pu x? +x%=0 => (рх?^!- 


Hence, (с) is the correct answer. 


х (1 


1Ехатрїе 68 јада is equal to 
х-х 


ибо) з tan? (с 
пхах) 2 х 
їпх+х\ 1 
1, 1 
93 (erts. 2 


1 Inx-x a (Inx 
OR (6 (= *) жіп e) [а 
1 


Sol. Here, 1 = [20-18 х) 
Inx‘x - x* 
НЕКЕГЕ 
ІСЕЙСЕЕ 
х 
Put BEL, = Lone а 
=] dt Е а 
07-10 к) 
-ipfen-e-o +D- 70, 
(10-12 


i(g а 
1-1 
Ч 8-1 


= ла 23 алт 
2\2 rri 
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Hence, (b) is the correct answer. 


dx is equal to 
NEUE 
[UT JEE 2006] 
[pé 2x? +1 Би хал 
Белеске туйе e ig 


Баса EX 
[T (jm ээж t 


1 Example 69 LEES 


хі-і 


а-а Uu 
E 


Sol. Let 1-1 


х 


Hence, (4) is the correct answer. 


for n2 2 and 


1 Example 70 et f(x)= TET 
^? р(х) dx equals t 
g(x) = fofo... Дх), then је g(x) dx equals to 


nene [IITJEE 2007] 


1 
(14 пх" y "4C 


(= 


т ис пел)! 
=) п-1 


tt 
ату "+С 


ox 


fs ue sae) 
+1) +1 


Sol. ~ Их “0 


E E 


füt- scan 


НЕГ тн аны 
mre Geary 


Where, 


Similarly, ff 600 = с. 


x " 


алд (fofofo...of) (x) = g(x) = 


n times 


(1жлх” ys 


E 


2) [= g(x) dx = ae 


=a)" 


ext oem y! dx 


Hence, (a) is the correct answer. 


Derived Substitutions 


Some times it is useful to write the integral as a sum of 
two related integrals which can be evaluated by making 
suitable substitutions. 

Examples of such integrals are 


Type | 


(а) Algebraic Twins 
2x? 


xad T jet 


Sa Es PT 
2 дал раа 
аде = +1 же], m 
2 
esf eg t 


(b) Trigonometric Twins 


[шах ах, | сое dx, 
1 
[— dx, |— 
(Би? x +cos* х) sinf x +cos® х 
Ї sin x tcos х 
a+bsin x cos x 


dx 


Method of evaluating these integral are illustrated by 
mean of the following examples : 


Integral of the Form 
1. (3): e 


1 
Putx &—2t = [1-1 = 
Ра ( 2а а 


1 1 
ЗЇНШЭГ 
Put x-let = (а-я 
х х 


| х? +1 
. de 
PES +1 


Divide numerator and denominator by x”. 


nm 
I aerei 


Divide numerator and denominator by x". 


dx. 


l Example 71 Evaluate | 3 
ex 


Sol. Let 1=f— 
1%х 


5 

2 
5[|х'+1 x'-1 
== - dx 
ЕЕЕ) 
Кетатк 


Неге, dividing Numerator and Denominator by х? and 
converting Denominator into perfect square so as to get 
differential in Numerator 


pe 
x +1/х' 


2 “ 
=5] 1+1/х' dy - fe 1 Aale dc 
21 (х-1/ху +2 (х+1/х) -2 


du 
Lgs] 


ем 
re (oy 


1 и– 2 
E c 
wi | uri |: 
1 
51 «иара, Хү? 
1-5 ма ) ај 
DE Ve) erlai 
x 
l Example 72 Evaluate In^ 
45%? +1 


DET LS 


1 
[wheret = x - Landu = x +=) 
x x 
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à E. 
ДЕНЕ 185 к4411-425--а 
FEET EI 2° xt +5х* +1 
ptus. [ESTE de-1] jip 
х®+5+1/х* 2°х%+5+1/х* 


{(dividing Numerator and Denominator by x*)] 


-1 qiix) ql (1-1/х2) 
(х 
du 


-a/xy +7 Gor1/xy +3 
ЕЕЕ ЕСИ 
ая d wey 
wheret o x- Land ux el 
x x 
lf sug Pp рам 
Hen) ЫРЫ 
Га ауа], 
E a Eje 
l Example 73 Evaluate. | Лапх dx. 


Sol. Here I = | Лап x dx 
Put 


dx 


tan x 


= зес'хйх=йш = dx=—— 
H 


Jua. 


а ја a 


1-1/8 „ 
ижий 


Ми 
152115 1-18 
А 
зайл тыш 
dr 


Ыр Io 
r- 0 
E E 


1 1 
ие 161 
t т 


+C 


(where t = ytan x)] 
желе MES 
sin^ x+ cos" x 


dx 
sin* x + cos* х 


1 Example 74 Evaluate dx. 


Sol. Let 1=4] 


38 Textbook of Integral Calculus 


Dividing numerator and denominator by соз" x, we get 


Taf ы 
tan’ х+1 
Te spe x (1 + tan? ЕРИ 
IE 
Put tanx=t = sec? xdx=dt 


dz шаг 


my di 


153115 
Pave! j 


(1-1/t} +2 


i 
z-t-l 


dz 4 
=4 |-Е_= ta 
Iz ж 


Again, put 


"= 


– (tan x 2 1/tan x 
1=2¥2 ал | 222—777 |«c 
( КД ) 


1 Example 75 Тһе value of |. is 


equal to 


а) Тав? (2) +k 


ers ^k. (d) None of these 
c 


(у сва“ (« „5 +k 


(ax? = bax 0 (-2)5 


Sol Here, Г = 
шаг an 


т= [HL ain? Е 
е-е 6; 
a sin! (= ы 


Hence (с) is the correct answer. 


x* (x emen y 


1 Example 76 | PR 
Sol. 15 шин 277 


ри x*-y => x*(Inx+1)dx=dy 


1 Example 77 Evaluate 
(x? —1) dx 


(x^ + зх? +1) ап“ 


Sol. Here I= |— 


) ( H 
xtl 
Gt x ви х, 
The given integral can be written as 
(1-1/х2)дх 


І 


(x? +3 +1/ x?) tan 


(dividing numerator and denominator Бу x) 
(1-1/х2)дх 


(enis erat (ха 
x 


ш Је +1)-tan7! (t) 40 


Now, make one more substitution 


tan“ t = и, Then, din =du 
ят 


л Eq (becomes, 1= [44 = ов] и|+ С 
u 


= I= 108 |!ал“! t| + C = о | tan (x +1/x)|+C 
(х7 - xS6) dy 


І Example 78 
Fs (x? + x41)? = x12 (x? + x41)? 


х 


(779 – x95) dx 
FII FREIEN 
(1- x*) dx 
(x? 4x4? PP axe 


Sol. 1- f zu 


“(ря 


G x1) 


41-38 

х 

(oa үзг ү ү?” 

х+—+1| -|х+—+1 => = 
х х 


“| dt 
(бау – (еј 
Substitute, (t +1) = u 


Putting x& Let 
x 


1 
— | Чх=4 
5) 


4 


сорса 
“Пас 
Put 2 
(2+1 
-e [Et 6, 
= 
332 
M за энэ, 
z 
--Д гэмээ ae 
z 
-- [5 ЭЕ bar +loglz |с 
а је 
where, НЫ =й 
x 


1Example 79 The value of | {Ех} d, where 111 and 


[.] denotes fractional part of x and greatest integer 
function, is equal to 


(ao (b)1 (92 4-1 
Sol. Let H EO dx 
where, [x] = Integer and we know [n] = пе Integer. 


17 fodx=0 


Hence, (a) is the correct answer. 


Type || 


Integration of Some Special 
Irrational Algebraic Functions 


In this case we shall discuss four integrals of the form 


J 0 dg d here P and Q are polynomial functions of x 


and ф(х) is polynomial in x. 


(а) Integrals of the Form | Цэ эй dx, where Р and Q 


are both linear of x 


To evaluate this type of integrals we put Q — 
1 


(ах +b) fex +d 


,ie.to 
evaluate integrals of the form | dx, put. 


сх+а4= 


Chap 01 Indefinite Integral 


The following examples illustrate the procedure : 


1 Example 80 Evaluate | 


1 
——_ o 
(х+1)/х-2 á 

2 1 
Sol. мыз а) ті“ 


Here, P and Q both are linear, so we put О = t? 
2 


ie. x- 
So that dx = 2t dt 


1=f 1 vat dt=2 [d 
Ermal 43 


t 
= c 
=2x шит (5) + 
2 .1|/х-2 

1=—= +C 

в” ЕЗ 
ф(х) 
РО 
quadratic expression and О is a linear expression 
To evaluate this type of integrals we put О = t? i.e. to 
evaluate the integrals of the form 


(b) Integrals of the Form f dx, where Pis a 


2! 
Желе —' 
ет 2 
put px +q=0?. 
1 Example 81 Evaluate | ———*-—__ а жа 
(х БЕТТЕ ара 


x42 
(х? ыы 
РШх+1= = dx =2t dt 

(t? -1) +2 


I= di 
Ле KP = esq туа ын 


EST EST 
"s a rl 
TC EI 


Sol. le I= 


141/12 


сату сву“ adl TIG 


[ome 


39 
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2z dz 

(c) Integral of the Form Ы zeli 
Билл x 

where in [5 —~ Pis linear and Qis a quadratic put, 


n 


ах+ь=1. 
t 


1 Example 82 Evaluate Teen 


EE гети 


Sol. Let I= 


СЕПТЕП +х+1 
1 


Aliter Put x = cos 6, dx = — si 
sin 49 de 
1--(--5399 | 
КЕСТІРІП еб 
sec? 0 do = [2818 
tan? 0+2 


(фа) (а) 
n n 
ВЕ Мас: 
Ner 
12 
1 
=a Gy low tt и eeiam +1/12 | +С " 8 2-3 ю (2 ес 


23 а 
в! үй 


where, сох 0 = x 
1 - | у1— a 
өө 2 яв0-41-х" 


(d) Integrals of the Form. Iz , where P and Q both = 
апе = ХХ 


are pure quadratic expression i іп х, ie.P=ax? +b 


and Q=cx Me Ета 


1 Example 84 Evaluate 


{е ышы yx" «2x3 - x *+2х+1 a 


: : _1 
То evaluate this type of integrals of the form we put x = т X n) 
I Example 83 Evaluate саса А Sol. Here, r= [EŻ Хе каї - каха ү 
Y PU ~ вани 


РЕ а = 
Sol. Le! 1= (-- ) '( a 2 
t Ја ће [ = | |х [x +2х-1+-+ 


түй 
ри ТМД x GU +зх +1) 
р 


ИР dt р tdt 
laii nA-us (ndr um 


Again,t? =u = 20 = du. (i) 
x 


1 du dx 
PE which reduces to the foi ie 1 
ето а“ пате - јасна 
where both P and 0 are linear so that we put и - 12 z^ зо PL 
U? -2) «2: -1 аз ae 
*20-3 di 


that du = 2z dz 
й @+2) (C2) 


42-3 


“зүр +t- zi 


a(t +2) 


MIL! 


-3l; 
tdt 


шалыг at 
І tdt 


Теа 
рима == = [ecu 
d; 
“ре! 
=J? 27 -loglz+ 47-14] 
= yt? +- йг аад +2: +31 


кіт 
рама = HAEC I 


dt 
iom 120-3 


Where, I, = ur 


dz 


1 
yt 
Em 3| 1 agi каз ai 
“au px |“ Е = 08 
3 


= ft? 2 73 — log (t +1+ Jr 26-3) 


-Вас! 5 
22) 


1 
where, = x + — 
x 


(©) Integrals of the Form] 


dx 
ТЕГЕНЕ 


Here, we substitute, x — k ag 


wherer>2andreI 


d 
I Example 85 Evaluate је 
(х= 3)" yx? –6х +10 


Sol. Substitute (x —3) =— i= ах = а 


Ме get, 
Iz -3 ЈЕ -6x +10 


-1t dt 


Jean -6(1/:%3)%10 


Ai) 
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--| ва 


des 
вш ien - Пе кс 
„өш йы i-e ec 
4 ed —6х +10 
= > 


|х-3] 
(f) Integrals of the Form Ја I ere 


mn 


[gis Hera 


ах? +Ьх+с 


FERE UK E 


Here, we write 
ax? bx +c = A, (dx +e) (2 fx +g) + By (dx +e) +С, 
Where А, B, and C, are constants which can be obtained 


by comparing the coefficients of like terms on both the 
sides. 


2x 5x49 


(ege ат 


Let 2x7 +5х +9 = A(x +1) 2x +1) + В(х +1)+С 
or 2x? +5х +9 = x^ (24) + x (ЗА + B)+ (A + B+C) 
> A-AB-2C-6 

2x? %5х +9 


Г UE 


1 Example 86 Evaluate [—— 


Sol. 


= (сақа ae gal ха 
(xt x*e x1 FERE Tre 
+6] 
VAT 
2х+1 dx dx 
= ах 42! +6 
Ті Бк жетті ЕН 


gde dx -dt 
рате к Fatt 


[where w= x а and? Pea 


ом +х+1+2- аеннан нт 
(emm 
(den 


2(x +1) 


za) +х+1+2 105 


-6 log +C 


=x? txt1+2log -6 loj 
g 


+c 
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Туре Ш 
Integration of Type | (sin" x cos” x) dx 


i) Where m, n belongs to natural number. 

(ii) If one of them is odd, then substitute for term of even 
power. 

(iii) If both are odd, substitute either of them. 


(iv) If both are even, use trigonometric identities only. 


(у) Ifm and паге rational numbers and (==) isa 


negative integer, then substitute cot x = p or tan x = p 
which so ever is found suitable. 


1 Example 87 Evaluate | ч” x-cos? x dx. 
Sol. I= fsin? x-cos? x dx 
Let cosx=t => —sinxdx=dt 


1=- Ја-у 


1-|Ра-|Ра- 


cos" x _соз°х 


І----------жС 
8 6 
Aliter I= [P (1– К)? ав, 
if cos x dx = ак 


12 |R? dR- [28° ан + | Рав 


paž Gun*x, sin’ x ус 

4 6 8 
Remark 
This problem can also be handled by successive reduction or by 
trigonometrical identities. Answers will be in different form but 
identical with modified constant of integration. 


-1/3 -уз 


хах. 


1 Example 88 Evaluate [sn X-cos 


cos x. 
Ve [cai 


dx = (со? x) (cosec*z ас 
хоз x 


T= | со"? x) (1 + cot? x) созес? x ах 


2-[e aea =- fan eia 
[Put cot x = |, => — cosec? x dx = dt] 


„ере 
Ж % 


ре Ber х)+ HI 5} +C 
2 


dx 
I Example 89 Evaluate Ба XO 
cos x dx ЕЕ 
Sol. птар ТТЕРІ ЕТТТІТІ 


јез x +sin х)+(сов x ~ sin x) gy 
(sin? + cos? x +2sin x cos x) 
(cos x sin x) 4, 


pertes 
(sin x + cos х)? 


dx 


(sin x + cos х)? 
1 ] 4х 

sinx-cosx 2 
1 dx 


) 
LJB, —— 
Я 


Ч 4х 1 


- МЕ ада == a 
з) Ilein x + cos x) © 


i. +" - со x+ 1 + 
а а а) аан сова) 


Туре М 
Integrals of the Рогтј x" (a Бх”)”ах 


Case I If P e N. We expand using binomial and integrate. 
Case II ІЕРе 17 (ie, negative integer), write x 
where kis the LCM of m and n. 


Сазеш її 


is an integer and P ¢ fraction, put 


(a+b х") - t*, where k is denominator of the fraction P. 
т+1 
Case IV Цэн + r) is an integer and P € fraction. 


We put (a +b x^) =t" x", where k is denominator of the 
fraction P. 
l Example 90 Evaluate ІЗ ax. 
Sol, 17 f x? (2 + x3) ас 
Since, P is natural number, 
17 fx? (4+ x + 4x") de 
= fae 4 es 


axt тз 
dec жс 
7/3 176 


+3 уз QA aus 
7 п 


жах “уак 
m 


+С 
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| Example 91 Evaluate | x7? (1+ х2/3)-1 dy, 23 Б Гон Е 2 ЭЭ 
16 


Sol. If we substitute x = t° (as we know P е negative integer) 1 1 
LG +e -;% 4х3) +С 


ле x = 1", where k is the LCM of m and п, 
х= = dt 
mM BE 4 | Example 95 Evaluate | x7 (1+ x*)? dx. 
ог f= rdt =j- =s tan (4c = 
Pere) л Sol. Here, (3) zu. 
=  I-3tn (373) -С n 
If we substitute (1 + x*) = 1° x*, 
1Example 92 Evaluate | x-7 (1+ id dx. € 
Sol. If we substitute 1+ x? =, then = "E dx = 2t dt Ж 4 
2 aoc ni ETE 
1= JS =6fe dt=2 +C E dz Loa gat dt 
e 1220 лу 40 хэку 4750 


" 


1 за 2—l[(5-27 
1 Example 93 Evaluate [Vx ty а -ife-s dt = 20 23 +1) dt 


Sol. Here, m=} andn =} 
2 3 


Put х= Роа =60 dt 


= 1= [а (1+12у е dt 


1 
ә 1-6 (14442 вна т) dt 1 Example 96 Evaluate | ———~ dx. 
№ и Пеле 
=6 fer + 489 cer eant e nta sol tat fa i d 
1 - ік 
[рге 
^ аш өз a 
sé] А Eee Put x"? 24, — x ct" and dx = 1207 dt 
9 11 13 15 17 1 ж 
17 [5 tde = fat 
pael i лэн ise iter ҮЗ! 
п 13 17 Again put(t + 1) = 


(у-1 
1 Example 94 Evaluate fx (1+ х?У/ dx. аще [8 D , 


43 


2 

Sol. Here, је grep 4х have m=5,n=3and р = 

mei. » 
n 


So, we substitute 1 + х? =t? and 3x dx =2t dt 


[an integer] 


х praestas = | х (4 + уақ ита оде" 99 
2 з apy? 
= Jer ога PM 


2 fut- yde = 2 (o0 p vn 
== f(t- ђуЗа == (0-27) de Where у= x"* +1 
3)8-1) РЦ 


ый, 4 
=12 se -Ву?+2Ву*—56у® + 70у*- S6y"+ 28y*— By + Day 


(using binomial] 
= 12 [y= ву*+ 28у°— 5ву*+ 70y'— 5ву*+ 28y -8+ Муму 
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Exercise for Session 6 


= Evaluate the following integrals 


4... 2)ах 
Я: гэ ы 2 p «2 _ 
Патау” оза т 
# а-а —— Equo e o 
Граја у кїў? 4 Varas coy" 
Г secx.dx 
[п (x + 2А) + sin А 
6. The value of | [{x}] dx; ( where [Лапа (.) denotes greatest integer and fractional part of x) is equal to 
(а)0 (1 
()2 (4-1 
7. If] Ңх)сов x dx =" (х) C, then f(x) can be 
(a)x ()1 
(с) совх (d) sin x 
sin x + cos x 
3 ,| 20:31 с08 Хос 
8. The value of, | mx ix is 
1 54-4 (sinx – cos x) 5+4 (sin x – cos x) 
—h = с (b) и А-г... Зил А 
@) 2099] 5—4(ыпх-— cos x) Venez ex "© 
1 | 5+4 (sin x + cos x) 
=> SETS ET ORAT of 
ЛЫ s sec cosx) |" (d) None of these. 
cos 7х -cos 8x 
. ———_ dx, is 
9. The value of f 18252653 
(а) “= + =з $26 (b) sin x - cos x + С 
i 3 
С (d) None ofthese 
10. The value of 08 5х + 609 4x gy, is 
1-2 соѕ 3x 
(а) sin x + sin2x +С Ф) зх 127 ус 
(c) - sin x - E *C (d) None of these 


Session 7 


Euler's Substitution, Reduction Formula 
and Integration Using Diffrentiation 


Euler's Substitution, Reduction and 
Integration Using Diffrentiation 


Integration Using 
Euler's Substitutions 
Integrals of the form f f (x), ax? + bx + с dx are 


calculated with the aid of one of the three Euler's 
substitutions 


() (ах! +bx +с - tx Ја, ifa»0. 
(ii) Jax? +bx c — tx Me, ife>0. 
(iii) Jax? + bx +c =(x - a) t, if 


ах? e bx +¢=a(x -a) (x =B), ie. 
(ах? + bx +c). 


Ifo is real root of 


Remark 


The Euler's substitutions often lead to rather cumbersome 
calculations, therefore they should be applied only when it is 
difficult to find another method for calculating a given integral. 


хах 
1Ехатр 97 Evaluate |= f —————- 
(/7х-10-х2) 
Sol. In this case а <0 and c <0. Therefore, neither (I) nor (II) 
Euler's Substitution is applicable. But the quadratic 
7x — 10— х? has real roots t = 2, =5. 
7. We use the substitution (III) 


dix 7x = x-3)6- х) =(x-2)t 


Where (8-х)=(х-2)!* 
ог 5+ш®=х(1+°) 
5+2 
ANTT 
85-22 
Е =) 
-8 


ШҮҮН 


хах 5 
ор) 


2! 


Hence, 1 - f 


| хах 


Sol. Since, here с = 1, we can apply the second Euler's Substi- 


tution. 
(2-хжі-ы-а 
Therefore, (м - 1) х = (2-1) х? => х= 011 
Ё 1 
2052-1404 
шини and x х+ 
-2t +2t-2 


1=| = [Lt adt 
ЕРИ БЕРТТЕМТЕПТІГІТ) 
Using partial fractions, we һауе 
-w 42-2 А 
К-ту нї t 


ог (-и°+@- 


"E D 

(041) (1-1) 

2)2 A(t - D) (t +1)? + Ве (t1) 
*C(t-1)(t1)t Dt 


wegetA=2 B--1/2 C--3/2 0--3 
Hence, 172 [411 [-® d gjd 
t (+1) 2 


=2log,|t I-Flow, | tt | а 


M 
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Introduction of Reduction 
Formulae (a recursive relation) 
Over Indefinite Integrals 


Reduction formulae makes it possible to reduce an integral 
depending on the index n >0, called the order of the 
integral, to an integral of the same type with smaller 
index. (ie. To reduce the integrals into similar integrals of 
order less than or greater than given integral). 
Application of reduction formula is given with the help of 
some examples. 


Reduction Formula for | sin" x dx 


Let I, = | Яп" x dx = аа"! x sin x dx 
п 
sin"! x cos x + [(n 1) sin*7? x cos? x dx 


= іп"! xcos x t (n— 1) | "2х -sin* x) dx 


=-—sin"™? x cos x &(n—1) fsin*-? x —sin* x) de 
—-sin"^! xcosx £(n-1) Lj -(n-1) I, 


х созх +(п—1) 1, , 


хаа 
іп"! xcosx л-1р. „2 
Thus, fso" хасе 082087 L7 [sin х& 


Reduction Formula for | cos" x dx 
Let I, = оөз" лије жәнее 
-cos^^! x sin x + [(п —1)со5" 3 xsin? x dx 
cos"! x sin x &(n— 1) соз"? x (1—cos* x) dx 
—cos"^! xsin х +(п-1) I, 3 -(n-1) I, 
д nl, 2cos"^! xsin x +(n—1) 1,2 
cos"! xsinx 


"272 аяыг 


е" хас 


Reduction Formula for | tan” x dx 
Let 1, = ап" x dx 
= 1, ап" x tan? x de = ва" x (sec? x — 1) de 


= f tan" x sec? n us је m 


where, tanx=f => sec? x dx dt 


Reduction Formula for | cosec" x dx 


хоозес x dx 
п 


Let 1, = [созес" x dx = [созес 
1 


тесе" "x (- cot x) — | (n —2) cosec?? x (созес? x — 1)dx 


cot x (п 2) |(созес" x —созес" 7? x) dx 


7 xeot x—(n—2) I, +(n—2) 14-2 


(п-1) 1, 2—cosec" 7 x cot x +(п—2) I,_2 


Reduction Formula for ес" x dx 


Let 1, = [sec* x dx = е" x sec? x dx 
t n 


төс” x tan x — f (n —2) sec"? 
x sec x tan x - tan x dx 
* x tan x—(n—2) | есте: x (sec? x —1) dx 


75ec^7 x tan x -(n-2) I, +(n—2) I. 


=sec™ 


=> (n-1) I, 2sec^ 7 x tan x +(n-2) Inz 


а „== хах (0-2, | 
ЭЭ бу @ 777 
B [sec xac = EET хлаах (9-2) ae die 
(л-1) (п-1) 


Reduction Formula for foot” x dx 
Let 1, = foot" x de = [cot*7? x cot? x de 
= feot"-? x (cosec? x-1) de 
= foot"? x (сове x ~ 1) de = foot"? x de 


a e а, where t=cot x 


Reduction Formula for j sin" x cos" x dx 


Let Acsin" | xcos"*! х 
ЯА (m - 1) sin^ 7? 


d x cos"*? x — (n & 1) sin" x cos" х 
з(т-1) sin" ^? x cos? x (1— sin? х) 
—(n+1)sin” x cos" x 
=(т — 1) sin" ^? x cos" x -(n-14n41) 
sin" x cos" x 
2 


4А КЕ : : 
= GeT D sin x cos" х (тп) біп" x cos? х 


Integrating with respect to x оп both the sides, we get 
Az (m - 1) [ мп”? x cos" x dx -(m +n) 
[sin" x cos" x dx 
= (m+n) | яа" x cos" x dx -(m-1) 


[sin =? x cos" x dx- P 


(т—1 m- n 
- Jsin® x cos" x dx =! 7 [sin 2 x cos" x dx 
(m+n) Е 4 
sin"^ xcos"*! x 
тап 
Есет sin" ^! xcos^*! x 
or та = тоа 7 
(mn) (m+n) 
Remarks 
Similarly, we can show 4 
paca 
1. [siti со фк SM AOE 4 © L ва? исов “ху 
men mrn 
ван 
2. [шт хоо! xx SP Ші, теле 
т+1 msi 


т"? * x cos? x dx 


шалт! соз”! me ne? 
nti п+1 
fain x cos" +? х dx 


з. fsin” x cos” x dx = 


ша?” xeos"*! x, m-1 


4. ет" x cos? х dx == aa 


п+1 
Јат" x созт"? dx 


sin" *' x cos?" 
mei 


5. | л" x cos" x dx = 


т+\ 
[sir * x cos” =? x ак 
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Reduction Formula forf cos" x sin nx dx 


Let Im,n = Joos” x sin nx dx 


1 п 
cos" xcosnx m Е à 
a> - соз" 7! x sin x cos nx dx 
n n 
cos" xcosnx m m-1 
-7 (cos! x 


п п 

{sin nx cos x —sin(n—1) x} dx 
=sin nx cos x —cos nx sin x 
їп nx cos x —sin(n 1) х] 


[using sin (л 1) 
= sin x cos nx 


cos"xcosnx m m М 
= SSX COSTE L M [cos" x sin nx dx 


n п 
"ТЖЕ ИР 
+™ ficos"! xsin(n-1) x de 
п 
cos" xcosnx т 
= Ims + Imini 
n 


т+п cos" xcosnx т 
=> а = +— Isi 
n n n 
cos" xcosnx | m 
or Imn 2- Im ty 
m+n m+n 
Remark 


Similarly, we can show 


1. Joos” x cos nx деа 006 АВАЛИ .. m 
тап men 


[cos 7" x cos (n—1) x dx 


nsin” x cos nx 


т т 


+ 


_ та! x cos x cos пк 


m-e 


ám 
P [sin 7? x sin nx dx 


2. [sim x sin nx d = 


ти 


m-n 


т = 
з. [er cosa ас = 2807 ЯЗ meii t сов өзегі 
ENSE = ашы 


min -1) 


т-т 
dx 
(х2 +a?) 


[ei x cos nx dx 


1 Example 99 Evaluate |, = f 


р 
(жау do 
Applying Integration by parts, we get 
ae xf 
quay Геро 


Sol. Here, 1, = | 


Cn) (x) dx 
x x? 


БИЕ; j£ ta- 
ray пау 
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2-5. s Integration Using 


arty tint s Differentiation 
"ET 
2 х inf dx jJ———5;. Í[L—— 
ПН рај Ms вок" (a tbsinx)? ` © (їп x +авесх) 
ог hae © ый, Ds [Ал a... we follow the following method. 
2na? (x! +a?) 2n а? (basin x)? 4 
osx : 
Remark = SX or A=— > according to the 
на е аны” a+bsinx 


Above obtained formula reduces the calculations of the integral 
Jn + to the calculations of the integral /, and consequently, allows 
us to calculate completely an integral with natural index, as 


а 
he 
ial see 
2. From above formula 
let п=1 


„and so on. 


1 Example 100 Derive reduction formula for 


sin" x 
Ге 
cos x 


Кот) 


Sol. Using Integration by parts for Ді, пу, we get 


is required reduction formula. 


integral to evaluated is of the form 


1 ах 


(а +) соз x)? 


„|“ 
(а -- bsin х)? 


dA 1 
ind — t in te а 
2, Find 9А and expressit in terms of —, соо 
— as the case may be. 
a+bsinx 


3. Integrate both the sides of the expression obtained in 
step 2 to obtain the value of the required integral. 


1 Example 101 Evaluate | — — —7; 
P Іш 4cosxy) 
Sol Here, А = — 1 * _ then 
5+4 cos x 
dA _ (5 + 4 cos x) (cos x)—sin x (- 4sin x) 
dx (5 + 4 cos x)? 


5 25 
dA. Seosxta GARA 


dx (St4cosxy (5+4 соз х) 
dA 5 1 29. 1 
dx 4 (5+4cosx) 4 (5+4 cos х)? 


Integrating both the sides w.r.t.'x', we get 


ее Е e 
475%4совх 47(5+4 соз x)? 
zx ж, 
4 4*544cosx 
ман зіпх 
5+4 шп" х/2) (5+4 соз x) 


{1+ tan? х/2) 


= | БА Ун 4 яах 


ETE 9+tan?x/2 9 5+4cosx 
=] 52% _4 эх 
Е 940? 9 5+4 с05х 


(where tan х/2-1) 


=] 


| Example 102 Evaluate | 


ж 
(16--9іп x)? 


-0 


= 
dx (16+9 sin x)? 
ЧА  -16sinx—-9 
=> аи 
dx (16+9sin x)? 
84. 256 
18 sin x +16) +269 
ny Hb. gn ee pem 
dx (16 +9 sin x)? 
rr 228 -— 175 


de 9 (16+9sinx) 9(16 +9 sin х)? 


Integrating both the sides of Eq. (ii) w.r.L. x^, we get 
„% Ше ATS de 


16+95іпх 9 ^(1649sin x)? 
2 
>f dx z=4+É | (1+ ta х/2)дх 
9 ^ (1649sin x)’ 9 ^16*16tan* х/2+18 tan x/2 
2а 
175 dx ша. 


9 161" + 18: + 16 


[where tan x /2 =] 
dt 


9 $ (16 +9 sin x) 


9 cox 
(16+9 зіп x) 175 (16+9 sin x) 


Ж 2. tan мш 21249). 
(175) 175 


=j 


dx 

l Example 1 luate -=m 
9105 evaluate [ — "AT 

when |а|>1/2. 

cos? x dx 


(sin x cos x + a)? 


dx 
sin x  asec x)? 


Sol. Here, tj or [=f 


І cos? x de 
“12 + 2asin x cos x * sin? x cos? x 


Chap 01 Indefinite Integral 49 


cos? x dx. 


| = 
а’ + asin 2x + sin! 2x 


j 4 cos? x dx TEE 
(4a? + 4a sin2x +sin?2x) (2a + sin 2x)? 
dx + 2| cos 2x dx > 
(2a + sin 2х) 


аре 

Гаев 

= 1-21 % sé [where (га + sin 2x)=t, (2 cos 2x) dr=dt) 
г 


1 


1-24------ 
> Qa sin 2x) 
dx 5 
where h=f = NI 
(га + sin 2х}! 
Put cos 2х 
2а + sin 2х 
dA _ (га + зіп 2x) (- 2sin 2x) — cos 2x (2cos2x) 
= = (га + sin 2x)* 
ФА  —4asin2x -2 
= Жошы 
dx (2a+sin zx) 
= ЧА _ - 4a(sin 2x + а) — 2 + 8a? 
dx (га + sin 2x)? 
t= 
- DE. MC duc 
dx (2a--sin2x) (2a + хіп 2x)* 


Integrating both the sides wart. ‘x’, we get 


= A=- 4а | __--__- + (8а? - 2) 1, 
[нат К i 

2 
= (ва? –2) n 
за + длап x & Za tan" х 

mA dp. d 

wg. tua 

a 
=А+2 | dt 


"RE «(e 


4a! —1 


cos 2x 4a 
—— o 


p Е шеке 3 » 


T 
From Eqs. (i) and (ii) цайны 


=! в 4а 
T (4а? —1) Qa-sin2x) (4d у: 


EET 
ШЕ 


ИННИК жене 
(2a + sin 2x) 
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JEE Type Solved Examples : 


Single Option Correct Type Questions _ 


Ф веди to 


ө Ex.1 The value of | —; a 


(а) хап" (2 cot 2x) +С (b) кап (cot 2x) + C 
(© tan” ( cot >) +C (даа (- 2cot 2x) + С 


Sol. Let 1 = | — 4 „рахе 
1+ tan® x 


cos* x + sin* x 
(1 + tan? х)? sec? 
= розн ней д. 

1+ tan® x 
(9 
1+0 


а 


Puttan х=! => sec! xdx=dt = 


езе 
статуи 


SE 
т 


=] 138 dw 
[EET TEES 


Putt-+= 
T 


1 dz Ё 
% (8-3) чө Em *(:)+С 


ent 


жіп (-2cot2x) + C 


«|рдэмгэа 
4 


Hence, (d) is the correct answer. 
: 
-х 
[e A +x? )? cos! ( + је 
Tex 
(x>0) is bus to 


(ауе"" tant x +С 


emj 


t^ v (ran x) 


и *C 
(Qe (secti xy «c 
(d) ef  *(cosec^! (1+ x!) +C 


Р” ~ (1-х Р 
Sol. Note that sec^! y1 + х = tan’ nor (i) али 
x 


Torx»0 "m 
=> 1= |= т бал“! x)? + 2 tan! x} dx, 
[P 


Put tan г 
-| mam =e" (tan! x)! + С 


Hence, (c) is the correct answer. 


(-14 1^ 


: 
tla 


Then, for an arbitrary constant c, the value of J — NL 


өл [ве] се 
ee 09596 enu 


. dd da 
Ae ns re 
8 


ее" +1 лд 


e 
ө Ex. 3 tetto f LOT 


Hence, (c) is the correct answer. 


9 Ex. 4 Integral of 1+ 2 cot x (cot x + cosec x) w.r.t. x, is 
()2Incos +С шинэ 

1 
(Әп cos 5 +С  (d)insinx —In (cosecx — соїх)+ С 


Sol. 1=] 1 + 2 cosec x cot x + 2 со x dx 


Р) эээ Заты 
= J eosec? х + 2cosec xcotx + cot? x de 


= J (cose x + cot x) dx 


plex 5 Р 
= JS de= [eot (Әа-ав һа ес 


Hence, (b) is the correct answer, 


* Ex. 5 Ifl, = [со\" x dx, then lot h+2 


(la+ byt ict Ty) + bgt hy equals to (where и = cot x) 
2 


Sol. I, = | cot" x dx = | са” х.(созес?х — 1) dx 


m 
l.i ог тат 


ал 


ће 


ц+ћ= 


+ ђе 


Adding, lo + h + 2 (Iz + 1, e Ig) + 1, + 15 


Hence, (b) із the correct answer. 


© Ex. 6 Let f(x) 


= х sin x. Suppose g denotes the inverse 
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sin Ө cos 0 48 


-2(b- 
! Јата a sin? Ө)(Ь cos’ Ө — a cos! 8) 


sin 8 cos 0 dB 
- Lino созбо Град 
716-9 Јоана сло" 


=®+С=?ят! та 
yoza 


Hence, (a) is the correct answer. 


mne *x +х 


[put n 22,3, 4,.... 10] 


dx, is 


© Ex. 8 The value of | 


(a) 2tan 521 «c 
x 


1 
RETE 
x 


(b) tan" 

(c) зал” (d) None of these 
(х-1) 

(xt Dye ex сэн 


(x -1) 


bi m = 


бола 1=| 


function of f. The value of g^ (5+) the value equal. ЕГЕНЕЙ 
Ы тетт x» €x "mi 
241 
(42-1 ef ERA 
л d In = 
(02-42 (dz 1 Чиг xyxtlti/x 
Sol. fx) =y = x4 sinx Put хе = 
= 9-14 cose 20 -1/x)dx- dt " 
"TRE MITTIS eU Which reduces to 575 v 
go dy 1+ созх Let t+1=2? 
т 1 2z dz 
hi Пу ах+аах = хэ dt w2de= 
where 4 с 


Yt 
zi) d 
(ӘЗ алй 


- 21-68 


Hence, (c) is the correct answer. 


° Ex. 7 The vale of | pm 


4с 2 
b-a 


(c) sin" 


Sol. Let x = a cos? Ө + b sin’ Ө in the given integral. 


(d) None of these. 


2ün'()4C 


- 1-8 


залаа” (+1) +С=2 ап"! 
Hence, (с) is the correct answer. 


EPI 


р-1)-2-42 


(1+ x?) dx 


(1x?) fie x? +х* 


TEN Маа] 

М + х тл|, 
ыы КЕТЕРІ 
58 xt +x? +1— x 


ә Ex. 9 The value of | 


+c 


So that, dx = a (2 cos 0) (~ sin 0) + b (2 sin Ө) (cos Ө) 49 "Um eese ле dr " 
dx =2 - a) sin © cos 28 ҮЛ = 
2(b — а) sin 8 сове 40 эз Mene i 
(а cos? 0 + b sin? 0 — a) (b – а соз Ө - b sin? 0) (d) None of the above. 
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Я со56 dð 
бола =| L A LL. БАРЫ = 
Пари @ ША sin? 0) cos 
“Ија “А | а im TH 
Еј 
=] [E ) f dividing numerator and denominator by cos? 0, we get 
х) аа м 
Е =]. ва при алб =: 
а 224185 


--| U +1 x?) dx 


@-1/ –1/х) +3 Жи НЕ = 
| нз И =v j талия к ях 
Put жа) э-| 
‘Again, putt? 43-35 Өт 
4 
Е г сии рар д 
> 2t dt = 25 ds ЕЕ Ге КЕТ ағы шар 
— 5-5 | a? + BF a 
ws маг ETIN 
uei n 43-45 T Гаја“ + b?) ауђ-ах“ 
243 [e 43445 Hence (a) is the correct answer. 
ких +3 - V3 * 
ағ gr ев id e Ex. 11 The value of 1 = | —— -= 
55 Їх-1/х) 43443) Iz ЛЭХ Га 


л 


5-11-42 1 3 1 
i" е же = (refe 57 


cbe 
25 за + 


Қ 


с 


1 
05-24% 52-5 |+ 


and s — z = E, then value ofk, is 
x 


ет Вх | | 
xs нь: | өп ЫН өз да 
dx 
Hence (a) is the correct answer. Sol. Here, I =] ъл јен дк 
dx. à put (1— x) = — dx =2¢ dt 
ө Ех. The vali ПЕ | эз EE IE 
Ех. 10 The value of! oe = 81 dai 
das 20-0) 414241 
о— =" а ze — — 
n avb -ax ТЕР ЕТЕГІ 


NIE =f at -1 
9 (a* TÉ амђ - ax? а-у ку Fn 2 


т NCC EFE 
© [Eee ШЕРТЕР! (= +) 
ЕТУ а 


Кош ul ar PTT = mE кететін 
ава 

Sol. Substituting ах? => КЕ пећ 4 
where, һ=[ 

LE ИЕ 

a di 
SD 

TER кин 


For I, put (i71) 23 => dts = de 
Ы a 


1 dt 


= dc с» 
а 


in' Ө 


ЕС) 


ш) 


Чин! 
(1) 
1 Ї 
here, 2 = ands = 
1 


1 2 
= -i2ok-a 
хөл Vi-x-1 х 


Hence (b) is the correct answer. 


жс 


1 
+110 
2% 


© Ex. 12 алат 


1 
ка? E +a? 


(аул (b)2 (93 (94 
Sol. Here, we know 
[25 -® 
x ta 
1 
s [эге 
dx x dx _ 44? dx 
[ata statio ac рэн © 
From Eqs. (i) and (ii), we get 
NT EE: aad ыты dE 
Ри o y 
2р0 ж Лх 
^ Waa get. 
M a АЕ с 
те еее) 


1 x ШЕУ? | 
aaa t tan р +С 
{жєн а 5) 
^ к=? 
Hence, (b) is the correct answer. 
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586 a 
(х? жа!) аа (х? +a?) па? 


© Ex. 13 iff 

РЕ: ВЕРН в") + С. Then|m —r| is equal to 
2а*(х?+а?) 24 a 

(a4 з 

Sol. Let. 


(92 (1 


de 
“lary 


1 
and I, = Гау түгі dx 


1 = —' 
-Jer aaa” 
ра ж je + а" а? 
NETZ (+ 

E 
“оза 


1 „аё dx 
m 


%4,-4а!:1 [using Eqs. (i) and (#)] 


МЕН — 
аар 
х 
да = == + ЗА 
Арк 
х 3 
t= et a 
4а? (х2 + а?) аа! 
[using previous example, 


= йш) 


х dant (~ 
zem) 


x 3 x 1 х 
ГИНЕ клк нм НЕ 
ао азу аа Fs Қат Өр 


iv) 


ах 
атау 


m=3and 
|т-л|-|3-4|-|-1|-1 
Hence, (d) is the correct answer. 


ө Ex. 14 Ify (x - y)! =х, then 


|| ёс __ реу? t] Than бичези) te equal o 
(x-3) m 

(а)1 (ыз (95 (7 
Soli Р=[—@—=1юцх-уў-1] 


(«= 3у) 2 


dy 
e-»h-2 
[NE eH И 


de х-зу (а-уу-1 


Given, y (x — у)? = x, on differentiating both the sides, we get 
dy | 1-2y(x-y) 


dx (х-у)(х-3у) 


КҮ КЕСТІ) 
a ШЕТЕПІСЕРТІ 


dx (x-»*-1 


di) 
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g-i 
(8-3у)(к-у7-11 


_(@«-=у)(«-3у)-1+2у(х-у)_ 
(зу) (к-у) —1} 


which is true as given 


Гау У? 


m=1n=2 
= m+2n=5 
Hence, (с) is the correct answer. 


© Ex 15 у [Gc fio ак 
— — por e x? y + 


argh TTE MS 


“a(n Е 
Then (a + Б) is equal to 
(2 ыз (94 (95 


Sol. Let 1= [Ge ie xy dx 
Put xix 


1 
1+ T 
+ [эт 
> (“теге ГТ) 


4*9 


E 


ће 


Weknow,t= АД че 


ы-і э г=х+ a? 
——m 
яя 
t 
Subtracting, we get 
1 


үзе + ог Er ra 


From Eqs. (i), (8) and (ii), we get 
_Ё+1 


“Эй 


E 
42-46 
п-1 


1 бе ет 


+ 
2(һ- 

Then comparing the values of a JAN (9) а=25=2 

5 (a+b)=@+2)=4 

Hence, (c) is the correct answer. 


aot Ма + xy! c.) 


Жә) de, where f(x) is a polynomial of 


ө Ex. 16 #15 


КО. that f(0) = 70) =3f(2)=—3 and 


Р dx =—log| x—1|+ 108] x7 +x+1| 
2-1 
= (2241 *n)is 
D tan 4 Jee. Then (2m 
vn 45 " 
(a)3 (5 (97 (d) 
Sol. Let Дх) = ax? + bx te 
Given, fi (1)-3/0)--3 
^ К =<==3 
Ха) =а++с=-3 
зле) 
On solving, we geta =1, 
r Ид-х-х-3 
ж-х-3 
= ШЕ; бэл +х +1) 
Using partial fractions, we get 
Gi -x-3) A , BC 
&-06G ext) (x-1) (\+х+1) 
меде, A=-1, B=2, C-2 
1 de | Qx*2) dx 
x (“ахау 
жуу (Qux c 1)dx 
И и [E 
ёс 
а ет 
хэхэ tog а 21) «c 


2. On comparing m=2,n=3 => 2m+n=7. 
Hence, (c) is the correct answer. 


ii) 9 Ex. 17 The value of | LEER) найы 
х хе“) 
(a) log И -— 
1+ хе* | (1+ хе“) 


(d) None of ће above 


NE GE exe 
Sol. Let 1 = [— — — dx = 


puti + х =t 


(1+ x)e* dez dt 


= 1- А(Р)+ Bt(t-1)+C(t-1) 
= А=1 

= C=-landB=-1 

1 


й 


Ble аи еніне +c 


= log | хе" | - log 1 хе“ |+ +C 
” тт 
= ој | —— |+ 1 
1+ хе 1+ хе“ 


Hence, (b) is the correct answer. 


= 6 equal to 
x da? 
1 
2 эн |+ 


9 Ех. 18 The value of | ———— 


Sol. Let I= x-asin 


I^ 
: Е a cos 0 do 
шин errem 


-| 8888. cos 49 "lero cent сыпа д 
sin@ + соз0 зїпӨ + cos 


о 


E ЭЭ 5 og in + cos) +С 
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= 
х E 
ЕНІНЕН 
а a* 
sr (2) + og) 8-8 | - ва + С 
а 
(E) ions ЈЕ - 21 + 
а 


[where =e 4 log a] 


n. 1 ов m 
2'5 (aj*2 


us 
2 
1 
2 


Hence, (а) is the correct answer. 


dx, is equal to 


ә Ex. 19 The value ofl jd 


x? +1) F +1 


+1 да [хе +1 
ый (b) VZ sec ЕК 


@) + sec (5 
2 
OF совест! (2) +C (д) V2 совес“! ЕЗ жс 


2 (2-1) х(1-1/ 2) de 
Sol. Let I = Із oT 
Generis (eet) #1. 
x, ж 
(-1/x)dx 


Jee 


A А 
ый (р 


Hence, (а) is the correct answer. 


More than One Correct Option Type Questions - 


egy 20 [EEE AGHA HB) e 
x 


Hence, (a) and (b) are the correct answers. 
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Ех, 21 Тһе value of the integral 
Тв" (cos x cos! x) sin x dx is 


өле *(з3- віп х)+С 
(b) Pd ( + 1 cos? x) жс 


(безе (3 cos? x + 2sin? x) + С 


(Фен * (2cos? x + 3sin? x) + С 
Sol. Put t «sin! x 


The integral reduces to 1-1|68-04-36 с 


2 


setts ( E 3) +c [ороп (8) 


Hence, (a) and (b) are the correct answers. 


JEE Type Solved Examples : 
Passage Based Questions | 


еч sinx) + С [option (а)] 


ө Ex. 22 IfI = |(Лапх + бог x) dx = f(x) +c, then 
F(x) is equal to 
(а) /2 sin (sinx — cos x) (b) Л cos" (sinx - cosx) 


(042 tan (8559 None of these 


tanx 
sinz + cosx 
x as 


= fasinx cosx 


1 = | аах + Yeotx) ж«-|9- 


Шарх ens = then (cosx + sinx) dx = dp 
1= | ти 
sinx- cosx 
- KE cos" (sinx — ET 
E 4 cos (sinx — cosx) = /2 tan" Hrs] 


= VB tan! BEL CU = шг! 


4 ах cosx 


Hence, (a), (b) and (c) are the correct answers. 


түйіп p+ c=~2 sin” (sinx — cosx) + c 


Passage 
(Q. Nos. 23 to 25) 


a a 
For integral fax 4) (+) putx-* =t 
a 
For integral 10+ 4) ( - рика 
4 
For integral p(»-: =) (+5) put x? ex 


a 
For integrat f=? КЕРЕ Ee 


many integrands can be brought into above forms by 
suitable reductions or transformations. 


© Ex. 23 | 


* 
NM -ж 
xt fx tx? +2 


werte ofert 


Pot! D eiut =:(+-)ж=в 
E x 
"n 
- EIE : прст ЧҮС 


= 2+2. +1+С 
х 


Hence, (b) is the correct answer. 


© Ex. 24 J——8G __ 


(хэл) o) ex? ri 


eret +С (ts fee ec 
x 


Е 1 
(©) 2 бап"! Шығады (d) None of these 


1 
Pl (-4) 
Кее, 1 
ый eres ше хз 
x 
1 
Рика 1-8 э(-4)а- didi 
х Б 


NET 1 
Teu Грау 


тамыг ecene | аас 
17 


Hence, (с) is the correct answer. 


dx 


ыы 
ок. 25 |25—+4* 
(х? ex)? 
5 Ра 
(x ex +1+С (b) — +C 
хэхэ 
5 
(Әх x +e ()——— «c 
Reet] 


Sol. Here, I 


5x* + ax? 
(+ х + ly 


ЈЕЕ Type Solved Examples : 
Matching Type Questions 


9 Ex. 26 If x €(0,1) then match the entries of Column 1 


with Column II considering ‘c’ as an arbitrary constant of 
integration. 


Column I Column И 

a [i+ 4x -1 4a 
(А) ене pre ух +с 

а |Уї+ух- У ГИРЯ 
эз + YE ж (eT 


= ЕЕ, 
пы] 
[7] Jour [RE eJ O 2x40 


Sol. Let МЕ = tan! 
xctan'ü => әлб- x^ 


wW 20946 


хе(01) 
dx = 4 tan? Ө ес? 49 ] 


8е(0,т/4) 


8 + dx =зес@ 
ТЕГЕН 
(A) I = zi dx 
өе» е ЕЕ 
КЕПТЕГЕН № ~ [sec8 -1 
eee EE per tt 
= ап Е tan! (за 8) =tand 


1 = J tan0-4 tan’@ sec 0 49 
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Divide numerator and denominator by x", we get 
Sx + 4х5 


Putt + x x? =г=э(-4х* -5x") dx = dt 


шо 1 
1=-[$=-+cs— +C 
P 1жх хэ 
205 
ха 


Hence, (d) is the correct answer. 


ате Се) С 


(в) 1= f cot | 2 tan dits -Na |a 
414 4х «Ух 


FE x – Ух = cot (2 ал“ 8659-1880 
Мин ний ттге sec 0 + tand 
= cot (2 tan” J(sec 8 — tan8)*) 


= со [2 tan? 12589. 
соз8 


18 е(0, п/4) thensec @ — tan 8 > 0 


тей ( EXE 8) moot (5 - °) = tano 
4 2 2 


1 = | tand- 4tan? Ө sec? 8 d. 


“атбас н) с 


ШЕКЕ (Ltt 
144х) 2 1 + гал:д, 


ЭРЭР 
=} sin (сох20)- L sin si 
2 2 


EX 


ше 

ШЕШЕ с 7. 

1+ un (Z -0) 
4 

ЕЕЕ 
4 4 


= [ 4 tant 0 sec? 0 49 


4 tan'0 sec? 0 49 
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=å алекс (x40 
5 5 
(D) Let Vx = (ап — x = tan‘ 
dx = 4 tan? 0 sec! 0 d0 v xem 
5 0 e( n4) 
oft + Ve есе 
1- fv tan|2 tan! i+ vax +1- ЈИ + ve -1 c 
Lx +т+ ui x -1 


a A ша |; га | Wie а 
Ма + x ee A x -1 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


YrcO +1 + от ес O=1 


дааж) 


= tan'0- tan Са ша? 


жігін 


= пало бал | 2 tan” 
23 н СН 


= tan*0- tan. ( tan“! tan (E - )) 


tan. ва (5 -%)- tan? 8-cot Ө = tan 0 


лап" LA 
1- f tan0-4tan? O see 19 p= $609 e cei") c 


(A) (д): (8) = (9): (C) 9 (а) (D) ^ (а) 


9 Ex. 27 yu thie, primitive of ће шиг, 
хэм 
Јод= 


n. 
then =. is equal to ..... 
m 


x 
want. x is equal tol 
1%х 


x 
Sol. Хх) = ] пуа“ 
Ри 1%х4-! => 2xdx-dt 
4- ш” RA 
gemein ва 
Put 1-1-у siad 
PET 
=! -Ly—.c 
1 HE ын 2 1005 * 
ога Y* 
TEN c 
2010 (3) Қ 
05,n=2010 => = 210.) 
Б тела т 1005 
Ро) Жә T 
ө Ex. 28 Suppose| *,, ШЕГІ ЗСІЗ 
PROS rg) fr) 


continuous differentiable function with PA. (x) #0 and satis- 
fies f(0) =1and f*(0) =2, then f(x)=e™ +k, then +k is 


equal to .. 


Sol. f'(x): f'(x) - Је) f" () =0 ог 


4 | £9, 
ae Pen 


ОО - ЭГ" _ 4 
(оде 


да "m 


Integrating, 1) +C 


(x) 

х= 449. сэ cn. 
fe) 1 
ғо) 2 


FromEq.(), 2/(х) = f'(x) ~ 


Put 


Hence, 


BO 


fo. 
fe) 
Again, integrating, In [f(x)] =2x + k 
Put x=Otoget,k=0 
Хо) et 


= А+к=2+0=2 
© Ex. 29 | {sin(101x)- sin” x} ак Sin(100) (sin x) 
u 


П 
then з equal to 


Sol. (1) 1= J {sin (100 x + x)-(sinx)} dx 
= J {sin (100 x) cosx + cos 100 xsin x} (sin x)” dx 


= [яп (100x) созх-(віп x)” dx + І сов(100х)-(віпх) dx 
п 
= sin (100x) (зїп x)!" 
00 


100 
= тор 159501005) (sin)! dx f соз (100) (sinx) ^ de 


100 Сэ 


=A =100,н =100 => 2-19 
u 
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Subjective Type Questions 


ә Ex. 30 Ifl, denotes | 27 e"? dz, then show that 


arque ы а-да 


h-z 
(043) 1, = же (123 +2123 +... +012" +"), mam МЕ 
Sol. 1, = | 2" e^ dz, applying integration by parts taking е as а ee 7 
first function and 2" as second function. We get, — 
MR eet ay n 
ven 71% (-5) 5 Ы © Ex. 32 ifl, = (sin х +cos х)" dx, then show that 
LED, фиеичд mL, = (sin х +cos x)" ~? «(sin х— соз x) +2(т-1) Im -2 
(n*1) (n1) 


ЈЕ S Sol. 1, = | (sin x + cos x)" dx 
[мыр йш 1, 


RD - P-t (зи dx, 
hU) TET = J (sin x + cos x)= Gin x + cos x) 

Db dg i fe 1 Applying integration by parts 

Gry m» па] = (па х + созл)" (cost sinx) - [(m—1) (sinx + cos ху?” 
"apre ете (cos x – sin x) «(sin x — cos x) ах 
Еа = ЭЭТЭН Е 5-4 
(e) Gein папа = in cosa? ах cosx) + (m—1) fins cos x) : 
ме, ун arg gine (sin x — соз x)? dx 

= n, ы Аз we know, (sin x + cos х)? + (sin x — cos x)! =2, 


Жы 
(1) (леђа arin- pA) бе > па sins eoe ЕЕ | 


| (in x + сов x)" 7*- (2 — (sin x cos x)*) dx 
" (sin x + cos х)? (sin x — cos x) + (m—1) 
BEA. enm Gti) a ta J 2(sin х + cos x)" * dx—(m—1) f (sin x + cos x)" ёс 
1 
— —— ы M-1 (sin x- = 
балара? Tq = (sin x + cos ху!” (sin x но er 
Multiplying both the sides by (n + 1) !. We get, онт - Du Lu (sinat сов)" (sine сове та 
(л 41) 11, = (P z^ ** ne e 2" (п—1)1+ 
uoce eh ze eh 5" -1)+ Ip 
= 111-і же (122 212 +... e nth!) 


мауы ley 


or mI, =(sin x + cos x)"~" (sin x — cos x) + 2 (т—1) Im-2 
Hence Proved. 
ә Ex. 33 Iflm,, = | cos" x-cos nx dx, show that 


Hence Proved. Be: 
(m+n) I, , =COS™ х-зїп пх + та аслу 


ө Ex. 31 т, =] x" Ja? =x? dx, prove that Sol. We have, 
л-1(42 52002 (а Ima = | co" x cos n x ах 
pa ТӨГ УЛ oD gay , dabas 
ы +2 "ees | 
(n*2) (п+2) “өзен E toas o 858 T 
а 


Sol. 1, = | а x ах = | (уа = x°} dx 
1 п 
Applying integration Бу parts, we get 
зарла (@- тут Аз we have, cos (n — 1) x = cos nx cos x + sin nx sin x 
Ge be fee јез“ dx Ў à 
3 3 Ақат cos" x sin x | соз"! x[cos(n- 1) x 
п п 
a2 ey" 0) са a) fai xar — cos nx cos xf dx 
3 


3 1 т " т яй т 

ш-соЯ”х-білх%-- | соз" x+ соз(п - 1) xdx - — 
ppt pull : * ertet e 
3 


kos а н са 
== cos" x sin nx + | соз"! x in x ва naj dx 
п п 


=" 


@-1) 

жа ->h m 

ә 1, fau, [eos x cos n x de 

Ag асрат 

PE PE Gc) pec Tu „влш, = 1 eos" xsin nx + T pu, 
= ™ 3 3 n n 
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dam 
n 


1 


1 
Ina созт кейіпте ті, а, 


min), Тм. 
Ғәр mnt [ead xsin nx + т In iai] 


(m + n) y = cos" ха nx + лаа 


dx. 


( = tan? x) de 


x? +n(n-1) ж 


(x sin х--псов х)? 


ө Ех. 35 Evaluate | 


2 
Sol. Here, 1=f air 
x 


sin x + n cos х)? 


Multiplying and dividing by x" 7, we get 
{х*+п(а-—1)}х”`* 
1-| рак 
Јавни“ ees 
We know x^ sin x + n ^! cos x= 
= (тті sin x) + (а^ cos x) + n(n—1) 77! cos x 
— (n x^ ^* sin x) dx = di] 
= x'7* cos х: (х + n(n - 1)) dx - dt 
Keeping this in mind, we put 
(х2 + n(a- 0): x 7 cos x 
af enn Ur x eom X ex seeds 
lof Saeed нај > 


П 1 
“Applying integration by parts, we get 
1 
| 
сх ки =) 


(X sec x tan x + n x 7 sec x) 
5 anxeng os) 7 


= (x sec x) + J sec? хах 
(сіп x + п cos x) 
(xsecx) _ytanx+C Hence Proved. 


(езіп x + n cos x) 


о Ex. 36 /сов0 > 510 > 0, then evaluate 


CI 
1+ 120 сох28 
e I= andata ы (228 
Sol. Here, 1 ШЕСІ JE 
2a сове + 10 cos + на 6 
= £os8 sing | род | 2522-2100 
Herne (5525) de rj 


= особе - 1) log eos + sin | as 
cos 0 —sin® 


cos 8 + sin А 
= | cas20- log |6056 | applying int 
jos в PEE applying integration by parts. 
I 
cosQ + sin8 | зіп20 2 
jg ЕЁ | Bere. | Р 
соөз0-впӨ) 2 сов20 


ЕНТИЕСЛЕЛЕНЕР — 
сеш Moa 


tan 


ө Ex. 37 Evaluate | 


К) 


Where, = f 


t-t 


В=1,С=1 


1 
eile 


=o leg] t=1]- жвн К] 
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^. From Eqs. (i) and (li), we get bsi 
iy 1 Ml А ә Ex.39 Evaluate |E ах 
1 + [ов mene с (b+asin x) 
E 
-— b+ (b+asinx) 


(ae 


Sol. Here, 1 TETTE үз (b + a sin х)? 
dx b ёс " 
alera "а Јаван 2” 


cosx _ dA 
„let A= =. 
Now lta Уу шах dx 


that — + 
“155 2-7 


asinx+ b+ 
— Ji a 


(b + a sin х)? 


Sol. We know, log (1 – x) 


Put x? instead of x in the above identity, 
= ос dA b 1 а-ы 
> m—À 
dx ^ a|brasnx b(b+ asin x)? 


tm Integrating both the sides уул, ‘x’, we get 


= ЕЕ 


3 
7 dx (a? - Б?) dx 
Integrating both the sides, 2-1 ja 
"Tot —3 x rrr а ған 
хор) фсе) 2 4 2 4 
15 27 [E А й7) 
(b*asnxy а? b+asinx 


Now, to find constant of integration, put x = 0 
From Eqs. (i) and (ii), we get 


= 0-0«C 
> с=0 E А+ 
: 5 а (basin x) aJ (bt a sin x) 
Је юр – x*) de =) T3 
п ї > f are = 1--( үй ес 
b+asinx 


Applying integration by parts, and taking limits 0 to 1 for LHS 


dx 


© Ех. 40 Evaluate | ау" 


Sol. Let 1 


and log (>) = log (1 + x) - log (1 x) Let 
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Indefinite Integral Exercise 1: 
Single Option Correct Type Questions | | 


Ё 5-1 A 
1. Let f(x) = [ ——*— dx and f(0) =0. Then 8. [ — = dx is equal to 
Tou ran Јата 
т 
2 ГЭР B "m EET) Е өзе 28 297 
a) log, (1 + V2 (b) log, (1 + 42) - 2. x 
* "rax qax -2х ал 
2x' +2х +1 
(©) loge (t+ va) += (d) None of these ees WT t6 


9. Let f(x) be a polynomial satisfying f(0) =2 f’ (0) = Запа. 


2 1f | F(x) dx = f(x), then | UG)" deis equal to 
f(x) = f(x). Then f(4) is equal to 


1 
G9; UG (ӘР se! +1) 123) 
(co? er ES 

(Саси @ GP 28 " ЕК 
ет 4 5(e +1) 


3. 1f | f(x) dx = F(x), then | x? f(x?) dx is equal to 
(аааз) (3 px? 
Ы xX ê de is equal to 


(0) Саа)? – Диод? del 10. 
OFF) - [r6 ол w (T) esc ыты +с 
1 1 х 
(©) PFa) — 7 f СЕО) dx] 2 
2 2 а-ы 
МЕТР (Eme ас (d) None of these 
4. Ifnis an odd positive integer, then || x" | dxis 11. (tan х dx = A tan? x+ B tan x+ f(x) then 
M p Wasi B=-1, Да) +С 
(а) +C tte 
ті nei -1, flx)=x40 
|" 
ttre (4) None of these D 
5. Let (x) be the primitive о/:35 = want x If F(10) =60, (a= ыз E 
x 
: 4 
ia value of F(13) is i 12. If the anti-derivative of fe Х dy is f(x), then 
(c) 248 @ 264 sint (p+q)x) |, қ 
6. [(х^)* (2x log, x + x) dx is equal to ] х drin térrasot ауа 
пуж кс "m ТЫСЫ o Ле 
(c) x? Лове x + C (d) None uf these (ЛЕ + +9) (d) None of these 
7. The value of f x log x (log x — 1) dx is equal to 15 ПЕ КЕСЕЛІ dois equal to 
(9)2(xlogx х) +С соѕ30 cos98 ^ cos 270, 
1 u 
(0) (x logx- x)? «C (01 | SEES с суб tog м0 
2 2 ЕТІ ШШЕ 


(o) (x logx)? +С 
1 Usec 279 
(©) 2198 gem 


seg |*C (9 None of these 


@ 5 (xlogx) + C 


14. Let x? = пп — 1, n € N. Then, the value of 


-Bsin( +1) 
Б 
(==) 
sec * 
2 


2sin (x? +1) +sin2(x? +1) 
© i log | sec (х2 + 1] + С (d) None of these 


(a) og HD +С (blog 


dx 
у ual te 
Ido » 
"RES 1+ 2 япах| 1 
8 9 | - овес 2x tan 23D ес 
1 14 /2яп2х|_1 
Is ава бор мс? = tanzx +C 
"Ес | 10 — 
них z бов lsec - tanzx))+ C 
(d) None of the above 
1-7 cos? 
[457 ge = М 4 C, then f(x) is equal to 
sin? xcos'x (sinx) 
()snx 00 (b)eosx  (c)tanx (d) cotx 
m 
17. | = dx is equal to 


(соз *х +3 соз ®х --1)tan "(sec x + cos x) 


(a) tan (sec x + cosx) + С (b) log, ал” (sec x + сох) +C 
(9 ——— нс 


сатыны (d) None of these 
E 


21. “= А log (x +1) + Blog(x —2)+ C, where 
(36-23 


(а) А+В=0 (b) АВ-0 

(с) А/В--1 (d) None of these 

и авав" Ž +C, then 
(x? +1)(x? +4) 2 


1 2 ask aci 
Qu ®=у Да“ 91-5 


23. 1f | x log(1 + x) dx = ф(х) log( + x°) + x(y)+C, then 
А 
ово wym HHE 
+x? 
2 


© vin) im T 
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18. The primitive of the function f(x) = х|сов x |, when 
1< x< nis given by 


(a) cosx + xsinx + C 
(b) - cosx- xsinx + С 
(с) xsinx cosx + С 
(d) None of the above. 
19. The primitive of the function f(x) = (2x + 1) sin x |, 
when n< x «2r is 
(а) - x + 1) cosx  2sinx + С 
(bx + 1) cosx- 2sinx + С 
(© (х? + x) cosx + С 
(4) None of the above 


0 хі-зіпх cosx-2 
20. Given, f(x)=|sin x- х? ° 1-2x |, then 
2-совх 2x-1 0 


J Ко) dx is equal to 

Е; 
0) -4 sinx + sind + е 
®® = 2 дах = совах + с 


з 
(95-47 cosx сова + С 


(d) None of the above 


Indefinite Integral Exercise 2 : 
More than One Option Correct Type Questions 


ee 
Mar JAE HE de = Ах + Blog, бе" —4)+ C, then 
65-46 


Ы 
А-- 
4-2 
(c) C is indefinite (A+ в--2 
6 
25. If | tan? x dx = Алап“ x + Btan? x + (х) +C, then 


@)А 


(b) g(x) = In | sec x| 
(c) a(x) = In|coss| 


i 
QAs-i Bet 
(ФфА=- у 8=5 
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Statement 1 and И Type Questions 


* Directions (Q. Nos. 26 to 30) For the following 
questions, choose the correct answers from the codes (a), 
(b), (c) and (d) defined as follows : 

(a) Statement I is true, Statement TI is also true; Statement II 
is the correct explanation of Statement I. 


(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I. 
(c) Statement I is true, Statement II is false. 
(d) Statement I is false, Statement II is true. 
26. Statement I If yis a function of x such that 
dx 
x-3y 
Statement П је =1ор(х—3у)+С 
х-3у 


у(х-у =x, then =" -1 


27. Statement I Integral of an even function is not always 
an odd function. 


Statement П Integral of an odd function is an even 
function. 


Passage Based Questions 


Indefinite Integral Exercise 3 : 


28. Statement I Ifa» 0and b^ — 4ac < 0, then the value of 
dx 


ax! 4 bx c 


will be of the type 


the integral | 


p tan? ХА + С, where A, В, С, are constants. 
B 


Statement II. Ifa>0,b? — 4ac <0, then ax*-£ bx +C 
can be written as sum of two squares. 


1 


29. 


3 


jette 


Statement I ЈА 
+х 


а 


1 - 
Statement IT nee" х+С 
Р, 


30. Statement |24 "сог x)= 


4 
Statement П —(a* + С) =a" In 
шешегі 32047 + C)=a" Ina 


Indefinite Integral Exercise 4 : 


Passage I 
(Q. Nos. 31 to 33) 
Let us consider the integral of the following forms 


а, m? + nx + p)? 
Case I If m» Q then put mx? +nx+C -изх/т 
Case П If p>O then put mx? +пх+С =их®р 


Case ПІ If quadratic equation тх? + nx + p = has real roots 


cand there put | mx? + nx p = (x - o) uor (x B)u 


dx 
31. £I = | === 
EET 


proper substitution could be 


(а) (х! + 4x +6 =ut3x 
(b) ү9х2%4х%6-Зиіх 


1 
(Qx- 


to evaluate I, one of the most 


(d)9x! + Ax +6= 


MESE TEIL 
IS 
w (x+ 4 + х2) же 


19 
1 


ы с 
поћи) 


15 
жс 
QI x? -x) 
туз 
«ее 
15 


33. То evaluate | 


dx is equal to 


dx 
one of the most 

(x-14- xt *3x-2 
suitable substitution could be 
@) -x +3x-2 =u 
(6) y- x? + 3x -2 = (ux J2) 
©) =x? +зх-2 =и(1–х) 
@) y- х? +3x -2 =и(х +2) 


Passage II 
(Q Nos. 34 to 36) 
Let L, s | ма" хсоз” x dx Then, we can relate In, m with 


each of the following : 
G) 1-2. (9) Јат 
вй) Jn, v) Т. mez 
(9) Гата (У) 1,62. т-2 
Suppose we want to establish a relation between Ip, , and 
In, m2, then we get 
P(x)=sin"*! xcos"7! х 2-0) 
In L,, and Ip, m- 2 the exponent ојсозх is тапіт-2 
respectively, the minimum of the буо is m — 2. adding 1 to the 
minimum we get m — 2 + 12 m— 1. Now, choose the exponent 
m- Vofcos x in Р(х) Similarly, choose the exponent of sin x for 
Р(х) = (nH)sin" xcos" x — (m— 1)sin"*? xcos"^? x 
Now, differentiating both the sides of Eq. (i), we get 
=(п + яп” xcos™ x — (т- п" x (1- cos? x)cos" ^? x 
=(п зіп" xcos" х-(т- I)sin” xcos 
+ (m=1)sin" xcos” x 


m=2y 
=(n+m)sin” xcos" х-(т- 1) зіп" xcos™~? x 
Now, integrating both the sides, we get 

яа" xcos" 7! x= (n + т), m —(т-1)1„„-> 


Similarly, we can establish the other relations. 
34. The relation between 14,2 and Г», з is 


(a) laa =з? xcos 2 +3 Ба) 
ы, =F Gin x сох 3a) 


(laa =} in? x cos! x- 31,2) 


(4) 1s =f sin? x cos! x + 21,2) 


35. The relation between 14, г and I, ; is 
Oha =i (sin! x cos? x + 8 1, 1) 


(sin? x cos! x + 8 16,2) 


[e 
3 


(918. яг in? x cos’ x — 8143) 


а аи? cos x + Bloa) 


36. The relation between I4, 2 and I4, 4 is 


@ а = 08 x co кегі.) 
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хе жа) 
Onas i (sin? x cos? x - 8I, 4) 
(9) 1, =} Gin x cos x + 614.4) 


Passage III 
(О. Nos. 37 to 38) 
If f: R (0, губе a differentiable function /(x) satisfying 
Set у)- Јо Y= Дх) О) ЛО) УЬУ x ye В, 
(Лоу) + Л у) for all уе R) and f’ (0) = 2010. 
Now, answer the following questions. 
37. Which of the following is true for f(x) 


(a) f(x) is one-one and into 
(6) (бој is non-periodic, where {} denotes fractional part 


of x. 
(c) f(x) = 4 has only two solutions. 
(d) f(x) = Г (x) has only one solution. 


| let g(x) = log, (sin x) and | f(g(x)) cos x dx = A(x) +e, 
(where c is constant of integration), then h 5 is equal 


3 


ю Я 

(а)0 6) 2010 
1 

(91 т 

Passage ГУ 


(О. Nos. 39 to 41) 


Let f :R— R be a function as 
о) = (х-1)(х + 2) – 3}(х— 6) – 100 If g(x)is а 


polynomial of degrees 3such that | = didoes noticaniain 
х 


any logarithm function and g(- 2) = 10 Then 
39. The equation f(x) = Оћа5 


(а) all four distinct roots 
(b) three distinct real roots 
(c) two real and two imaginary 
(4) all four imaginary roots 


40. The minimum value of f(x)is 


(9-136 (b) -100 
(с) -84 (9) –68 


gx) 
41. зе dx, equals 


(а) tan™ (=) НО 


(c) tan! (х) + с 


(уш! (==) m 


(d) None of these 
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Indefinite Integral Exercise 5: 
Matching Type Questions 


42. Match the following : 


TE Column 
(p мах 
(А) пера ЕТТЕ < x < 2%, then 7 is equal to id 
[sinx — cosx] 4 8 == хиа 
5 : @ «+e 
B) их a c1 feet 
тет &= Д Ate (x) is equal to 
In |x] 
©) еа НЕКЕ БА + 2x C, then f(x) is equal to o ! 
sin! 
©) к = ОГО) + C, then f (s) is equal to LE. 
43. Match the following : 
Column 1 Column И 
E] 2 Аа 
“к БЕЗ cosectx dy = Acot!x + В 200 then e 
1+х' secx 
ө iffet fete dem M (а + ја 292 - — À B then @ В=-1 
! 3 6 «+ ye +2) 
-x-x* -x-xi - -x-x 0) 8-2 
о нта, х: 82,4 х+4 2-х -sa (EH), men ) 
x x aJi 3 3 
(D) irf. :592* d= сог! (tan?x), then © А--і 
sinx + cos*x 


Indefinite Integral Exercise 6 : 
Single Integer Answer Type Questions 


(2х +3) de ЕРЕК 


x(x +1)(x+2)(x+3)+1— 
3х+2 


ж.т) ТӘ 


45. Let F(x) be the primitive of. “> wart, x. If F(10) = 60, then the sum of digits of the value of F(13) ів. 
x 


46. Let u(x) and v(x) are differentiable function such that S2 E 
х 


equal to мн 


2 
Б Е] +C, then find 24 A. 
x*l 


47. «| хө мі. 
(х®-1) (хэл 
е" (2- x?) 


А 
1%х 
dx - ye" (4) + C, then XÀ + i) is equal to 
a-341-x* i-z, 


48. 1f f 


= = where f(x) is of the form of ax? + bx +c, then (а + b- c) equals to 


и 


^ (x) 


Уб) 


pra 


=p 


has the value 


“= 


49 wf SEER 5921-5 ae ура ge) + C, where 
этих 
Cis the constant of integrating and f(x) is positive, then 


Јо) gx) 


is equal to ... 
e* +sinx 
50. Suppose A = j ——* — and ве j — 
х” +6х +25 Хх -6х-27 
Y'1XA +В) = Алған (Eee X—9 LC, then 
4 х+3 


the value of (A +H) is... 


5t. pjerret s... 


1-2сов5х 


sin4x 


—sin x + C, then the 


value of k is 


Indefinite Integral Exercise 7 : 
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tanx diss 


52, The value of |- aoa 
+tanx+ tan? x 


2tanx +1 Қ 
ШЕТ C, then the value of A is. 
( МА ) 


3 1 
53. | яа"? x соз? хах-2віһ 2? «ае 2 


then the value of (A + B) C is equal to ....... - 
54L If (K ex! ex! at ex elo) ах 


L (2x 4 538 + 1024), Then (а — 400) is 
10a 


equal to ...... 
Бије“ њи 3х1 2x? +2х) dx = A(x) + с Then ће 
value of h(1)-h (= 1) is... 


428 " 
uu х“ соз? x = x sin x + cos x 
56. Evaluate е 5055504 [reti eros 


57. Evaluate f [+ x? 2 dx. 


58. Evaluate | а — À— 
СЇх-а) В) (ax +b) 
тэу 
59. Evaluate [ ux dx. 
Р 


x? cos? х 


sin? (0/2) 48 


cos 0/2 cos? 9+ cos? 0+ cos 8 


(2sin 0 +sin 20) 29 


61. Evaluate | —— — B3 
(cos @ — 1) /соз 8 + cos? Ө + соз? 0 


62. Connect | x77! (a+ bx")? dx with 


60. Evaluate | 


. 
ах 
[37777 (ae bx" Y ах and evaluate | Esar 


63. Evaluate  cosec? x In (cos x + feos 2x) dx. 


dx 


(sin x + a sec x)? ` 
= ыш 
хх +2х+4 
— d " 
кү тыта 


64. Evaluate | 
65. Evaluate | 


66. Evaluate | 


69, Evaluate | EED" gy 
ftr 


70. fy? = ах" +2bx + c,andu, = | 2— dx, prove that 
У 


(ағаш, 2n +1) би, + "c у„- = x" у and deduce 
that au; 7 y — bug: даи, = y (ax — 35) — (ac 36?) us. 
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Indefinite Integrals Exercise 8 : 
Questions Asked i in Previous 10 Years’ Exams 


(i) JEE Advanced & IIT-JEE 


си | “ = [—— Č dx Then, 
т.| сағада мк to (for some arbitrary 72. те [ту еш 7 fæ tet 41 
constant K) [Only One Correct Option 2012] for an arbitrary constant c, the value of ј – Г equals 
21 Ё СЕА [Only One Correct Option 2008] 
e eri un xj u 7 
1 11 =_ ZEE 
Шаты y genres! DE rrr 
3d 
(ет agmine цана ) Ы od iog ин кс (8) 108 н 
(à) ЗО + Lisec х + tan х | K асах жс) 
(ec x+ nx) no 7 
(8) JEE Main & AIEEE 
"n PER 
73. The integral | Spe Ss eal NER 76. 1E f F(x) de = у(х), then | х f(x?) deis ыы мі 
X Ж 16 JI 3 
ur шз юэ д ы O $8?) - J vee] + с 
шаах НЭХ а 
Мет т ap exe D O 5 зубе) =3 f tye ace c 
Ё lp 
y x 
Omer Oera © iv) - f Byer) deve 
where, C is an arbitrary constant. @ HE Гомо) dx «c 
74. The integral | E: y equals iam 
xxt ey [2015 JEE Main} йы integral 2 ужа 
52 i a |sin x – 2 cos в n ais equal to [2012 АЕЕЕ] 
e ) же (ух +1) + С (а) -1 (b) -2 
i (0 1 (4) 2 
: 
еше @ t£ zy +c 78, The value of 2j 34 _ 
sin x4) 
4 [2012 AIEEE] 


1 
75. The integral 10-2) "+ dx is equal to 
* (2014288 Male] (2) x + log +C (0) x4 log жс 


cos(x -*) 
“Єў 


8-3 
«=(х-®) 


: “ 
(ае «c хе +С 


(с) x - log mi 


+C (d)x-log 


i +1 
(eene F+C @-хе “ас 


Answers 


Exercise for Session 1 


2 уз 2 м2 2 3 si 
1, «++ c *T--.-2un 
3° 3 БЭ хан 
E 2 T 
з. loggxt2tn xc 45 -x+ tan х+с 
ità 3 14. втіх + i-i +C 
а = 
(€ je 6. tan x= taa! x+ c is G9 Fear e Blog (43 PEETER 
1 zl.c 
[i= etose а- 1 tog] tan 5+ | С 17.10 па (+) m 
EHE ua 18. ов [sin x cosx] + Leos 2+ sin 2x+ C 
T+ Лов, 2 4 8 3 
REC и MEI УЛ” 
мэт пы Вы 
ari а 3 


Паш 5 " 
12. ЕС їжсэх1-11в [sec 2 x In | ес |+ e 21. ae x-2 cosa) - = log (3 cosx + 2 т х)+С 


1 3 25. 4(2х-3Ү| 
miseseimaec ыӛшінішлес саю Me Seer (ис 
3 4 12 а 1 ? 
15, cd ааа coset С ГЭ nearer + 2lg|(x+ 2) + н] 


Exercise for Session 2 ERE 2090) 
1. tanx- сх C 2. іп 2х+ C 24-49 
x= SG 4.180 sine + С Exercise for Session 4 
s "m “ p — 1. xe -26€ - 2) + С 2.-хісовх% 2(xsin x+ cosx)+ С 
Зэст ceca iG! AE рны А 3. ховх) -х+ С 4. x(log x)? — 2(xlog x - x) + С 
9. (sin x+ cosx)sin (cos x— sin x) + С 5. manx- Нов + 2] + С 6. x(see"! x) - log e 2 - 11 С 
10. tan х cot x- 3х + C и.- Лин] ес а 1 
i 1. Éan’ — Це шв) + С 8.–14 + ова) + С 
12. 250845 c 13. хядах) 66 2 * Е 
8 2 9, жит + С 10. x log (x? + 1)—2х + 2tan"! x C 
M. -2сох С 
11. & + log (sec x) + С 12. tan x+C 
i А 13. ва lg 
Exercise for Session 3 шыта ge тате 
1 а С ote 
as 4 Ii 
MENTEM 17. па acon be +6) + bin (+ а) +C 
160 _ |4х' + 5| i 1 
18. — зес xtan x+ — log |sec x + tan х|+ C 
5. ligi? + f +] + С 2 2 
3 19, = 2(– Vx cos Vx + sin Jx) + С 
1 : 1 og t+ [ara 251+ С 20. x(sin! x) — 2(- sin! х Л - i +) + С 
log, 2 Jia d 
Be ЭР 21. мал х- Log (1+ х2) (1 – діл 053) Logt + 13) + С 
қ-а 2x запт хүрс $ 2 
46 БЭР гэ Ж ыч 
1 21. а - tan |= (+ tan™ |-|+С 
9. 210812 + 2х+ 2] + tan (€ D) € C. ГІ ‚Ж € 
2 AZ К. 
10, — [5 2x7 - Asin (ғу E) "eie i) d 
4 1 u. — 0005 2tog | 2cosx- sin x |+C 
u. оње me шев 2cosx-sinx 5 5 


35. e" *(x— secx) + С 
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Exercise for Session 5 
te i log |x- 1j – 4 log | - 2+ : ов | 3]+ С 


1 tifa 
tog + a-t tog t= + 281 + tan 
3 4 g |l | 2 


ES 


7 PII log | + сова + р + 2 сова C 
ТЕСЕ i es 
204 sins 


1 
1 ю + 
2% 


T- sin z| 


фер ал a+ 2 tog tan? tan + 


» tog БЕЗ 
7 "BB log x+ 2| 


Е 
tan x 
10. - 
4 


+ ов – 2 log + + C 


Exercise for Session 6 


БЕРІП 2 gd x с. 
1. T6 Lg (а) 
3. 20 — 3 ét — Glog |1 + t|+ C, where, t = (x+ "5. 
ит 
TK (= +) m 
(ac Bx*a 
5. У2 sc А (Лап xsin A + cosA) VC 6. 1. (d) 
8.() (d 160 
Chapter Exercises 
1) 2.(8) 4() 56 66) 
7.0) 39 0.4 1L() 12.0) 
13. (c) 14%) 16.(с) 17.) 18.0) 
19. (Б) 20. (4) 22. (a,d) 23. (a, с) 24. (bd) 


25. (a,b) 26. (c) 28.(a) 29.4) 30.(4) 


э. 
37. 
42. 
43. 
46. 
52. 


Р 


E 


= 


в. 


6 


6 


65. 


67. 


69. 


74. 


Ё 


зачат + c 


2 
. – Ž hoy 
3108 


а) по зо 340) 350) 3609 
(b 389 39. (с) 40. (с) 41. (а) 
АэфВ-эцС-р рэг 
Ара B>pr эг 0-9 44.(5) 45.(6) 
(D ата) во 49.0) 50.0) 5144) 
Q) 30 | 5443) 550) 
m е Nee 
ховх 
‚ 1к++2уў*-э-———„+с ЕТТІ 
ae ее 2 


60. tan" (со50 + secO + +С 


сов® + 5200 1 4/3 
/со80 + sec + 1+ 3 


+с 


38 ауз 3. Lyn. Эа дуз с 
#0 xy a yh. 
|. — cot x log (cos х + feos 2x) — cot x — x + усоух—1+С 


т | шү (2250 22 1), |, (225m 2x41 
(ad – 1? За + sin 2x 2a + sin 2x 
= 1 * 

Qa + sin 25) 


21 |2 2r 4 -x|-. 3 


Ue + 2х+ 4- (x+ 1) 
-18/2хэєє4-х-16с 


2 TC 
(+ 2) 4G + 2х+ 2) 
Zn - m] 
tan’ (« 1) Find @у+с 


х) E 
х в 2 


log (х+1+ x? + 2х 2) + 


1 
il 
3% 


«+ +) 
хэ. под 7() 7x0) 
@ 75.0) во по во 


Put x=tan® => dx = sec? 00 


tan'6 
1 + есе 


Putting, x = tan®, I = | 


= [eco - 1) do 
= log (sec Ө  tan8) -8 + С 
Уо) =1орДх o 1) tan x С 
f()-0 = С-о 
> Га) = log. + V2) – tan! 1 


= log, (1+ 42-7 
We have, | f(x) dx = f(x) 
4 = 
Мед — = т 


> 
> log {f(x)} = x-logC = Јо) = Се" 
> OP = сте 


ata = dx 


% 


ШЕ dx- Je” dx= 


. We have, | f(x) dx = F(x) 


ERGE E fix?) d(x?) 


= рекой) |) 1 


|. We have the following cases : 


Casel When x20 
In this case, we have 
Је fix dx= f x" dx 


m А 
eet cet se [ухо |х|] 
лж п+1 


СазеП When x <0 
In this case, we have |x| == x 
fle Ide fixi" dx 
= је dx=- |x dx 


“ " 8 
„аса О са Х.с 
n+l п+1 n+l 


Hence, fix ia = | +С 
лж 


БЫ 


(у min odd] 


5. Faye эр блан сонй 


= ах= dt 
a 
i (25а) а 
1 
=> [9 + 31°) а! =2 [29t + Р] 


F(x) = 2 [29 Ју = 9 + (x – 9) ]+ С 

0=2[29+1]+С = С-0 

=> [29 ЈЕ = 9 + (х – 9)" 7] 
Раз) =2[29 х2 + 4 х2]=132 

6. Wehave, f(x) (2x log.x + x) dx 


Given, 


= f x7 xlogex + x) dx 
-һ аб) + Себе) «C 
7. Wehave, [x logx (log х-1)4к 


= Повх(хішх- x) dx 


= је log x – x) 4 (x logx — x) 


m 
КЕСТЕНІ 


9. We have, = 
= ор) д =2 Ро) 
а 
э ОР Ед 
= (Год - Ut + с 


Now, f(0) = 2 and f*(0) =3. Therefore, from Eq. (i), we get 


(Го = 170) + с 
=> 9=4+С = С=5 


UG -UGY +5 


= Ро) = 5 + Ио 


3 
э | а Џо) = | ах 
Гага] 
> пов | ло) + ds Uer [=x + с 
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f0)=2 = log|2+3 


log | fi) (55 FOF 
"— je + £ + ver) 


=> fe) + Js (бој =5е" 
= 5+ UCOF + fle) =5е" and + (ЛӘР – Ло) 567 


E 2f()-s(e -e7) 
E fo-ie-e» 

ре 25e –1) 
E fü-ie-en a 


= [2 e"ax- еа, [where t= 
2 
-ie-v4 Heat (tet m 
11. ftans dx = [ (tan? x sec x —зес?х + 1) ёс 


-tanx+x+C 


‚В=-1 and f(x)=x+C 


sin' (pt q)x 4, fKp*a)u 
(р + qx pta 


зіі х 


12. “-5ах-ла = J 


рео 0а poo x} 


= [tan 90 — tan30] 


-5in98 . 1n 270 — tan98] 
B 2 


ов 270. 


5-3 40-1 (ап 270- tan8) 8 


3 E log (sec 1278) — log (вес ә) +с 


27 
276 
= hog 82270 „с 
278 мед 


[ sin (x? + 1) - sin2 (x* + 1) 
asin (2? +1) -sinz (x +1) „ 
14. Wehave. fx тэл (x* + 1) + sinz (^ + 1) i 
2sin (x? + 1) - 2sin (x? + 1) cos(x? + 1) ГА 
арасот авт + Псой +1) 


f= cas (55 +I) д [tan 

2 2+1 
В) 5) 
sin(ax-2x)de — Бс; 


15. [ax со бх) сов 


=a [9245 5 qog | sec 2x— tan 2x) 
cos 4. 2 


cos 2x 


22 [ 2 — de - Cog see 2x — tan 2x) 
240225) 2 


2 [1 1+ ап 2х|| 1), шэг 
2 1 — = log | sec 2x – tan 2x | 
8155 ов яа ох || 2 
i Г јун || 14, - с 
= – = log |зес 2х — tan 2x| + 
Pri Би | 2 
7 
–— |4 
=) 
Јо ы-ь+ь 
sins 
Now, 
+= 1805 5с = f()etnx 
яах 
> 
17. We have, | 22 


(cos* x + 3 cos? x + 1) tan™ (sec x + cosx) 


J (cos? x + 3 + ѕес?х) tan” (sec x + tanx) 


sj 1 


sinx (1 — соз? x) 
1+ (sec x+ cosx)? 


cos! х 
—————— citri 2 
tan” (sec x + tanx) 
1 1. 
ү! * 2 
tan (see х + cosx) 1 + бес x + cosx) 


=] 1 


tan бес x + cos x) 


(tan x sec x — sinx) de 
d ап“ (sec x + cos x)| 
= log, | tan™ (sec x + cos x)| + С 


18. We have, fo) = х|созх, ex ex 


> Их) =- x cosx [v cosx < 0 for x e (п/2, л)) 
Hence, required primitive is given by 
[fen dx - [x cosx de + C =- xsin x- cosx + € 
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19. Wehave, f(x)-Qx + 1)|sinx|, x «x «2 s iH dz 
К Б z 9 ТЕЛЕ) 
- fle) =~ Qx +1)йлх m 
Hence, required primitive is given by 1 [+в 
-Jext nin хс=-[-@х ык 2sins] с "esl 5 ple 
I 
=@х + 1) созх -2sinx + C [2252 -1 58:59:48 
о x'-sinx cosx-2 444) Pera 
20. Wehave, f(x) -|sinx-aà? — 0 1-2x 2 [3 E 
2-cosx 2x o 91: 412 ажа 
9 sinx-x^ 2- cosx] (pe nee 
- f(x) =|х -sinx ° 2х-1 5 m sj de 
ere qoum о 239806 -9-188є ус 
[Interchanging rows and columns] 3 435 jog oe? —4) – 3 1063 C 
8 xtHsinx cosx-2 % * 
E Ро) 2 C sinx- x? o 1-2х 25. Jan? x ect) dx= f tan? x sec? x dx ftans dx 
2-сох 2х-1 0 


EE 
(Taking (- 1) common from each column] = f tan? xsec'x de 


ж M 1, = | tanx (sec? x = 1) ёс 
E x)= 
з 
> ae IEEE in |see x [e C 
а. |— Je 26. The Statement I is false since while writing 
ТЕ 5 ЕСТІ Wx 2) dx 
І 5, = log (x -3y) + C, 
72 эс 0-33 


we are assuming that у is a constant, We will know prove the 
Statement I. From the given relation (x — y) =~ and 
У 


2 log (x - y) =1орх—1ору. 


4 
Alo, 2 (- JI X * Y То prove the integral relation it is 


de V x) x-3y 
sufficient to show that Z RHS = 
х х-зу 
2 Now, RHS Е] е] 
У x 
2 1 
эж... D 7 Пов(х – y) - logy] 
23. 1- јајна уже log (+ 7). j 5 | i 
п БЕ 7 


C x-3y 
Thus, Statement 1 is true. Hence, choice (c) is correct. 
27. Let g(x) = Јо) + ft х) 
Assuming, f(x) dx= F(x) + С 
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[sex Ид» fC x) dx 
[fen dx + [ft de 


=) +С+ НЕХ eC] 


=F(x)- Fx) Ca C 
which may be an odd function, if C + C = 0. 


Similarly, integral of an odd function is not always an even 


function. 
Hence, Statement I is true and Statement I is false. 
28. Ifa > 0 and b^ — 4ac <0, then 


2 2 
ast sbetena(x+ 2) „==Ё 
2а 4а 
j=- 
ax?’ ++ с 


«не эе 


lod ai 28 TX! 


а kida ка 
Thus, choice (а) is correct. 


д Statement I is false. 
30. Since, cot! x -1 -tanx 
d(cot^ x)=- d (tan! x) 

Thus, [ * q(cot^ x) =— [277 адал” x) 


gee 


д Statement I is false. Statement П is true. 
31. Аз т =9 > 0, hence, we can substitute 


ox? + ax 6 =ut3x 


32. Here, as per notations given, we can substitute 


Ма + x? =(и-х) 


As m=1>0andp=1>0 


> 0. which will have an answer of the type 


+C tan? “4 
or tant AS 


12 [S dum fut 


15 


alot ус 
15 


We can use case IIT 


= Putting, ү x! +3х -2 = u(x -2) 


or (x-1)u or ч(1-х) 


34. Let P c sin! x cos" х 


EU 2 
ЯР Ls sin! x cos x —3sin! x соз°х 


Р 2 
=3sin®x (1 —sin? x) cos" x — 3sin* x сов x 


E 
=3 зіп? x сове x — 6 sin“ хсоз?х 


резђа 761a 
1 
та рез 


35. Let P = sin xcosx 
ap 


а 


= =5sin* x созе x — 3 sinf x cos? x 


5 зле x (1 — sin? x) cos? x — 3sin* x cos! x 


=5 sin* x cos? x — 8sin* x cos*x 


Pz-51,2-81,2 
Jani + Slaa) 


36. Let P =зіп? хсоё х 


dP 4 
2--5віп xcos! x — 3sin* xcos* x 


dx 


. А 
xcos* x – 3 зіп“ x (1 — cos х) сове х 


=8sin x cos* x — 3sin* x соз? х 


Pz81,4—31,4 


1 
Паз БР) 


37. Here 2f (x)= lim (ления. 


= 


=й (4 +h)- fa») 


h 
2/0) ит, (em 
ЕГЕР 
in 


Now by given relation, we have 


fh- f(-h) = гле 


and Д0) =1 


0 


From Eqs. (i) and (ii), we have L ©} = 2919 
fx) 
= f(x) =е®'®*, fo) =1 


~ {f(x)} non-periodic. 


38. Here, | ЛЕС) cos x dx = | flog (sin х) cos x dx 


MELLE 


= [ Gin ху), cos x dx 


= [Gin x)" cos x dx 


_ (біп х) 

^ 300 

(sin x)" 
2011 


E "(= 
2 2011 


қд- 


Sol. (Q.Nos. 39 to 41) 


Here, f(x) = (x — 1) (x + 2) (x -3) (x - 6) - 100 
=(х? - ах + 3) (x? - 4x – 12) - 100 
7 (x! — Axy! - 9(x* – 4x) - 136 
=(х% — 4x + B) (x! — 4х -17) 


9. ~, f (x) =0 = (x? — 4x + 8) (x° - 4x +17=0 
и ааваа 


40. 


41. -: 


Dio D<o 
2. Equation has two distinct and two imaginary roots. 
fix) = (x? — 4x –17) (x? – ах + 8) 

= {((x-2)? –21) (x 2) + 4) 
v (f (min = C21) (4) =~ 84 


which occurs at 


80) 
ә 


g(x) 


(x? = 4x -17) (x° - 4x + 8) 


__Ах+в | Ce D 

252-45-17 x 4x48 
Clearly, A, B and C must be zero. 

код 


(x? = ах 17) (x? — 4x +8) 


g(x) = D(x? – 4х -17) 


#(–2) = [04 € 8-17) -10 
a) Ax? - Ax -17) 223 
fG) (ках 17) (07—48) х-4х+8 


FP 
Iia” 


[given] 


2 -ік-2|---: 
iat ет 


tan (254) „села (3) 
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42. өші e then sinx > cosx 


a тк de = ак-хас 
[sinx — cosa] 


хак арі 1 
pua 3x |—— --—— | dx 
кеттт tix 2+2 
3 
је, с 
3 x42 


(C) ал“ хеов xdx = | й sin x —(sin™ =] dx 
sgrin dix) - (x Gin x 
sin x Ji – x? – x) + С (by parts) 
> өв свим ic) EF rare 


f(x) ssin x, f(x) =sinx 


dx 
тіп|іп с 
efi ШЫ 


Их) = In|} 


а у cod 
43. te о шш! хак 
m 


& (em — 


1+2 


= J| вх - — 
ТЭ 


эн cot! х + k 
х 


= A=1,B=-1 


B) =f x+ +2 de 


Put үх+2+ х= => 
> 
euge -— *k 
NEED 
= and В-2 


76 


45. 
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46. u(x) -7v(x) => w(x) 27V (x) 


~ р=7 (given) 
x20. 
са К 
= 4-9 
~ [2х+1) iq (4-0 psg 7*0 
Шинэ: now, 222-7209 


" 


— sin ( s јек Аз 


Sin2x € gy, dividing N” and D' by cos! х 


sin* x + cos х 


of 


PCI Y dx put tan? x =! 


taj? tanx-see*x 
= D 
tan'x+1 = 


= 2tanx. sect de e dt f сог) + C 
1+1 


=> – соі (алх) +С л B " | 
+ се 
49, p= [etext Ce" + sine +x) ду 


2x43 di 


Ганы тои e +sinx+ x 


Put x! +3x=t => (2x+3)dx=dt =In(e* +sin x+ x)-x+C 
1 dt 1 [ e NE 1 
пењања “(ғау tel х®+3х+1 = fx) + g(x) = esinx 


b=3,c=1 2 а+6+6=5 


f(x) =е + sin x + x and (x) - -x 


= 
Let x-9= dx=% dt t = (==), х 
4 х +3 
302 +9) +2 
F(x) = || —~———- 2] dt 
2) П г 
= "уйл " 15 
ханнын ЭСЭЭ 
F(x) ={29,/х —9 + (x -9"]« C. ;i 
3- i= 
Given, F(10) =60 =2[29 + 11+ C. 4 cos’ 7 
> с-о Ss 


ae 
F(x) =2[29 [x —9 + (x -9)7] =-2 соз PE 
Раз) 22[29 x2 + 4х2] 
4x33 2132 
Hence, sum of digits =1+3+2=6 


= -(cos 4x + cos x) 
fen іп 4х 


sinx+C 


tan x 
14+ tan x + tan* x 


Lett tan x, dt = sec? x dx 


=җ=® 
Бан 


53. | яа” x cos? x dx = J sin?x sin"? x cos? x cos x dx 
= [шах sin? x (1 — sin? x) cos хах 
= је а -в) а= [е ш 
ға pn 


= jia- [ra a па 


LPS 
7 и 


аас 
zum] 
= А-7,8-7,Са11 

= (А%В)-С-(7%7)-11-3 


54. Let = [(x + xt + xi) (x! + 5x1 + 10) de 


7 71 


= јадан t 4) qutt sx? + тој de 
= [ee + m p x qut estt по) 


2 
Put 2x9 + 5х? +10% =t 


= 4020 799 + x* + x) dx - dt. 
дюза 


ШТІ. 
т=|—--() а = 
Tas e 


1/402 +1 


іш 


С 4020 403/402 


NC 


4030 
2 а = 400 =3 
55. Lete” * Gi! +257 + 2x) de 
= рео = Gx? + 2x) de | gen 


1 п 
Applying by parts in first internal, we get 


axe йе [| are? t ae fe?“ ax) de 


ex) dx 
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шалт c ce Hx) eC 


E Wx) = х 
> К-К) ёе 


(asi xen) | x4 cos? x- xsin x + cos x 
EL XM eu. d 
x cos х 


о ее ат cos x) dx 


"emm 1 E 
dx\ xcosx 
Quem min [x 1 Үс 

ЕТТІ 


«рр ae 


Let x+ dx e2-7p or x! «22 ph + х? -2рх 


j^ (t 
pP +D р 5 
г-| ИВ ay ak [ps pt ар 


1 
= 5 (xt fx? +2)” -2 +C 
3 +2 
1-] ёс 
(ах b) Јао) - B 


Put(x — a) = sec Ө = dx = В sec @ tan 8 48 
— Биг 
а (а cos8 +В) + b cos8 
= РЕБ нин 
(аа + b) cos 0 + аў 


и 
(белгі) ШИ E] 


<1 © 


1 
аа + 
where seco! = В => nn Sar 
+b 2 
ra) 
59. 1=[ Lr ас [ant doe убу ds 
x 


78 Textbook of Integral Calculus 


+1 А 
Dll ie, integer 


д Let us make the substitution, 


КЕЗІН qr denned 
Hence, гевја= + сега ехо) «c 
во. 1-[ sin* (9/2) 
сөз0/2 cos! Ө + соз! Ө + соз0 


5 25in0/2.co50/2-2sin8/2 _ 8 


23. сод 


sin 8 (1 — cos 8) 


lirenna OEA 


Put cos 2 t = – зіп Ө ад =dt 
ui 8-1) 
[TER PEE 


-1| £ а 
27 (pe! Pert 


08-10) 


dt 


гу 
E жс 
ап“ (cos +зесӨ + 1) + С 
(2308 + sin 20) dð 

(созӨ-1) [cos Ө + cos? Ө + cos? 8. 


61. 1-[ 


Put cos @ = x* 
= ~sin@ dð =2x de 
E (1+ х3) 2xdx 
0-4) ЈЕ + 
(1 1/x!) de 
@/х-х)й/х-х)*+3' 


T dt 
tyes 
‘Again, put 2+3=1 


= 2t dt =2и du 


1=4] vig TR 


8-3 


(gam 
"| ү iio tvs 


| 


eos + зесб + 


ЕС 


аја е 
and 45-ы pm f Eun а + bY ах 
a poit цахир" 


where À and p are the smaller indices of x and (a + Вх") 


НевеА-т-п-1р-р 
А pox" (a+ у 
Differentiating w.r.t. x, we have 
2- =a- (p+ 1) (a+ b)? (n bx!) 
+ (a+ bx" је" (mo n) x 
= nb (p+ 1) x^^! (a + bx")? 
+ (m-n) x" 77 (a + bx")? ја + bx") 
=nb (p + 1) x^^! (а + bx")? 
чат п)" 7^7 (a + bx")? b(m п) x"! (а + bx") 
=b (np + m) х" (a + bx")? + a (m— n) х" (a + Богу а 
egrating both the sides w.r.t. x, we get 
р=Ь (пр + т) 1,1 +а(т-п) Inga 


77^ (a + БУУ =b (np + т) I. a(m n) Inst 
"7" (а + bx")P*! — a(m- n) 


b(np*m) Ьар т) 
Hence Proved. 


or 


нэн 


E 
Again, rm xs Гета ax 


ns b=-1, n 
1,-@*@- 9”) 


-1/3, а 


-@ 


-8 
ЭЭР 
= rane үз (here m=6) 
-5 5 
магт 


2 


Hence, „= На Oe 340 рус 


63. Let 1 = Jeosec* x In (cos x + fos 2x) dx 


[eosec? x- In (sin x (cot x + eot? x 1) de 


I x In (sin x) dx 
+ J cosec? х In (cot х + сой x 1) dx 
In second integral put cot x —1 


cosec? x dx = dt 


T= J cosec? x- In (sin x) dx — f Infe + ЈЕ - 1) dt 
In first integral (integrating by parts taking cosec" x as second 


integral) and in second integral (integration by parts taking 
unity as second function), 


We have, (In sin x) (7 cot x) — f cot x (- cot. x)dx 
-imes Је = пи jt 
qe 


-cot x(Insin x) — cot х = x- tln(t JP 21) + Је -14c 
= = cot x (In sin x) — cot x = x — cot x (In (cot x+ со х-1)) 


+ Veo x-14 C 
== cot х: In (cos x + feos 2x) – cot x x + yeot? x-1 +C 
соз? x dx 


. T=] 


ше хи sena 


4 
4 


(а + sin x cos х)? 
cos? x dx 

(а? + sin? x- cos? x + 2a sin x- cos x) 

1 + cos2x 


2 
4 cos? x dx 23) а 
(га + sin 2x) 


4а? + sin? 2x + 4азіл2х 
1 соз2х 
=2 | ———, Фе + 2 | ———| 
|| (2a + sin 2х)? І (га + sin 2x)? 
-2----- -9 
Фа + sin 2x) 
1 dx 
Qa + sin 2x)?” 
we know 
237 
© give 7 Гаа? —1 Tae 
(шаг Б 


Snax d _ 
2a+sin2x (4а? – 


| 


ж 


э du Ма! –1) cos 2x 
dx (2a + sin 2x)? 


"aoa [2a и“! и + y1 — i] = Д andsin2x = 
1 г-і( 225m 2x +1 
— — | 2 ani 

1 vw ja ( За + sin 2x ) 


КНЕТІГІТ | ЕКЕ 
2a + sin 2x (2a + sin 2x) 


2а- 
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Жэнь ee 
x Ха + 2x44 
Put yx? &2x kA t X 


Важи 


э х+2х+4 


“ 
= 
2-44 
Е 2 Ч! 2d 
а 
-afert ril 
8-9 8-0| 
t 
ELE “4% 
=2log| кх + 4 -x|- log 
=. 3 
1-4x e 2x а 
! ! 20-4Jx +2x+ 4 + х) 
=2log| fx? +2х+4-х 386 
[ Vx? 2x 4 -1- | —Á—À———— 
ax +ax+4—x-1) 
вв. 12 j| ——® 


1+ yx? + 2x42 
%2х%2 


х +2х+2=0 +x? 


— x, squaring both the sides, we get 
-Шх 


2 2 
така нач Г ЕЯ 
20-0 2050) 

= гај ICEN KED 4, пејзажа) (84242) 

КЕТЕТІНІН аздау 


Using partial fractions, we get 


dt dt 
1-1---2 
tel је 
2 
тіге» жс 
ыы 


эхэлж ака) + с: жс 
бека који хаха 
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(x? +1)? -2x7 


ud ка] х +1 (2? 1) -х +1) 
j iune 1 жак 
(x? +1/ж 71) [а 


еде, НЕЕ 


(x-1/xy +1 aes 
In first integral put x — 1 / x = tand in second integral put 
x-u 
-[ 2p 
Pai за 
cun ап” (а) + С 
cua ии ciat (2) + С 
EN 


а 
Ри x=1/tde= 


1st dt 


в s 
Јаве 
из => м dt = Зи" du 


t(? -1)^ 


--| и? du -| udu 
п+ији (+щшщ)(-и+и?) 

и+1 

Ad 

иза 

(using partial fractions) 

сірш bp atu e$ s 
734 и+т 31 (ш-и+1) 
„їй. rp men ay or du 


3^uc1 67 ш-и+1 (u-1/2) 3/4 


ЕЗЕТ 
1 a [2и-1 

= с 

ut [ E | 

= «i| - logy t ^ - (9 - 
1, a[2(0-2^-1 

ae [ex ii 


aya хүл зз 
ELS -( - y^ + х' 


4 log|(? 1? 41] 


a-»)^5*x 


x 


1 
E 
377) 


в ra [EX 2 о, 


me 


Put (x+yi+x)=t 


71. 


х" (Фах + 2b) 26", 
= fax? + 2bx + © 
E yr ax + 2b) dx 28) 2 d 
2a rro а Jax? + 2bx +e 
EE: Qax2b) — b 
big mro 
I n 


wa 7l [ага ax! + жс 
2a 
- fra das e be +e) d] Pu, 
1 LE Га > 
== у-т ји -yax +2bx +c еј 
a a 
— 
МЕРИЯ: (at ++) b, 
lax! + 2bx + c 
ашат =" y =n [atys 1 + 2b, + си, ]– bu, 
= (n+ Nae +n +1) Ви, + neu = y 
Now, putting, n = 0 in both the sides, we get 
ащ + bug ху 
ащ = y — bu, (8) 
Putting n =1 in Eq, (i), we get 
2au, + 3bu, + сщ = xy 


ЕЕЗ 


[from Eq. (ii)] 
= 2a'u,  3by —3b^u, + асщ = axy 

=> гази, = y (ax — 3b) + (3b? — ac) шу 

Plan Integration by Substitution 


ік 1-| ход дас 
Put Е(д-г => g'(x)dx dt 

-| toa 
Description of Situatioi 


m Generally, students gets confused 
after substitution, i.e, sec x+ tan x = "d n 


Now, for sec x, we should use 

see? x-tan! x =1 
= (secx-tanx)(secx+tanx)=1 
> 


secx-tanx = 1 
: 


sec*de 
н ЕТШ 
Put secxetanx et 
ES (sec x tanx + sec? x)dx = dt. 
= sec x-tdx=dt 
5 — 


1 1 1 
sex-tanxz- => secx=-(t+= 
t 2 t 
sec x-sec хх 
(sec х+!ап x)”? 
: dE 


1) 2 2 
Re стас 


-1 
© (вес x + tan x) É 
ж 


72. Since, d and J= Iv 


ш -и+1 
"ETT 


2x5 +5 к=] Заа ы? dx 
БЕШ xxxix) 


. 


73. 1411-1 


5|:3 ЖЕ: діл ap 
eet *x!) 


Nowpu 16x" x et 


————— M— |е 
Tec xt tanx)? (вее аху!” 


ru 
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= (eax) -5x Mx dt 
- (2х7? e 5x *)ux e - dt. 
= Sra 


ae " 


1 
=L Cu —À tC 
*1 РЫ 20 кох ж 1) 


ба|. 
хан 80 ia 
x 


“бэ cde ара 
2 


П "m rt 

75. 1-10) ва је sees Јаја - e 27 
E ИЕ auo эй 
=је ах + хе Јао "dx 


= је За» atis =Й те 


= +С 
76. Given, | f(x) dx = y(x) 
Let 12 уо?) dx 
Put 
= Ai) 


1 HDI 


- i М foa f [£o а ај 


(Integration by parts] 
73v - f vod 


Рус) | xw?) de] + С [from Ea. (0) 


= i style) – [ Зуб?) de + c 


77. Given Integral is | 2585 
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Stan x 
tanx-2 


dx 


To find The value of a, if 


t 
[OBES дет x e a log sin x -2 cos x| + ki) 
tanx-2 
Sanz gy 


Now, let us assume that Г xir ^ 
anx- 


Multiplying by cos x in numerator and denominator, we get 
5sinx 0 


sinx-2cosx 
This special integration requires special substitution of type 


Fe шу 
м -aos [2] 


= Let5sin x = A (sin x – 2 соз х) + B (cos x + 2 sin x) 

=> 0 cos x + 5sin x =(А + 2B)sin x + (B – 2A) cos x 

Comparing the coefficients of sin x and cos x, we get 
A+2B=5 and B-2A=0 

Solving the above two equations in A and B, we get 


А=1 and B=2 
= 5sin x = (п x – 2 cos x) + 2 (cos x + 2sin x) 


Ssin x 


78. 


= ев) tilen tain 4, 

к (sin x —2 cos x) 

~ га [iacit us MEREM 
sin x -2 cos x (sin x —2 cos x) 

d(sin x —2 cos x) 


-I- Гаа] m 


тх 
= Г=х + 2106 | (п x —2 cos x) | + k - (ii) 
where, kis the constant of integration, 

Now, by comparing the value of Гіп Eqs. (i) and (ii), we get 
a-z 


ters Ja |= 
т 


= cot es Да 


тіз log|sint|+C 


(2-5). 


=x+ log 
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Session 1 


Integration Basics. Geometrical Interpretation - 
of Definite Integral, Evaluation of Definite 


Integrals by Substitution 


Integration Basics 


What is Definite Integral ? 


Let f be a function of x defined in the closed interval а, b] 
and фђе another function, such that $ (x) = f(x) for all x 
in the domain of f, then 


[ло не -40)-4(0) 


is called the definite integral of the function f(x) over the 
interval (а, b], a and b are called the limits of integration, a 
being the lower limit and b be the upper limit. 


Remark 
In definite integrals constant of integration is never present. 
Working Rules 
To evaluate definite integral [^ f(x) dx. 
1. First evaluate the indefinite integral J f(x) dx and 


suppose the result is g(x). 

2. Next find g(b) and g(a). 

3. Finally, the value of the definite integral is obtained 
by subtracting g(a) from (0). 


Thus, Ї f(x) dx =[ к(х)}; = (b) – g(a) 
1 Example 1 Evaluate 
41 
9 б 
neno] 


шне. sues 4 


(i) f sinë хах 


nit 
(ii) Let г= sin* x dx 


-3 ["* ра x) dx = f"? (1 cos 2x)? d 
341 Qin! ху de = а [I (1 ~ cos 2x)? dx 


= ip (1 — 2 cos 2x + cos? 2x) dx 
47 


14 4 
=i? 1-2 cos 2x + LEE 4X) de 
4h 2 


=} qu 4 


EL 2 
НЕСИЕ 
78 2 é 


І Example 2 The value «Т, (% (an^ к! is 
(т/а 


(02/2 (9-л/2 (d) None of these 


= -[tan^(1) - tan(-1)] 


Hence, (c) is the correct answer. 
Remark 


Note that (е) 
ает" 


tan (1) - tan (70 


E 


is Incorrect, because e(t js not a anti-derivative (primitive) 
x 


d 
СЕЗ (вт I)on ine iterat(-1, 1. 


1 Example ЗІНІ, = |" (log x)" dx, then | nl, , is equal to 


а) (be (9е-1 (d) None of these 
г 


Sol. We have, 1, = [ бовху ах = KOA Ак 
Vd 


1, 


ходов t  ['n-(ogx) +. хах 
x 

-(6-0)-н (log, x) еп, 
NET 
Hence, (b) is the correct answer. 

1 Example 4 All the values of 'd for which 

Ї [2+4 —4a)x+4x* dx < 12 are given by 

()а-3 (ааа 

(Qosa«s (d) None of these 

Sol. We have, Ї (а? +(4-4а)х + 4x? dx < 12 


= [а3х +(2– а)х + х*]2<12 
зэа(2-1)-(2-20(4-1) (21-15) «12 
= а? +%2— га) +15 512 
= а? –6а+9 <0 
E (a-3y <0 
а=3 


Hence, (а) is the correct answer. 


Geometrical Interpretation 

of Definite Integral 

If f(x) >0 for all x e [a,b], then (^ f(x) dx is numerically 
equal to the area bounded by the curve y = f(x), the 

bic È fix) dx 
т general, f° f(x) dx represents the algebraic sum of the 


X-axis and the straight lines x =a and x = 


areas of the figures bounded by the curve у = f(x), the 
X-axis and the straight lines x =a and х =. The areas 
above X-axis are taken with plus sign and the areas below 
X-axis are taken with minus sign, 


Figure 2.1 
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ie Ї f(x) dx = Area (OLA) — Area (AQM) — Area (MRB) 
+ Area (BSCD) 
Remark 
(д de represents algebraic sum of areas means that area ot 
function y = /(x) is asked between ato b. 


= Area bounded = |? | f(x) | dx and not been represented 


by f? f(x) дее If someone asks for the area of y = x? 
between — 110 1, then y = x? could be plotted as 


Figure 22 


-х def? x! de=} 
1 o 2 


or using above definition, area = |” |x° |dx => | x? dx 
s n 


“т 
ЛЕН 
4 
o 


But, if we integrate x? between — 1to 1. 


1 
= Г х? dx =0 which does not represent the area. 


Thus, students are adviced to make difference between 
area and definite integral. 


l Example 5 Evaluate [> |(x - ) (x -2]] d 


Sol. Let 1221 -06-21dc 
We know, 
= -2-| (х-1)(х-2), х<1огх>2 
цааны э-| E0683 1<х<2 
+ 
Ұ 


Using number line гше, 


1- х-0(х-214с 
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-[[/6-06-24- f (706-24 

4 o-26-24c 
[iG -3x +2) dx (х®-зх+)ах 

+ Gt -3x ez de 


Evaluation of Definite 
Integrals by Substitution 


Sometimes, the indefinite integral may need substitution, 
say x = 0(t). Then, in that case don't forget to change the 
limits of integration a and b corresponding to the new 
variable t. The substitution x = (4) is not valid, if it is not 
continuous in the interval [a, b]. 


І Example 6 Show that 


42 dx 
9 а? cos? x+b? si 
х = 2 dx 
So Let I= тти т 
S ^79 а? cos? x +b? sin? x 
sec? x dx 


желі 


ж-е g? +b? tan? x 


(divide numerator and denominator by сов? x) 


Put tan x =t =sec? x dx = dt 
а 
харе. 
o ga pt 


We find the new limits of integration t = tan x =>! =0 
when x = 0and t = со when x = 1/2. 

"T 

4% 


EN ue жи ИЕ У 
Fh pay , B alb 
(3) li 


..15-% 
al 2 


| Example 7 Evaluate р 


ж 
nex 


directly as well as by 


the substitution x = 1/t. Examine as to why the answer 


don't valid? 


On the other hand; if x = 1/1, then 
dt т dt 


2 dx ЦЭ 
Бе Lamar уз 4+1 
ya 


й 1071020) | 
2 ЯЛ 


In above two results, I = — п/4 is wrong. Since, the 
1 


44x 
this function cannot be negative. 


Since, x = 1/t is discontinuous at = 0, then substitution is 
not valid. (г1-л/4) 


integrand > 0 and therefore the definite integral of 


Remark 
{tis important that the substitution must be continuous in the 
interval of integration. 


int 
1 Example 8 Evaluate fex сш. 


Sol. Let ы fi? „38 


me 


Put біп x =, then x = зїпӨ = dx = cos8d0 


Also when x =0, then Ө =0 and when x = 1, 


then Ө О 
2 


6 


17 [sino соо = ["* g.singdo 
3 Мн [ 
= (70: cost)^ + [°°созө d, 

using integeration by parts. 
= (70 созб ју + (віп Ө) 
3л 1 
12 2 


хол л 
Яо 40+sin 
6 6 5 


1 Example 9 ког any n>1, evaluate the integral 
1 


— m dx. 
aces 


1 
Sol. Let I = dx 
decr 
Pu хе =t = vie 


Нах = 


ai) 

* п 

ET з diri i ан 

Xe Xie ағаш 
-n == T 

“ЧУ ЕР „и s (1-2) 

2і-а +0] cb Uca nei 

Spe 

2[1i-n* 


І Example 10 Тһе value of 


x ext 


= х= 


x-2 
[e e ыт af? xlogx-e 2 dx is equal to 
&)Wej**" WA (до wer 
х? +2х-1 
25 БН 
теже G Таж 
Sol Let r= | aD de + f xlogx-e ? dx 
Put x +1 = in first integral 
2-2 БЭР 
[5 di 


dt + [! xlogx-e 


e 
ref 
-Г Pee ee 


= у 
Hence, (d) із the correct answer. 
x dt 
Le = and g be the 
1 Example 11 Let f(x)= f; mo 
inverse of f. Then, the value of g'(0) is 
(а (b) 17 (v7 (d) None of these 
dy 


Sol. Here, f'(x)= I » 
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Мом, g'(x) = dx fly 
š Зу 


4 
1-44 


Therefore, g^(0) = V1+16 = V17 


Hence, (c) is the correct answer. 


When у =0 ie. ЇГ =0, then x=2 


PP са 
l Example 12 teta, = f^^ (I-sint)" sin 2t, 
v d, 
then іт }\—* is equal to 
өзе іп 


(а) 1/2 (b)1 

(9 4/3 (d) 3/2 

50]. We have, а, =“ (1-sint)" sinzt dt 
Let1-sint = и => -cost dt = du 


82-21 “адаг, ичаи- [| етш) 
Е 1 ) 
п+1 п+2 


Therefore, = —2 ( 
n 


Ека 
мађ nn*2) 
n lim Ў => 


за $5 рН кв] 
Ee E I 


se 3963) 


Hence, (a) is the correct answer. 


1 Example 15 Тһе value of x » 1 satisfying the equation 
Гаша-1% 


4 
(а) ve 


бе (де 
Sol. Let T= 7 па: ы 


(фе-1 


: 2 
-1f Lita и лаж 
2 t 2 


3 
xx 10, 1 
= хах dpa el 
2 45 1 4 

à 
Кы ED = |Шах-11-0 


(as x>1) 
= шх-і ә х= 


Hence, (a) is the correct answer. 
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1 Example 14 if lim | 


22-0 4x4 


2 
едџа! (о == where КЕМ, then К equals to 


(4 (b)8 (016 (d)z2 
Ср xttaxti afi 
Sol. Let = [Г US un (Да 
Put x = 1/1 and adding, we get 
[using tan (17 х) + cot! x = л/2] 


~ (а 
ПИ 
ae 1+х* 
ра 
-5Їр ні = 
4% хх ЕТІ 


E z je т „ла 
[| aj [ez T 
= ни 1| Ж е] Lad 


= k=16 
Hence, (c) is the correct answer. 


2 
жоя ыны 2) dx is 


1 Example 15 1? the value of definite integral 
Ї x:a “бео У] dx, where а> Тапа [x] denotes (һе 


greatest integer, is = then the value of ‘d equals to 


(a) Ve бе (езі 


Sol. Let = fe xa Pte de 


(фе-1 


РиПор,х-і = d-x 


гаће (а-а-а) dt = Ina- f (a .ayde 


= ва. [| (all ађан = ша} аза 
[as (| = if t(0)] 


иел) 


Aliter x€(La) 
> log, x € (0,1) => [log,x]=0 
165 e-1 
12 | хах = Қа -)- СІ = а= е 
| ха ees а= е 
Hence, (а) is the correct answer. 


Exercise for Session 1 


шиг 
3. | “Лесовхах 
вр“ 
У Јудеје 


4 (sinx + cos x) 
o d 
"Қ 9+ 16sin2x 


в |х-а 
9. |, ren 
11. Ті соз2х log (sinx dx 


1 


© 


1 


А 


(a)n (ут 


1 


2. [* dx 


0 1-совх 


4. [[sin2x-cos xdx 


6. Ї logx dx 


b 1 
-[ (appo >а 


10. (^^ Лапхах 


cos? x 


2. prem маш зен), 


" БИРЕР 1 — 
. Iff(x)is a function satisfying (2) + x(x) - 0 for ай non-zero x, then | ж "f(x a is equal to 


. The value of |, (Не “| pen equals to 


дет дат 


15. The true set of values of ‘a! for which the inequality ја“ -2:3 )dx 20is true, is 


(а) [0 1 (b) 7 -= 1] 


OIO] i- une 
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Properties of Definite Integral 


Properties of Definite Integrals 
Property L f^ Ла) а=? ft) at 


i.e. The integration is independent of the change of 
variable. 


Proof Let ф(х) be a primitive of f(x), then 
ЧЕК од S tot - ft) 


Therefore, Ї fix) dx 015 = (5) - Фа) 24) 


and 


лоо ee) - а) 
From Eqs. (i) and (ii), we have 

Г fe dx - fi fto 
Property II. Ї fix) de =—f* foo dx 


ie. if the limits of definite integral are interchanged, then 
its value changes by minus sign only. 
Proof Let $(x) be a primitive of f(x), then 


[ год dx = 410) - Ha) 
= Jf f(x) dx = -Le(a) = в] = ФЬ) – a) 
[rends == [7 foo a 


Property Ш. | f(x) dx = [/ f(a = x) dx (King's property) 


Proof On RHS put (a – x) —t,so that dx =- dt 
Also, when x =0, then t = а and when x =a, then t =0 


ern f(a- x) dx «- f° лда-Г доа [У f(x) dx 
2 fi fla-x) dx =f" f(x) de 


E 


and 


Remark 


This property is useful to evaluate a definite integral without first 
finding the corresponding indefinite integrals which may bo 
difficult or sometimes impossible to find. 


Geometrically | f(x) dx = f f (a - x) dx 


This property says that when integrating from 0 to a, we 
will get the same result whether we use the function fx) 
or f(a — x). The justification for this property will become 
clear from the figures below : 


As x progresses from 0 to a, the variable a — x progresses 
from a to 0. Thus, whether we use x or a — x, the entire 
interval [0, a] is still covered. 


y 


The function f(a — x) can be obtained from the function 
f(x) by first flipping f(x) along the y-axis and then 
shifting it right by a units. Notice that in the interval [0, a} 
f(x) and f(a – x) describe precisely the same area. 


There are two ways to look at the justification of this 
property, as described in the figures on the left and right 
respectively. 
1 Example 16 show that 
a P eas aua, 77 
[0] Ї f(sinx) dx. =f f(cosx)dx 
(i) ка бап) дка [7^ ficotx) de 
ші) | rsinzx)sinx de = [7/2 ficos2x)-cos хох 
= fi hin 2x)-cos xdx 


-— m qn 
(м Јо x flsinx)de => јә Нап) ШТ JEE 1982) 
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Sol. (i) We know, 


Глена КҮ ы. io G - | dx 
(еч оа = fira- ads] 
= ІМ ficos x) dx 


5 f fin x) de = | feos x) de. 


(à) f^^ ftam дк = [№ у С (5 = jJ de 
[using Jp Fon de = ЇЕ fla- x) dx ] 
= [7^ ус x) de 
^ [МЕТ x)dr- i со x) dx 
(8) We know, 1 = f. = [зїп 2x) sin х dx NOI 
E Де «(E - 3 sin (5 - a) ax dx 
[vsing [у год а= Ла-х) “| 
= [7^ Fein (n = 2x) cos x dx 
1= p f (sin 2x) cos x dx И) 


Adding Eqs. (i) and (ii), we get 
21 = [7^ f(sin 2x) Gin x + cos x) de 


= (7^. (sin 2x)sin (« + BE 


вих+®=[®-о) (ies 5-0) 
4 2 4 


ә  21=- ДЭ f(cos20) cos 0 da 
=V | f(cos 20) cos 8 49 
= 2V2 [7^ f(cos 20)cos0 40 (since it is even) 
1 J£ |“ f(cos 20) cos 0 49 
(v) let I= Ты x f(sin x) dx 49 
Replacing x by (m — x), we get 
1= ІН (n — x) f(sin (7 — x)) dx 
= 44 (x) fGin x) dx NT 
Adding Eqs. (i) and (ii), we get 
2 ЫМ n fisin ОМ fisin x) de 


ЕМЕСІ ®&=т |, f(sin x) dx 


1 Example 17 if f and g are continuous functions 


satisfying ft = fla- x)and g (х)+ g (a— x) =2, then 


show that J feng (x)dx= =], Јода. 
Sol. tet 1-| Ло) gode = f; fla- x) gla- x) dx 
= [7 fG2-(2 - de 


ЁС [лое ла EI 


“ flx)= fla- x) and gla- х) + д(х)=2 


(given) 


[е год-вбд dx == ff лод de = [У ба) аб) ёс 


or 2 f^ f(x) g(x) dx => [7 f(x) dx 
= [люков fle 


| Example 18 Evaluate 


zo dx 
i 
of 1+,/tanx 


(i) "^ toga ап)ах 09 | 


0) (27 logtanx)dx 


/2 sinx -cosx " 
Tesinxcos x 


Sol. NL Ф PL сов x 
тустш 


Then, 1e (^ feos (m/2= x) 
ч Тата) 
= Бах | 


sin x + [соз x 
Adding Eqs. (i) and (ii), we get 
Sin x 


Lp 
tl emt 
[mI ARE а= |" 

! 


їп x + Joos x 


eos x 


=[хју =—-0 = 201-5 = =} 
a 4 
(ii) Let r= f? log (tan x) dx 
Then, ref og {tn (5 5 2! dx 
= | pe tog (cot x) dx 


Adding Eqs. (i) and (ii), we get 
ап, 
21 = |" log (tan x) dx + Јов (cot x) dx. 
i 
= fL (log tan x + log cot x )dx 


ма 
=f log (tan x cot x) dx = f"? 
= 20720 > 1-0 


log (1) dx 


Yan x + eos x 


ЕС) 


dx 


E 


(ш) 


log (1 + tan x) dx Al) 


ма 
2 


(i) Let T= f. 
= ("^ log [1 + tan (7/4 – x)] de. 

ыг wa log [1 + tan 1/4 – tan x 
1+ tan (л/4) lan х 


1+ шах +1- шах 
log | |а 
1+ tan x 


ма 2 
- log | ——— | ф 
d “(сш 2) 4 


= [/ tog) de - [ 7" log t+ tan x) de 
= 1=(од2)(х)%*-1 [using Eq. (01 


т л 
212 21062 ГЕ 
та 62 = Гас? 


т/2 sin х—созх 
iv) Let А: 
(оде р 1 + sin x cos x „о 
„за (1-х )-‹=[®-») 
Then, 1-|7 жк. = же Жыш! S Аш 
ЕНЕГЕ 
2 2 
ма сов х 
E jajn me, Ai 
ЈЕ 1+ cos х-біл x 4) 
Adding Eqs. (i) and (ii), we get 
Ін созх-ытх gy _, 


1+sin x cos x 


2140 = 1=0 


l Example 19 Тһе value off. log (cot a+ tan x) dx, 


where ае (0, л /2) is equal to 
(a) alog (sina) (b) -alog (sina) 
c) - elog (cosa) (d) None of these. 


Sol. Let I ЫМ log (cot a + tan x) dx 


a sin х 
ГЕНЕ 
„ sina сох 


ЕЕЕ 


sin а сов x 
=f log [cos (a - х)] dx – | log (sin a) dx 
- | log (cos x) dx 


= ff legcos(x)dx - f/'logísina)dx = ("log (cos x) dx 
[using JG de [еа – x) de to fist integral} 


= - log (sin a) || dx = ~ a log (sin a) 


Hence, (b) is the correct answer. 
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Property IV. [^ f(x) dx = f(a b - x) dx 
: (King's property) 
Proof Put x=a+b-t dx 2- dt 


Also, when x =a, then =, and when x =b 

EM fx) dx = [^ f(a b - та) == (^ f(a«b- 04d 
-| fa b - 0 dt- (^ flarb—x)dx 

^ [^ fen dx | Лар x) de 


Geometrically" f(x)dx = Г f(a b - x) dx 


у 


As the variable x varies from a to b, the variable a b — x 
varies from b to a. Thus, whether we use x ora +b — x, 
the entire interval [a, b] is covered in both the cases and 
the areas will be the same, 


The graph of f(a +b — x) can be obtained from the graph 
of f(x) by first flipping the graph of f(x) along the y-axis 
and then shifting it (a + 5) units towards the right; the 
areas described by f(x) and f(a +b – x) in the interval 
[a, bJare precisely the same. 


dx 
1 Example 20 Evaluate [v ei 
Цагт 


Sol Let 1 = |"? ТЕГТІ: =f" тш; -@ 
Шей, Je 5 [cos (1/2 = х) 
eos (72у + Jin (x72 — x) 
(sat b=n/2) 
э ref” МАЕ Я (di) 


sin x + үсов x 


92 
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Adding Eqs. (i) and (ii), we get 


1 Example 21 Prove that 
Их) 


Мә» Ка+ь- сын 
Sol. Let tal ---А 2 40 
Тода Дал b — x) 
then, 1= |" ———deb-:) o 
a f(a*b-x)* flat b-(a+b—x) 
э raf? __Ла+р=2) 


k Та+ь-х+/ “ш 


Adding Eqs. (i) and (ii), we get 
ar - (* (56-25 fla) 
a f(acb-x)* f(x) 


> are [афа => 1-24 


l Example 22 solve 
па t 


ШЕЙ 


ҮН dz й 
Vflcos 2t-z)+ Sf) 


Ға) dz 


40 
| (сов 21 — z) + 4 f(z) 


Sol, We have, r= [72 
[f(cos 2t — 2) dz К 


Те Í БЭЛ 
Skoti s dfioszt- =) + 4f) 
[ses кәж-Г лезь) 
‘Adding Eqs. (i) and (i), we get 
De [3^ шесі = ' 
пиг 
2 2 
уе =F + int 
2 2 2% 
Directions (Ex 23-25) Let the function f satisfies 
f(x (=x) = Қех) (x) for all x and ко) = 3. 


| Example 23 The value of f(x)- f(-x) for all x is 
(a4 (b) 9 

(012 (916 

Sol. Given, f(x): 77-х) = з го) 


Integrating both sides, we get 


In f(x) = -f(-x)*C 
nifa) С=С 
Год f= c 
But РО) 
= F=C с=з 
Fla) flex) = 
Aliter. f(x) f'()- f(-x) f(z) =0 
= ЛЫНДЫ) 


Integrating both sides, we get f(x): f(-x) = Constant 
Hence, (b) is the correct answer. 


1 Example 24 Ё has the value equal to 


573+ Та ) 
(а) 17 (b) 34 
(c) 102 (до 
cde то dr 
Sol vei [e seges 


ЁС боа EC +b- 2 
СОЕ 
“эв f(x) B fox) 
-Ё 6+ f(x) + f(x) д 
я 9 3Lf G0 + К-х)]+ f(x): Р(х) 


Би 6% f(x) f(-x) 
7118 3[f(x) + f(-x)] 


1 zip E 
sı 
> l= зі; =17 
3 
Hence, (a) is the correct answer. 


1 Example 25 Number of roots of f(x) - 0 in [2,2] is 


(30 (5)1 
(92 (ф4 
Sol. Let x = @ be the root of f(x) = 0. 
Ла 
F(x): сх) = 
Put x = a, then. 0-9 (impossible) 


Therefore, f(x) has no root but f(0) = 3. 
2 f(x) 20V x € Ras f is continuous possible function 
f(x) =3e™, 


Hence, (a) is the correct answer. 
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Exercise for Session 2 


1. The value ы 109 (1 + tan 0) 005 equal to 


(a) = log 2 (b)- 5 tog 2 (95 log2 (d) None of these 
4 

2. Рог any integer n, ће value off. ө? * . cos? (2n + 1) x dx is equal to 

(а)о 1 (9-1 (d) None of these 
3. The value of ^ УС t 

Ї Жат dx is equal to 

(a) 1/2 (b) 1/3 (c) 1/4 (d) None of these 

4. Thevalueot(^ ________5х_________ is equal to 
0 (17x 8x -4x?) e 710.) Б 
1 2-421 1 24421 
(a) – г IL (b) — k 
@ 8% e аул °°| 7-2 
1 24421 
5 р ~ (d) None of th 

(с) sin" log "Ti | (d) None of these 

5. Iff is an odd function, then the value of [^ — — 83) — ох is equal to 
l-a f(cos x) + Цзи? х) 
(а)0 (b) (cos x) + f (sin x) (01 (d) None of these 
2) ах 
6. \г[х]зїапа for the greatest integar function, then |" B Ја _ 
м » Ы ел | [х7 —28х + 196] [7]. 

(а)1 (92 (03 (9)4 

7. The value of ——9_——(0<а<т)в 
071+ cos a-sin о 
(а) —— (b) — © (a) Sine 
sina sina sina а 


8. 107, g,h be continuous functions on (0, a] such that а - x) = f(x), g(a - x) = -g(x) and 3h(x) =5 + 4h(a - x), 
then the value of fife g(x)-h(xyx is 
(а)0 (b) 1 (c)a (d) 2a 
9. ноҚх)-Қ-х)- ЁС (« 2 then the value of ју Қау is 
(а)0 (Ме (с) Ve (d)e+ 1/е 
10. Prove that fXf(sinx ах E Јата. 
„хз 2x-sin (хә) ах 
11. Evaluate а ^ 
12. Number of positive continuous function f(x) defined on |0, 1]for which [их yx = fixr yix =2and f Қодас 24. 


13. Leti, = | ах andi, = је ах Then А is equal to 
шин оо а) h 
(3 СЕ (9% а 
e e 3e 


NT ЭРЭН ы. 
у Ag ха, then the value of 2 is 


Џ 
(a)1 (b) -3 є)-1 (92 


14. 


x-g(x(1- х)}ах and I = 


ЦЭ À 


Session 3 


Applications of Piecewise Function Property 


Applications of Piecewise 
Function Property 
Property V (а). [> f(x) d = (* flx)dx+ MISES 


where c <> R 
Proof Let ф(х) be primitive of f(x), then 


| fen dx e) - Фа) 49 
and | fGode f? Лод - 9) – а +146) - Ke] 


= 6) – Фа) ii) 
From Eqs. (i) and (ii), we дес 
Ji год dee ло) de e ж 


Generalisation Property V(a) can be generalised into the 
following form 


Ї Док = [? f(x)dx + [ fix) dx tot [ferae 


where, тэглэ 


Property У (Б). 
Глә«-| fede ЗГ fla-x) de 
Proof As we know, 
Jf Fl dx [7^ fe) de |, Год а 


Put x =а –1 => dx =- dt in the second integral also, 
when x 22/2, then t =а/2 and when x = a, then t =0. 


[лда [^ јода + „Та - nc dn 
= [7 fedes |” да-да 
Ї fix) dx = fE? көже” fla-x) dx 


Property У (с). 
0, if f(a + x)=- f(b- x) 


b at 
Is f(x) dx = Зил f(x) dx, if f(a +x) = f(b – x) 


Proof Let us consider the function f(x) on (а, b] when 
а + x) = f(b- x), then f is even symmetric about the 


mid-point x atten the interval [a, b] when 


fla+x) =~ f(b – x), then f is odd symmetric about the 


2 * of the interval а, b] 


mid-point x = 
Р 2 


БЕНЕН 0, iff is an odd function 
ENS = 
sing f^, f(x) de | 2f(x)dx, if f is ап even function 


0 iff(atx)--f(b-x) 


"f(x)iem] „att 
= [ле а|а f(x) dx, if f(a ^ x) = f(b- x) 


x? forO<x<1 
1 Example 26 Given function, f(x) = 


5 Ух, огт х <2 
Evaluate Ї f(x) dx. 


Sol. Here, f° f(x)dx =f} fede f? fend 


f; feo deo fè x? des f? Je de 
ЕН {| 
3 lo 3/2 7 


ЇЇ 


1 Example 27 Evaluate the integral |= |: |1- x| dx. 
if a<b 
, if a>b 


fissis (-х)0<х<1 
(х-1)15х52 


Sol. By definition, «ы 


Тћеп, 
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\ 
a МАНЕУ fe des f? Ge ds 1 Example 30. Evaluate f Ix] dx, where [x] denotes 


the fractional part of x, 
Sol. f? ix dvs E (xe d = (^ xde- [tele 


БЕ Senna 


фи] -1а-ө-( ode f 1de) 


=2-(x}=2-(1)=1 


| Example 28 Evaluate 
x пина Remark 
0) |; |созх| W ју |х 42x зах In above example, for greatest integer less than or equal to х, it is 
à йы compulsory to break It at integral limits. 
Sol. (i) f" | cos x] de = cos x | de + f" | соз x | dx 
| г үн) "А мин ТЕхатріе 31 Evaluate |; {Vx} dx, where {x} denotes 
= [PP ede - MCI the fractional part of x. 
- из _ П 
[sin x] УЗ — [sin x] Tj. Sol. |, x) de af (E-i) 
=(1-0)-(0-1)=2 5 А 
=? yae- ыға 


(ii) [^ |x? жах зра 
=f |x? жах j? [xt +2х-3|4х (i) 


We have, x! +2х 238 (x +3)(х-1) -101-1 Ма 


= EO) f? Мах 


х+2х-3>0 (ог х<-3 ог хэ! , 
As || 4 зэ0 х 9 and 05 Vx <3 


andx!42x-3«0 for -3«x«1 
Thus, it should be divided into three parts 


So, |x? +2х -3| 
FECI о sis x 5225 Ух «3 
“| үд +2x-3), for -3<х<1 ie 1-20)-| Мек 
~ Eq. (i) becomes 1 ‘ E 
=18- |f! Weld ёс 
еј овна ЭЭР Ш белег “аас, Welds] 
: em 2 (оваа за) 
БЭР 53 1 Л 
[5 -a ] Ч еэ => 
3 d 3 " -u-(o +091508) =1в-в+0=5 
=4 
1 Example 29 evaluate |! (x - D) de, where L] 1 Example 32 if for a real number y, Ly] is the 
E greatest integer less than or equal to y, then find the 
denotes the greatest integral part of x. ! value of the integral р [2sin x] dx. 
1 1 1 
Soh Let тә f'(x- [xD dx = f’, хак, [х1фх Sol We know, -1Ssin x <1а5 хє[л/2,3л/2] 
а : > - 25290 x 52 
48) - (Г. (јак + |, ы) ^. 2sin x must be divided (or broken) at х = 5л /6 t 77/6 
түр As2sin x = + 1,0, – 1 at these points. 
1 " р А 
-18-0-(Ц, wide +, ош) АШ" asin x]de- f" [asin хак + [7 [2sin x]dx 
=04(x)!,-0=1 ЭМ [2sin x]dx+ [ [2sin x] dx 
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тм 


ides [7 odes Д (dc даж 


1 Example 55 The value of f^" Пал“! х] dis equal 


Пап“ 
to (where ГЛ denotes the greatest integer function) 


(a) tan1- 100 (b) x /2-tan1 
(c) 100 - tan1 (d) None of these 
Sol. Let 1 = [ раа” x] de 


where [tan^* 


x] is shown as 


— № 


of” tan 


x] dx is shown as 


ој tant 100 


= 1x (100 — tan 1) 
Hence, (c) is the correct answer. 
І Ехатрје 34 The value of 
Г, min (x – Ex], - x — [- xJ] dx is equal to (where [.] 
denotes the greatest integer function) 
(а) 1/2 (01 
(с) 3/2 (92 
Sol. Let f(x)= min (x – [x]. - x - [- х) = min (x). (-x]) 
Graphically, {x} and |-х) could be plotted as; 


2 1 1 1 
[ёа Го) ах жікті 
Hence, (b) is the correct answer. 


1 Example 35 The value of f? (x07) 40x27" ) dx is 
equal to where Г.1 denotes the greatest integer function 


(a= 344807 - Нам 39- -355) 

малый ИУ Би ae 3%) 
5 5. 

өр. gi? zy. ae 28 


(d) None of Эд above 
Sol. Let ёр (l уак 


ж 45 
= өөө | г +ађас+ [к бо +з) 


Sea, 


5 Z a 
eS ey С ИИ аб 
4 371445295 ыш 


Hence, (b) is the correct answer. 


1 Example 36 The value of [ tsin x|+|cos x|]dx is 


equal to 
85 бл 


© = (42 


Sol. Let f(x)=[|sin х | + | сов х |] 


Аз, |sin x|2sin? x and| cos x| > cos? x 
Isin x || cos x] = 1 
and [sin x|*|cos x | < yi? +12 


=  as|sinx|*|cos x| «2 
Thus, (зіп x | +] cos х|]= 

ma. E 

E [|sin x|+|cos x ]dx = |, ldx=2n 
Hence, (d) is the correct answer. 


1Ехатрїе 37 Тһе value of the definite integral 
T sin |2x- о | dx, where се (0, л], is 


(a) (b) cosce (15954 (4)1-соза 
2 2 
Sol. Let T= (^^ аа, where 2x-a =t => «= 
Ej Л 


БЕСТЕН "7 "sintat 
25 


" - 
= сом | -| сон 
2 ba о 


1 
z-[1-coso.]- -[- cosa - 1 
3 ig 1 


1 1 
=50- соза)” 205 сова) =1 
= 141 – cosa) + (1% сова) =1 
2 2 
Hence, (а) is the correct answer. 


1 Example 38 Let f be a continuous functions 
satisfying 


ШЫ | 
апа f(0)=0,then f(x) can be defined as 


1 for 0<х<1 
e*-1 fo хэ! 


1, if xso SM if х<0 
план] и if x20 өм, Е x>0 
x, if х<0 _[ x, if xso 
ол if x»0 wmf if x>0 
2 1, for 0<х51 
и Ыл 
Put Inx=t => ха! 
Forx>1; f’(t)=e' fort»0 


Integrating f(t)=e' +C; f(0)=e°+C => С--1 
(given, /(0) = 0] 
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f(t)=e'-1, fort > 0 (corresponding to x» 1) 
Therefore, f(x)=e*-1, for x>0 E 
Again, for0 < x $1, 

f'ünx)-1 Crad) 
=, for t«0 
fi)-t«c 


810) +С => C=0 = f(t)=t, бог: 50 
=  Лде-хімх<0 
Hence, (d) is the correct answer. 


] Example 39 The integral 
pA (1соѕ |sint+ |sin t |cost) dt has the value 


equal to 
()0 (b) 1/2 
(9i 42 (1 
Sol. Let 


T= (P 2sint. cost dt + [7 „ [(-sint cost) (sint cost)]dt 


P" (Casin t cos t) dt 


7 
= [у sinar ar- P" sinze dt 
m 3 


These two integrals cancels 
= Zero. 


Hence, (а) is the correct answer. 


Т Example 40 The value of | f (x) dx, where 


0, whenx-——, п=1,2, 
nel 


f= is equal to 
1,elsewhere 

(а)1 (b)2 

(Q3 (d) None of these 


Sol. Here, р ов |" 14+ n ide |" 


14+ 


"јула. + [лас 


e =) 
+|--_- мн 
n+l т 


8:663) 

2 3 2 4 3, 

= ——+..+1, азл ә оо 
n+l 


We take, limit n — = 
Wehwe, |’ Дюк = 1+1=2 


Hence, (b) is the correct answer. 
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Exercise for Session 3 


1. The value of Ли {|x -21+ [x]) dx, where [|] denotes the greatest integer function, is equal to 


(а)5 (b)6 (07 (d) None of these. 
2. Thevalue of ји (1x |+ |x – 11) dx is equal to 
(а)9 (М6 (03 (d) None of these 
3. Letf(x)- x - [x] for every real number x (where, [x]is integral part of x). Then, the value otf, f(x) dx is equal 
о 
(ayo (b)1 (92 (d) None of these 
4. The value of f [x + [x + [x]]]dx (where, |) denotes the greatest integer function) is equal to 
(а)2 (өз ()-3 (d) None of these 
5. The value of "2 E dx is equal to (where, || denotes the greatest integer function) 
(а) ыш; ыз a 5 СА ы 5 (d) None of these. 
6. The value of [> (х) dx (where, () denotes fractional part of х) is equal to 
СЕ өз СИ (d) None of these 
7. The value of (^ (xl! dx (where, [. and (1 denote the greatest integer and fractional part of x) is equal to 
ні os 
az ox 


8. The value ог,“ (t + 1? dt (where, [] denotes the greatest integer function of x) is equal to 


2 з 
@ ( он 4) МЭТТ" ы( ыы+ 3 НЭРТ” 
з 
(B ла + 3 + (рд + 92 00 (d) None of these. 
9. The value of | “цаа” xyix (where, [] denotes the greatest integer function of x is equal to 
(a) tant (b) 101 
(c) 10r- tan (d) None of these 
10. \f f(x) = тіп (|х -ЧЫхЫх + 1l, then the value of Г, f(x)dx is equal to 
1 4 
(а) ! (5) 2 
1 
(04 ЫГ 


11. The value of f ге 7“ dx (where, |] denotes the greatest integer function of x)is equal to 


(a)1 (b) 09,2 
(до wi 
ә 


12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
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The value of f sec" х]+ со" x])dx (where, [] denotes the greatest integer function) is equal to 


(а) (sec 1)-- 10x (b) 10— sec 1 

(c) n - sec 1 (d) None of these 

The value of Г. [со хүх (where, [] denotes greatest integer function) is equal to 
(а) л + coti 


(b) n+ cot2 

(с) л + сой» cot2 (d) cot1+ cot2 

The value of (^"(tan"(x (к ч таа” х —[x]))dx (where, [] denotes greatest integer function) is equal to 
1 1 1 1 

а) 1 (b) d 

ЫН oO Omi 9 т 

The value of foe = x + Тих (where, |Д denotes the greatest integer function) is equal to 
5+ 48 ted 145 5-45 

a ра (с) 2 (9) 2 


Evaluate ик, (where, [] denotes the greatest integer function). 


Prove that [ахх = x[x]- abt 4), where [.] denotes the greatest integer function. 


" 
хүх 
(п) = 11:54 (where, [Jand () denotes greatest integer and fractional part of х and n €N). Then, the value 


off(4)is ... 
ШҚа)- роот, where x € (ен, 2m 


G) 


н focii = [Зид x integer (where, Hand 6 denotes the greatest integer and fractional parts respectively, 
А o 
then the value of 4{x} is equal to ... 


of is... 
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kn EN and []denotes the greatest integer function. Then, the value 
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Applications of Even- Odd Property and 
Half the Integral Limit Property 


Applications of Even-Odd 
Property and Half the Integral 
Limit Property 


277 
1 Example 42 Evaluate I х? sin? x dx. 


Sol Let — f(x)- x? sin x, then 
/(- x) - C x яа (7 x) = x° [sin (7 3) 


Property VI. =- x! (- sin х) =- х? sin* x=- f(x) 
Е а 5 А А So, dd function, 
Г feyax= 2 [7 f(x) de, if f(x) is an even function f(x) в an odd func н a 
о, if f(x) is an odd function Hence, — [75 Л) 
Proof Weknow, ie _ (7 xP sint xdeo 


b € b 
Хбох) ах = | Кх)4х+| f(x)dx, ifa <c<b D 
1 I | 1 Example 45 Evaluate [77 sin? x dr. 


а o " ) 
Јода, кәде feas “9 ш f(x) = sin? x, then 
Now, р flx) dx = f(- t) C7 dt), where t=—x f (7 x) = sin? (- x) = [sin (- х)] = (- sin x)? 
53 Ё =sin? x = f(x) 
--| јода = јода So, f(x) is an even function, hence 


š [Л Gin? окна [7 (sin? хуйх 
= [7 f(-x) dx (using properties I and ID -w o 
0 = 1- cos 2x 


А : : B 
3 Jf F=) dx, if fix) is even E m" Эр 
-Г ходах, if f(x) is odd eJ x 
From Eqs. (i) and (ii), we get ~ Го sin? хак x 
а _|2[“ до) dx, f(x)iseven 
ffe 4 | o, if f(x)is odd ! Fa 44 The value etf. Е xi dx is equal to 
41 Evaluate X^ + 5x + sinx)dx. 2 Е 
1 Example fe d 83 t да (ao 


Sol. Let, (х) = x) +5х + sinx Sol. Let Кә- LE =й z) 
х) = =? -5x -sinx =- f(x) А 
So, f(x)is an odd function). Now, f(- x)= LE Pim ) - 2) = : | 
Hence, | 1 (x? +5x +sinx)dx =0 | =: 
=- lo 
[nr уо) = инээ is "e «( 27x 
a 0, f(x) is odd ойшы ХЕ :). — 


ie. f(x) is an odd function, 
so Лођа f^ Е 


[ [Г feos | ар 


Hence, (d) is the correct answer. 


Эс o 


0, if f(x) is odd 
дак, if f(x) is even 


l Example 45 The value of 


xsin ЖЕ сох 
x 4 
b Оха) dx is equal to 


8 т 8 ла 
ЫН ШЕ © Сре 


xsin x) а (5 cos х) 


Sol. Let 1= (^ ————— —— 4. 
“те (х-1) uf 
(a - x)-sinate = ва (Z cost 2) 
Г аНЫ ЛА: И 
1 30 -x)-5 


(л — x)-sin (2x):sin ( Е соз Jj 
тј; > = “= ИО] 
Adding Eqs. (i) and (ii), we get 


(2x — x)sin БЕ 8 


ar = [У | с dx 
9 (2х-т) 
HL Ni: 

~ 1=– [" 2sin x cos х 501 | = cos x | dx 
2% 2 


(put cos x = t, then — sin x dx = dt) 


=- еже 
a 2 
z 
2 


(using by parts) 


в2104-4| —=— | | = 
л 


Hence, (с) is the correct answer. 
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cosx ех? 2xcos!x/2 
l Example 46 ЕДх)=| x^ secx  sinx+x? |, 
1 2 x+ tanx 


then value of [7 (хау ДО» "оду dx is equal to 


(а) 1 (b) -1 (92 (d) None of these 
cosx ех? 2х cos? x/2 
Sol. Аз, f(x)=| x' sex sin x +x? 
1 2 x+tan x 
= fl- x)=- f(x) 
= f(x)is odd. = f'(x)is even. 
= f”(x)is odd. 


Thus, f(x)+ f”(x)is odd function, let 

Фо) = (DAF + f" 060) 
> Ф-х--Ф%а) 
іе.ф(х)із odd. 


(ве ф(х)4с-0 
Hence, (d) is the correct answer. 
1 ‚жш ШЕ 47 The value of 
i 7! (ax fi - x?) dx is equal to 
(9442. — (b)4(/2-1) ()A(J2«1) (d) None of these 


Sol. ын1-Г, Тэх e dien ie 
C4-x 
-ар ете 1-x')dx 


M Год) dx =2 |" одақ = ла] 


Put x =sin 8 => dx = cos @ dà 
шээг 
1-2 


*sin^' (2 зіп Ө cos 0) - cos Ө 49 
"em 
- 5 


sin 9-28 d0 +2 (77 (n 29)sin 8 49 
[singin =, d и 


п- 29, л/4<0 <л/2 
пароле dà +20 | sino а-а | 2 8-зіп0 dd 
нн 
= а (0 (– cos 0) bap (- cos Ө) 48 
ре и азада B-a 
=4(-1) 


Hence, (b) is the correct answer. 
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1 Example / 48 Suppose the function 
gj (X) =x" +a,x+b, (пе №) satisfies the equation 


f. (рх+ q)g, (x)dx = 0 for all linear functions (рх+ 9), 
then 


3 
(ај а, =bn -0 (b) b, =0;а, EL 
(да, -0;b --—— (а, -— b -- 8 
21+3 2-5 2043 


Sol. We have, Г, (рх ваја ха, +В, )4х =0 
Equating the odd component to be zero and integrating, we 
get 
2p 20р 
—= +—* +2b,q = 0 for all p, 
сс МЕ 50 08 B 
E 
2n43 
Hence, (b) is the correct answer. 


Property VII (a). 
Гелда e [fd if Лаа а) = f) | 
v 0, if f(a- x) == f(x) 


Proof We know, 
г fix) dx» [^ уо) а [лов 0 


Therefore, b, =0 and а, == 


Consider the integral г f(x) dx; putting x =2а — 1, so 
that dx = — dt. 


Also, when x = алћеп t = a and when x =2а, then! =0. 


a [7 ров -| /ша-0(-й) --| јба-ђа 
iu /ва-04-Г f(2a — x) dx 


Ё [е if f(a- x)= f(x) И 


- f; fla) de, if /ға-х)- -fe 
From Eqs. (i) and (ii), we have 


2 [^ Лод dx, if Леа - x) = fix) | 


а 
dx = 
лое 0 „if f@a—x)=- f(x) 


я x d 
1 Example 49 Evaluate |; шет” 


P x 
Sol. та Vu 


-Г (л-х)дх T тах ар хф 
0 14co(n-x) ^? Mes ^ 14cosx 
1=п 
9 14cos!x 
жа ^ dx 
n 
4 йт 


0, f(Qa- x)=- f(x) 
» [7 feo ак, fta = x)= Тод 


[у лош 


т? 2х 
> гел ах 


sect x +1 


(dividing numerator and denominator by соз? х) 
гө" 


Put tanx=t=sec? x dx = dt 
aa ais dcr 


ПА ут (эь), 
EXE 


І Example 50 Prove that 


2 
sex yy 
2+ tan? x 


Hence, 


ЈЕ /5 ов (sin x) dx = НЫ log (cos x) dx = — 7 log 2 
Sol. Let 1 “ЇГ log (sin x) dx E] 
Then, 17 [^ logsin (n/2 x) dx 


= (7 tog (cos x) dx.) 

Adding eqs. (i) and (ii), we get 
а= | 
= [/ борча x + log cos x) dx 


ы Е хав ја 


log sin x dx + [№ log cos x dx 


= У leg (sin x cos x) dx = |7 

агч) 

= (^ tog (sin 2x) dx – Јода 
= [I togsin 2х dx – (log 2) (x)? 

ә а= |" tog sin ax) dx ~ Flog E 


vi 
Let ле f" log(sin2x) dx 
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ж -— ЖЕ) 
he Ї Сон а IN sint dt (putting 2x = 1) 


1 we " 
ux log (sin t) dt 


Е" 0, fa = x) == f(x) 
Гер а 1 год, fa- x)= fix), 


= [7 tog in x) ог fix- ЕЗІЛЕ £)--xtog2 


Hence, (a) is the correct answer. 


2. Eq. (ii) becomes 27 = I - 2 Jog 2 
2 


2 
we - 
Hence, ("^ log sin xde=— aga ] Example 52 Ер ==) dx = A, then the value 
В 2 
Remark ЈЕ 2x? со? x/2 is шй 
Students are advised to learn ИТГЭН 
"M мг 
fs log (sinx) dr = [7 log (cosa) dr = 21002. (a) A+2n—n? ()А-2л+л? 
| Р (О 2л-А-л? (d) None of these 
l Example 51 if f(x) = – 1, log (cos t) dt, then (һе зусах КЕТІП 
value "д - (+ 3) ar ZX) is equal to o ожа x! 
а а 2 я x? (2cos? х/2-1) 
= р] в-А=[" Ee ray 
(а) – хіов2 (6) tog 2 (а sin ху 
x сов x 
Хүр = 
(9 5 log (d) None of these | am Tae Urea” 
2 eget log (cos t) dt Using by parts, 


is -— 2 Кај 5 
| log (cos г) dt – [^ itsinx |, ^^ (1+sin x) 


"м log (cos t) dt 


log (cos t) dt ...(i) 


цэн (позе 
їзэх № 


na dalea) A ка| к 


1+sin х 


ous 2 [== fa 0, Југа – x) =~ f(x) 
5 areola 
а ор (cos t) 2 (^^ "ор (cos t) dt ° 2[; уо) а, [@а-х)= f(x), 
т : л 
Putt =% —zin fi RESET 
utt = = zin first integral and t = © + z in second ака | B шар" de 
integral, we get 1+5іл х ы l*cosx 
ENT n E т M 
=-2[, logos (Z – = ја -af 6865 E М } ээл 
o 
--ар” LEE А Kem 
кі? х2 Тын, ымы 
2 |" (log 2) dx -2 р" log(cos2z) dz = сайын 


жа 
=xlog2 -2 | log (соз 22) dz Hence, (a) is the correct answer. 
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І Example 53 The value of 
[ оз x - sin! х2) dx (а> 0) (where, 
LE cos! хх = A) is 


(а)ла-А (b) ла+ 24 
(Әла-2А (d) ха+А 


Sol. tet r= |" (cos^ хяна Ji xë) de (as a>0) 


ОМ (соз^! x - ма“! i = x) dx 


NT Туйе 


cos! x de c A- 2 | sin! yi- x? de 
-- (п- cos! х)дк + A -24 
= ла– [* co xdx- A 
=ma-A-A=na-2A 
Hence, (c) is the correct answer, 
Property VII (b) 
ь 
| ло -=ь-а) | fb - a) x +a} 4х 


Sometimes, it is convenient to change the limits of 
integration into some other limits. For example, suppose 
we have to add two definite integrals 1, and I,; the limits 
of integration of these integrals are different. if we could 
somehow change the limits of 1, into those of I, or 
vice-versa, or infact change the limits of both J, and 1, 
into a third (common) set of limits, the addition could be 
accomplished easily. 


Suppose that I = [ f(x) dx. We need to change the limits 


(a to D) to (а^ to Б). As x varies from a to b, we need a new 
variable t (in terms of x) which varies from a’ to b’, 


As x varies from а to b, t varies from a to b, t varies from a’ 
tob’. 


Thus, 


As described in the figure above, the new variable t is 


given by, 
(5 =a Je-» 


b'-a' 


b-a 


= 1- Дауа 


t Gp] 


The modified integral has the limits (a’ to Б). A particular 
case of this property 15 modifying the arbitrary integration 
limits (а to Б) to (0 to 1) i.e. a’ =0 and b’ = 1. For this case, 


17 ло) = 0-а) | fta +(b а) dt 


| Example 54 Evaluate 


— "EC 

І е + deesf e У ж. 

I-a 13 

Sol. Here, we know fe"? dx cannot be evaluated by indefinite 
integral. 
Let I, = 


=s wei ЭЭЛ 
АССР мен de 


ha- |е ax Ai) 


Again, let 1, M gro cinta 
у 


al Ж 
335 


-lpre-wQQ2.1 
Ге "асе (1) NI 


(3 


shes ot ea ЕР нд 
3 


- У 
ЈЕ "I deesp БЭЭР” 
из 


Property УП (c) If f(t) is an odd function, then 
Xx) = ( f(t) dt is an even function. 


Proof We have, Q(- x)= [7* f(t) dt 


> «-х=[7* roa У roa 
“о <) =0+ | 7 Дй 


= 


Б f) is an odd function, then [foa 


= 0 o(-x)=-[" fy) dy, wheret--y 


ә ж-д-Г foy 


[> f is an odd function, then (-у)-- /(у)] 


= «-ә-Г f(t) dt 
> %-х)-Фх) 
Hence, ф(х) = Ї = f(t) dt is an even function, if f(t) is odd. 


1 Example 55 if f(x) [ log (e then discuss 


whether even or odd? 


Sol. Let хо 1t) 


1681 12551. 
иом). ve ui) 90) 
= 4-0 - (0), ie. 6(¢) is odd function. 
Фед = f о (=) dt is an even function. 
Property VII (4) ЈЕ f(t) is an even function, then 
обе) = [7 f(t) dt is an ода function. 


Proof We have, ф(— x) zn ҢӘй- -p f(-) dy. 


where t =~ y 
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= o(-x)=-[" То) dy 

[7 f is even function => f(- у) = f(y)] 
| лов 

> %-х--Фо) 


Hence, ф(х) is an odd function. 


> %-х 


Remark 
I1 /(D is an even function, then for non zero'4, [^ (10 dt is not 


necessarily an odd function, It will be an odd function, if 
ff ftt dt =0, because, it x) = f° КО dt, itis an odd function 


- s(-x)-- eto 

> [, юа--| (Өй 

=> [да+ [7 rode | ec - (7 rat 

= fe tet - (7 кода == dt- |; көш 
(where, у--- in second integral оҒ1Н5-ә/(- у) = /()] 

> г| нов-| куар] rat 

E г| (0-0 

- -| па =0 = [^ 04 =0 

or Фед = f; fti dt is an odd function, [when f(t)is even 


Only, if Js ftat «0 
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Exercise for Session 4 


1. саг: S Rand g:R ->R be continous functions, then the value of Ја, (f(x) + (= ХИ) - g(-xold ls 


equal to 
@)-1 мо СЕ (d) None of these 
2. The value of f ' (хффакіз equal to 
@)1 СА (до (d) None of these 
1 (x? + sinx 
3. The value off ЕСЕ dx is equal to 
()2-л (2-2 (02 (d) None of these 
4. Itf(x)is an odd function, then the value of f". — — SIX — — ак is equal to 
-a f(cosx) + f(sin^x) 
(а)0 (5)! (cosx) + (эх) (01 (d) None of these 
КЕ ow (25) + tan {2 је 
5. The value of [и Sse is equal to 
z b) $ = (a) _® 
(а) 2 ( 78 (o 25 K 0578 
2 
6. The value of (^. 58-5, where a > 08 
ETT [IITJEE 2001] 
(am (Бал (сэл өз 
А үз 1+х 
7. The integral i ім +109, (==) је is equal to (where, |) denotes greatest integer function) 
1 1 
21 (b) 0 (91 6) 2100 (1 
(9-5 [2] (9 од 3 
8. тэл 
. The value of f^... = eq 
b)1 = ын 
(а)0 (b) 95 9-2 
9. и (]denctes greatest integer function, then the value of | "°, Е " је в 
(т (5 (до 9-х 
pet Г b sinx 
10. The equation І р” | sinx |+ roit 4 dx =0, where а, b, с are constants gives a relation between 
(в) а, band c (b) a and c (c) aandb (d)band c 
г? 
11. The value off’, SiN’ Х dx, where [] denotes greatest integer function, is 
л) 2 
СЫ шо (c)4 - sing (d) None of these 


12. Letf(x)be a continuous function such лай”! f(x)dx =n°,n € Z. Then, the value of f°, f(x)dx is 
m -3 
(а)9 (9-27 (9-9 (027 


х 


3. 29 * Mana ИГҮ, 
13. Let f(x) vam, x 5 


(а) 0 (0)« 
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+1, _ dos 
y= 14% = а. Then, fa 13 f(t) dt is equal to 


(0)2а. (d) None of these 


14. Letf :R +R be a continuous function given by f(x + y) f(x) + f(y) for all x, y ER. irf? f(x)dx = a,then 


| foo ax Is equal to 
(a) 20 (ба 
15. The valuo of (^, [хах is equal to 
(4 (02 
* Directions (Q. Nos. 16 to 17) 


ШЕНІНЕ! 
Let f(x) ШЫ 


16. The graph for g(x)is given by 


(c)0 (d) None of these 


(93 (94 


and g(x) = f(x + 1) + f(x -1)for all x e В. 


Y 

n 
а) + 
ш 4 2100) * 8 х 


17. The value of (^. әді 
(а)2 (b)3 


= Direction (Q. Nos. 18 to 20) 


ж sinx 


та 99 708 


18. The value of 1, , 2-1, is equal to 
(a)nn (b) x 


n 
19. The value of Y, lzm, 1is equal to 
те 


(а)0 
(c) 10r 
10 
20. The value of У, 1;, is equal to 
met 
(a)o 
(c) 10r 


(94 (95 
(с) -л (901 
(b) Sn 

(d) None of these 

(b) 5x 


(d) None of these 
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Applications of Periodic Functions and 
Newton- Leibnitz's Formula 


Applications of Periodic Functions 
and Newton-Leibnitz's Formula 
If f(x) is a periodic function with period T, then the area 


under f(x) for n periods would be n times the area under 
f(x) for one period, i.e. 


[л=п f әде 


Now, consider the periodic function f(x) =зїп x аз ап 
example. The period of sin x is 27. 


х 


Figure 26 


л, " 
Suppose we intend to calculate ("^ sin x dx as depicted 


above. Notice that the darkly shaded area in the interval 
[2л, а +27) сап precisely cover the area marked as 


Thus, [77 sin x dx = (7 sin x dx 
This will hold true for every periodic function, i.e. 
z т 
JET fx) dx = |; лд 


(where T is the period of f(x) 
This also implies that 


J£ ron de= гов fe d 


жа (17 feo de = fi fx) dx 


аа (дув өвөө Лод ds 


ал 
| Example 56 Evaluate р [соз х | dx. 
Sol. Note that | cos x | is a periodic with period л. 


Let 124 | |cos x|de 
[sng property, f; Јода ју ләм) 


AU cos x dx - J cos x dx } 


deo 4 NET ides 


1 Example 57 Prove that | 7 е*- dx =25(е—1) 


Sol. Since, x — [x] is a periodic function with period one. 
Therefore, е" ^I! has period one 


те | ect de ай | Л ёс 
[using property, [У fra =n? fea 


=25 J e^ * de =25(e")} =25(e' - e°) 
=25(е - 1) 


І Example 58 The value of ІШ [sin х--сов x] dx is 
equal to 
(а) - пт (b) m (c) - 2m (d) None of these 
(where [.] denotes the greatest integer function) 
Sol. Let 1 = |" [sin x + cos x]dx 
We know, sin x + cos x = ван жез) EJ 


1 0<х<л/2 

0, л/2<х53л/4 

-ь 3л/4<х<л 

sin x + cos x = 

-2 л<х<3л/2 

-1, 3л/2<х<7л/4 
0, 7л/4<х<2л 


ма зма 


^ Деев х"еов жјак= [^^ q ax + f. 


ан 


(0) dx 


Чен canes (7 


СИЗ 


Since, sin x + cos x has the period 2m. 


(adr + [7 (04 


за а 
So, 1-| [sin x + cos x] dx =n [/ [sin x + cos х] dx 
--m 


Hence, (a) is the correct answer. 


1 Example 59 The value of Г, f(x) dx; where 


f(x) = minimum ({x +1}, (x — 1), V x €R and 1.) denotes 
fractional part of x, is equal to 
(а) з (b)4 (95 
Sol. We know, {x + 1) = (x - 1) = {x} 
Thus, f(x) = minimum (х + 1), (x – 1) = {x} 


= (ләж-||әж-6-(-9) бе 


(d)6 


[as {x}is periodic with period '1'] 
= vf (x- [xD dx ој, хах 
" 


à 
-“(4| -5 
2 

1 


Hence, (c) is the correct answer. 


1 Example 60 show |” +Y sin x|dx = (27+) - cos V, 


where n is a positive integer and 0 SV «л. 
ШТ JEE 1994, 2004] 


за, (777 |sin x|de=f" |sinx|de+ |” [sin dx 
! ђ 2 


= sin x den [ [sin x| dx 


ЁС property, ["" fode = п] ада ће. 
p [sin x|dx = п], [sin 22 


E 
(m) +n f; sin x dx 
2 


=i cos v ува eosa) 
o 


=- (cos V)+1+n(1+1)= Qn + 1)- cos V 
АТ Мал x de = (2n + 1) = cos V, where n is a positive 
А 


integer and0 < V < т. 
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1 Example 61 The value of [* сој“! (tan x) dx is 


equal to 
m 7л? 
“> и 
(95 я 
2 


Sol. Let = соё (tan х) dx 


зээ eoi ( cot ( Z-a ) Jax NI 
| лове гоз | 


x ,0<x<n/2 


= = 
As we know, cot”! (cot x) эй, EELER 


Hence, (b) is the correct answer. 


1 Example 62 Let g (x) Бе a continuous and 
differentiable function such that 


ЇЕ [ [Z^ окпан | ауф = then g) =0 


when x € (0,2) has (where, ГЛ denotes the greatest inte- 
ger function) 

(a) exactly one real root (b) atleast опе real root 

(c) no real root (d) None of these 

Sol. А5,1<2х7-3<2, V хе (v2, 5/2) 


= р (2x* -3]dx >0, Y хе(0,2) 


= g(x) = 0 should have atleast one root in (0, 2). 
Ee a(x) #0] 
Hence, (b) is the correct answer. 


1 Example 63 The value of x satisfying 

[iem i | de f°" скалата equal to 
(where, [.] and {.} denotes the greatest integer and 
fractional part of x) 

(а) [= 14, -13) 

(0) (~ 15, - 14] 


(b) (0,1) 
(d) None of these. 
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Sol, Given, | 889 { z је = [9 [x + 14] dx. 


2 


3 
E pee Ge (14 + [xD dx 


s 
> «pec коры 
using ("7 О de =n f] f(x)dx and | 


| Fe de = (T fo dx; where T is period of F(x) 


5 Р [ze [Ева 


= мейе + [x) {x} 
> (14+ [xD( - (3) =0 
E [x] --14 
= хе(-14,-13) 
Hence, (а) is the correct answer, 

Property IX. Leibnitz's Rule for the Differentiation 

under the Integral Sign 

(i) If the functions ф(х) and w(x) are defined on [a, b] 

and are differentiable at a point x € (a, b) and f(x, t) 
is continuous, then 


d w(x) 
zl ы /®9 а | 
2 
= МЕЛ + 4 езе 
о) Ox" dx "m 
f pus 
dx 


Gi) If the functions ф(х) and y (x) are defined on [a, b] 
and differentiable at a point x € (a, b) and f(t) is 
continuous on [6 (а), 6(5)], then 


d (ро) ИГУ 
Ж MEE ) -4 жей, ГО) 
-E fos) 1909) 


1 Example 64 Find the derivative of the following with 
respect to x. 


2 
( [у costat (i) | cost?dt 
Sol. (i) Let лә-Г cos t dt 
х дар өм £e]- coso:f £0 = eos x 
using Leibnitiz's rule, 4. 
dx. 


(1 rax = enfe) ton fen] 


> ESIN cost а) = cos x 
Gi) Let f(x) =f cos Pde 


а у= costs" 4Е БЕДЕ 
=2x-cos x* 
2 LÈ [7 совдуа |=2x cos хі 
z| h 
1 Example 65 Evaluate 2 cos t? а) ; 
Sol. Let ло cos t? dt 
d 
s genes la [om] eos (2) (50) 
ЕЕЕ 
24x ж rZ 
а (рт 1 1 1 
- 2119 cos t? dt ue) 
1 
I Example 66 21155 ар sin? в) о 


„о Фу 
find de 


а -i E 
Sol We көм р жинг га) 


= су {ко = ШЕ уяман ог) 


-y d 
= ey Se teesin? x? =0 ә 4 


1 Example 67 Find the points of maxima/minima of 


я -5+4 
рта 
2+е 
ЕРЕ 
Sol. Let Л) = f. ESSI y 
ate! 


From the wavy curve, it is clear that / (х) changes its 
sign at x = +2 #1 0 and hence the points of maxima are 
— 1,1 (as sign changes from + ve to - ve) and of the 
minima are -2, 0, 2 (as sign changes from — ve to + ve). 


: 
1 Example 68 Find al (Б 874). 


logt 
а( рё 1 1 d 104 
Sol. dt |= 4 бұ, = 2. 
ifr Togt ) wis a” ы ae 
` 3x? > 2x 
3lgx 2logx 


d a* | 1 
РК log: 4) log gna) 
1 Example 69 if y = [* f(t)sin {K(x —t)} at, then 
2 
prove that шу, к?у=к[\х). 
dk 


Sol. We have, у = | f(t)sin (К(х-1) dt 
Differentiating w.r.t. x, we get. 

чу, 

ах 


x {f(t)sin K(x — t)} dt + £o 
Af sim K (x= хую Kx = 0) 
= к f(t) соз Kx - )dt 0-0 
=> £ -к| F(t) cos K(x - t) dt 
Again, етар both the sides w.r.t. x, we get 
5. «| ЕН cos K(x – t)) dt 
porem K(x-x) e) — (f (6)cos K(x ERI 
= к[- K [," Лоза К(х-)й + f(x)-0 ] 


=-к' p f(t)sin K(x — t) dt + K f(x) 


А 
= = кун ifo) э Еж кун Kp) 
l Example 70 if | Ма - пега [У costdt- o, 


d 
then evaluate 27. 
dx 


Sol. Differentiating w.r.t. x, we have 


(1, sint ajig (cos t) dt = 
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d 4 
= Вэ rE- 3 – sin? EG Jem: z 


4 
= соз (0) (0)=0 
соз (0) 7 0) 
= әке + сову -0 
dy 4З-яа x 
= ша 


ж созу 


| Бара 71 Let 4 ra= ы 


f 2e*^ 
h 


е а. If 


жен. F(K) – F(1), then the possible value of 


Kis 
(a) 10 (b) 14 (9 16 (9) 18 
Sol. We h 4 (а) 6" 
|. We have, ЭЕ ET 
E eo a F(x) 249 
х 
Now, [* деңг a.p штэ pe 
(sx? =) 
= [ҺИ] = Рав)- F0) 
= К=16 


Hence, (е) is the correct answer. 
1 Example 72 Тһе function 

rof log) sine) (snes 3) dt, where x € (0,2л), then 

f(x) strictly increases in the interval 
a(z.) (55,2 ) 

zm 5л 7л 
d 

e(23) н.) 
Sol. Here, f “(x)= log aa xi (= х+ B >0 


= за х +] <1 and CD 


= Тағы 
> -1/2«sinx «1/2 
7 
«(БОХ авхе(о2л) 
6 6 


Hence, (d) is the correct answer. 


1 
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1 Example 73 Let /:(0, =) в and Р(х) = [^ t fit)dt. 
IF F(x?)=x* + x?, then i fir?) is equal to 
r= 
(b) 219 
Fx?) 


Differentiating want, x, we get 
x? f(x?) 2x = Ax) +5x4 


(а) 216 
Sol. Here, 


(9221 (d) 223 
ЈАР ~ ју" та 


> flxt)=a4 5x = ређ=г+ 5» 
2 2 
È smt бацане 
^M 


= у пп нэ 


ға 


п (ба +13) 
4 


Hence, (b) is the correct answer. 


І Example 74 A function f(x) satisfies 
Тод e sinx-- | f^ (t) 2sint-sin* 00, then F(x) is 


x sinx 1-cosx tanx 
а) = (c 
l-sinx 1-5іпх cosx l-sinx 
Sol. Differentiating both the sides w.r.t. x, we get 
f'(x) = cos x + f '(x)2sin x -sin? х) 


=> (1 sin! x -2sin x) f'(x) = cosx 


wan _____со6х 
EN дш 14507 х-24ах (1-зіпх)? 
Integrating, we get. f(x) = | 

(isin) 


Puti-sinx=t,  f(x)=-] 
Also, f(0)=0,hence C=-1 
P l-14sinx — sinx 


1-sinx | l-sinx 


1-біпх 
Hence, (b) is the correct answer. 


1 Example 75 1f F(x)= f" f(tdt, where 


Ми“ 


7 15 15/17 

= b 4257 9) 2 

(а) Е ( т [2] (9 68 

Sol. Here, /'()= ШЕ и 0 
Now, Қа) = | ЛО => Р) = fx) 


du, then the value of F"(2) equals to 


Р(х) = ГО) => Е"@=/'@ 
From Eq. (i), f"(2) = V256+1 = 257 


Hence, (c) is the correct answer. 


Property X. Let a function f(x, 0) be continuous for 
а <х &bandc a «d, then for any ae [cd], 

b ақа) ^ да) 
if a) = [ fle.) dx, then — = =f, x 4 


о. 
1x5-1 

1 Example 76 Evaluate i(b) = [, Л, 06920. 

И. We have, 1(6) = f/ Ei iy 

Sol. We have, I( “ш 


ь 
2 (= z Jaco 


d ра 
= gh al х 


_ EIN озү 
"K^ = иту) 
1 1 


=— 1–0]=—— 


+1 [ESI 
1 


4 = —— 
ара 


Integrating both the sides w.r.t. b, we get 
ЦБ) = log (b +1)+ C i) 


" 
= | 1 


ах 


Given, 


In x 


as 10) =0 
Also, from Eq. (), 10) 
EB 1(0) = 
From Eqs. (ii) and (ii), 
= 1(b) = log (b +1) 

І Example 77 Prove that 

[^ dx _ п (а? +b?) 

9  (a'si?x-b?cos?x? 4a b> 


Sol. Let їе 14% 
Ч asin? x +B? cos! x 


(when b = 0) ..(ii) 


(ii) 


Then, r= | ма sex г 2 


a tan? x +0? 
(where, t = tan x) 


Differentiating both the sides w.r.t. ‘а’, we get 
| из. —2азїп* x 
1 


ee ee - 1. 
(а? sin? x + b? cos? x)? га! 


мг sin? x л 
E ы ас а ЭЭ occ diet. í 
$ (a sin? х В cos x) dab ш 
Similarly, by differentiating Eq. (i) w.r.t. ‘Ы, we get 
LZ cos! x T 
ттік дл - 
р (а? sin? x + b? cos? х)? зай! Баг 


Adding Eqs. (ii) and (iii), we get 
ЇР (sin? x + cos? x)dx п т 
1 онај“ 


(а? sin? х +b? cos? x)? аав даб 


p dx БЕЛІ 
^ (а sin? х4 соз? x)  4a'b^ 


] Example 78 The value of 


Ге log (1+ xsin* 8) буух 0s equal to 


5 sin^8 
(an(/Tex-3 (bn Tex -2 
(Qn iex - 3 (d) None of these 
Sol. Given, f(x) -Г 7 BEES D 
in 


Аз above integral is function of x. Thus, differentiating both 
the sides w.r.t. ‘x’, we get 
2 


yoy pM? а ө 2 
Гед], 14 xsin? jog nn » 
(using Newton-Leibnitz's formula) 
ој“ de v. cosec Ө dé 
o pexsim'0 № cot O +(1+x) 


эз 
( 1 dini ee] EE: 
nr Lex 203х 
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(4) e 
ШЕ] 2 


hx 


> Хо) = пух +С 
where, f(0)=0 = С=-т 
=> јрдепуех-пеп(јх-1) 


Hence, (a) is the correct answer. 


1 Example 79 Let f(x) be a continuous functions for 


1 
01777 2sec^t dt and 
all x, such that. (f(x))? = [ЛО атан 
о) = 0, then 
x 5 лт R A 
ШЕБІ БЫ; 
Өш (d) None of these 
" 
Sol. Here, 2215 ғау. 256 t 
ol. неге, (FOW = [7 f) de, 
On differentiating both the sides w.r.t. x, we get 
^ 2 sec? x 
а T 
4+ tan x 
= ЕР, sec? x 
4+tan x 


Integrating both the sides, we get 


2 
го)=] тадвин tam x) +С 


f(x) = log (4 + tan x) – log (4) 
> 5) vat + n- ву 


Hence, (a) is the correct answer. 
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Exercise for Session 5 


1. The value of І й sgn(x —[x]}dx is equal to (where, || denotes the greatest integer function) 
(а)9 (b) 10 (с) 11 (9) 12 
2. Тһе value of E (x —[x]}dx (where, | denotes the greatest integer function) 
(а) [х] (b) b (с) хх] (d) None of these. 
3. The value of (^7 [sin x +соз хја is equal to 


(a) Van (ул [5] эл" (d) None of these 

4. Letf(x)- x -[x]for every real number x (where, [.] denotes greatest integer function), then Г хөх is equal to 
(а)1 (2 (90 (4) i 

5. i fi о =х+ Ч Ч) dt, then the value of f(1)is 


СЕ у w1 9-1 


6. Тһе least value of the function «9-1, „а 85int +4соз )0 on the interval ЭЭ is 


3 3,1 

(4347 H-a 

© 3 + л (d) None of these 
7. The points of extremum of (х) =f e!" 0-()dt are 

(а)х = 1,-1 (b)x--1,2 (с)х=2,1 (d)x =-2,1 
8. Iff(x)is periodic function, with period T, then 

(а) Је feodi = де (b) JÈ forex = цув 

© fef God = Ју fonde | reodx = °° Fra 


© 


sinx 29 
Let 9 (FG) - ev хэй i (28 = F(k)-F(1) then one of the possible value of k is 
(34 (b)8 (©) 16 (9) 32 
10. Let f:(0,=)  R and F(x) -Ї КО НЕ?) = x" (14 x), then f(4)is equal to 
(92 (7 (04 (2 
11. Let T >0 be a fixed real number. Suppose f is continuous function such that f(x + T) = f(x)for all x €R. If 
1 = (c f(x)dx, then the value of f" tex) dis 


СЕЈ bz өз (96 


12. Let (9-1 42-12, then the real roots of the equation х2-1 (х) =0 are 


аум (b) tà өзі "ma 


13. 


14. 


15. 


16. 


17. 


18. 
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Let (x) be an odd continuous function which is periodic with period 2. If g(x) = | (t) dt, then 


(а) g(x)is an odd function. (b) g(n) = Ofor alin €N 
(c) g(2n) = Ofor alln № (d) g(x) is non-periodic. 
Let f(x) be a function defined by f(x) = [* 102 -3t «yit, 1 x «3. Then, the range of f(x) is 
1 1 
2 ь)|-1 21 d) None of these 
wea e-3«] eli @ 
— 
2 ^t 
The van of pry Z E ig 
0 2x-sin2x 
» 4 1 2 
(а)0 3 9-1 (93 
if ff btcos 4t asin at аз for i x 0 thena and are given by 
Г х 
(ја = гр =2 
(а = 26 =4 
Iff(x) = Ју {КО АЕ and рео" = 42, then 
(a) F(x) = J2x (Ы) f(x) = /2log, x 
(о) f(x) = J3x-1 (d) None of these 
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Let be a real valued function defined on the interval (-11) such that e*f(x) = 2+ Ї Уй + tat, for all x е(-11) 


and let 7 be the inverse of f. Then, (f^ (2) is equal to 


ТИТ JEE 2010] 
(а)1 (b) 1/3 
(c) 1/2 (d) Ve 
= Directions (Q. Nos. 19 to 20) Consider the function defined on (0, 1] R 
f(x) = FRETES үе, co ond (0) =0 
x ПТ JEE 2012] 


19. 


20. 


Г.бодйх is equal to 
(a) 1- sin (4) (b) sin(1) - 1 (©) sin (1) (4) - sin (1) 
im 2 р f(x) dx is equal to 


(a) уз (b) 16 (c) 112 (d) 1/24 


Session 6 _ 


Integration as Limit of a Sum, Applications of Inequality 
Gamma Function, Beta Function, Walli's Formula 


Integration as Limit of a Sum 


Applications of Inequality 

and Gamma Integrals 

An alternative way of describing E f(x) dx is that the 
definite integral [^ f(x) dx is a limiting case of 
summation of an infinite series, provided f(x) is, 


continuous on [a,b] ie. [^ f(x)de= шаһ È 
| a e 


fla + rh), where = 24. The converse is also true, ie, if 
п 


we have an infinite series of the above form, it can be 
expressed as definite integral. 


Method to Express the Infinite 
Series as Definite Integral 
G) Express the given series in the form zi Д а ) 
(8) Then, the limit is its sum when n — го, 
ie. lim X 1702). 


(8) Replace “ by x and by (dx) and lim Eby ће sign of f. 
п п teas 


(iv) The lower and the upper limit of integration are 
limiting values of for the first and the last term of r 
respectively. 

Some particular cases of the above are 


Her Лх) dx 
чоп п ч 
where, а: = lim. Тангад) 


and В= lim ^=р(азг=рп) 
n 


пон 


Some Important Results 
to Remember 


а у _ п(п+1) 
oft 
Ey 5220000040 
ЦЭ? = Е 
ш} ал +" 
ын : ae" =) isi 
(r-1) 
(iv) In GP, sum of n terms, 5, = an, г=1 
a(i-r") 
Gay а 
(У) sina +sin(o +В) +sin(a+2B)+...+sin[a +(n—1) B] 


sinnB/2 
sinB/2 
(vi) сово.%сов(о +В) +с05( +28) +...+cos [a +(л—1)8] 
_sinnB/2 
_ sinB/2 


*sin[a +(п—1) B/2] 


*cos[at + (п —1) В/2] 


в 
(xi) cosg- tE 


ette 


(xii) cos hO = 


andsin ҺӨ = 


Remark 


The method of evaluate the integral, as limit of the sum of an 
infinite series is known as integration by first principles. 


1 Example 80 Evaluate the following : 
2.5 


“2 
+...+ 


rat е) 
п 

Hence, S= lim 5,= lim + 
ДЕ Ша 


жап 


п 
1 dx 
= “Пева +, = log 2 


(ш) Let S, 


A cer 


1 
Непсе,5 = lim 5,- lim = by + 


Pe] 
x LESE ЈЕ 1 


P+ij, Pel 
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5 1 
ия -(ғ/пу 


1 Example 82 Evaluate 

1 
li It 
sm (ын 2n42 


+...+ 


Sol. Let 5, = — Ж Z 
2n+1 2п+2 ón 


а 1 $1 1 
Жаа” ап 2%(г/п) 
ёс 
2x 


E 57 lim 5, = (^ -[n|24 х1; 


-log3 


1 Example 85 Evaluate № (ax? bx + с) dx from the 
first principle. 


Sol. Let x - 1 rh, where h = 21 


23 
поп 
Авх-э1,г-э0 and x 24, r—n 
4 H 
х 1 (ax? + bx + с) dx = dim hf (+ rh) 
a ^ 
= dm Унаж e b( rh) c] 
a7 о 
ыз зү 3 
lim У 2 (+2) “Ч 
noe уп п п 
А 2 
ЕТ ў 8) оа) 
naa 240 m on п 
3, i дбн oen 
6n? 2n 


+b бе ш == 
2n 


=з 563) Ри +3/2) + e] o 21a e b +20 


" 
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І Example 84 The value of 


қ пт 2л NNLLA 
іт | sin — - sin — - sin —...5п is equal to 
лә» 2n 2n 2n 
1 1 1 
EJ Ib) — ES 
az ( )5 (9 a (d) None of these 
2 
Sol. Let A | lim sin Rin sin in =D} 
шым 2n 2n 2n 
log A = lim ЕКЕН жасан) 
aon т n 2n 
ЕТЕ 
=lim — У logsin =% 
n>m n 


=[ logsin (5) dx 
[sng Jim zi 48) - [лов] 


JE D [pune - | 


22 рез (5 
SL log (sin t) dt 


| ны” f(x) dx 22 [^ уо) fa х) = fei] 


4 n : LII Ч "m. 
=4{ = }[using f log (sin x)dx = т ы] 
=- 21062 
а log А = 105 (1/4) => А-1/4 
Hence, (с) is the correct answer. 
1 Example 85 Тһе interval (0, 4] is divided into n 


equal sub-intervals by the points Хо, Хү, X7, ..., Хп, Хп 
where 0 = Хо « X, «X4 < Ху «..« X4 74. 


п 
If &x =x; -Xa fori 21,2, $n, then Jim, Эх is 
equal to m 
(a) 4 (b) 8 (9 з (d) 16 
So. lim x(x, txa + хул) 
= маја вам m "| ( Bx 4) 
"міл n п 


xxn 
uu 
ұға 


хул Xy 


16 16 n(n+1) 
= ша (іне n) = lim Tp es 
an т 


Hence, (b) is the correct answer. 


“128 
I Example 86 The value of Jim = > 


га 


equal to 


(ај1+/5 _ (у-1+/5 (9-1-42 


mor 


1 
Sol. We have, lim —- 
мин Жаа 


| 
о = f E rax e (hel e 5-1 
«вм Zp iar 

: 

- 


Hence, (b) is the correct answer. 
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Applications of Inequality 


Sometimes you are asked to prove inequalities involving 
definite integrals or to estimate the upper and lower 
boundary values of definite integral, where the exact value 
of the definite integral is difficult to find. Under these 
circumstances, we use the following types 


Type L If f(x) is defined on [a, Б), then 
[лде | | бо dx. 


Equality sign holds, where f(x) is entirely of the same 
sign on[a,b]. 


1 Example 87 Estimate the absolute value of the 


4 19 Sinx 
integral |, dx. 
0 1х8 
Sol. To find 1=| |" МХ ge]? | ах |, б 
In m E lex d 
á (using type 1) 
Since, [sin x | 1 for x 210 
The inequality | 285161 ИТ) 
1+х' |1+х'| 
Also, 105х519 => 14x!» 10 
= г ЖЕ БЕ j* 
1+x* 10 |1+х* | 
From Eqs. (ii) and (1), | 2 | < 107 * is fulfilled 
ж 
9 sinx "ut 
f. nd < fo 10" dx 


5 227 TT 
^ |; RIS «(1910.10 * «17 


(7 the true value of integral = 10 


1 Ехатрје 88 Тһе тілілігі odd value of ‘a (а>1) for 
19 sin x 


which о Te dct 4:5 equal to 
(а)1 iis 3 (95 (99 
рэ зах p9 dx 


аа = ХЭРЭВ! 
1+ dp 


ЯН dx Hu dx 
W 1427 78 1618 


(5 10«x «19 = 10 «1«14 x! 10541) 
5 
E 
21: 
9 
a «Тао 81 өгий > воће. 2-2345.. 
ETAD 
7. Minimum odd value of ‘a’ is 3. 
Hence, (b) is the correct answer. 


Type П. 
«|([ ов] (| ees). 
where f 2(х) and g*(x) are integrable ona, b]. 


1 3 
l Example 89 Prove that f, хаз х) х5) dx cannot 
exceed 4/15 /8. 


| ш | assa exe (poema (fo ғ ЕТУ 


35 15 
44 «Ё 
Type Ш. If f(x) | g(x) on[a, Б), then 
[fen dx" g(x) dem particular, if f(x) 20, 


then [^ f(x) delo. 


1 Example 90 if f(x) is a continuous function such 
that АО, У хе (2,10) and Ј flx) dx = 0, then find 
f(6). 

Sol. f(x)is above the Х-а or on the X-axis for all x € [2,10] 


If f(x) is greater than zero at any sub-interval of |4, 8), 


then fj f(x)dx must be greater than zero, But 
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J? fle) dx o o, which shows f(x) can’t have any value 
Л 


greater than zero in the sub-interval [4, 8]. 

=> f(x) is constant in the sub-interval (4, 8] and has to be 
zero at all points, x € [4,8]. 

= f(x)=0, V xe[48] 

E СЫ 


Type IV. Fora given function f(x) continuouson(a, b}, if 
youare able tofind two continuous functions f, (x)and f(x) 
onfa, bJsuch that f, (x) < f(x) < f(x), V x ela, b] then 


р flx) de s [^ fen dx «| ло). 


лов ж 
1 Example 91 Prove that = < L dA 


Sol. Since, 4 - x? la - x? - x! |4- 2x? »1 V x € [0,1] 


fax Maxx lfa- nv xe 0.1) 
1 
ли Ан сс m 
= Ї ах єр dx 
4 JeF оч х2 х 
Mo 
E (= "а 1 (sn 21 
2 = -x <E Bh 
5 eek TE 


Туре V. If m and M be global minimum and global 
maximum of f(x) respectively in a, b], then 


т-а) |" f(x) dx S M(b –а). 
Proof We have,m < f(x) $M forall x €[a,b] 
E (өвс JG) de s [^ мах 


= т-а) s[^ f(x) de s M(b-a) 


1 Example 92 Prove thatà < [ /з+ x? dx 256. 


Sol. Since, the function f(x) = 43 + х? increases 
monotonically on the interval (1, 3]. 


M = Maximum value of 3 + x° = з 3 = V30 


and т = Minimum value of 


a3ex!' 24341 =2 
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m=2,M=¥30,b-a=2 
Hence, 2.2 |? В+ ах sodio 


> ««Г +x 4520 


Dad 

l Example 95 Prove that 1s | е“ dx <e. 

Sol. For 0< x «1, we have e° < e" єє 
eos |" е dx «e (1-0) 


Pos 
> is[ ease 


бапта Function 


If nis a positive number, then the improper integral 
Ге "7 dx is defined as Gamma function and is 


denoted by Pn. 
ie. Tn-f 675 x^^! dx, where x e Q*. 


1 Example 94 Evaluate 
@ г (i) r2 
Сална fen 


= lim (-e +e°) 
bon 


Properties of Gamma Function 
Gamma function has following properties : 
0) Гі-і ГІ and T(n41)-nTn 
eg. T524T4-4x3T3-4x3x2T2 
=4х3х2х1Г1=4х3х2х1 


(i) пе N, thenT(n +1) =(п)! 
(ш) га/2) = Ут 


в " 
(iv) ("^ sin" x cos" x de = 


л 
sin пл 
3| Ул. 


ЗЕ 


(vi) rir( 2)...r( гэл 


п 


(у) Га Г(1-п)- 


1 Example 95 Evaluate |7 е?" х? dx. 


Sol. By definition of Gamma function, 
Је ас |7 e xf! =Га 
2 2 


Гезх<а-ө 
1 ү 
l Example 96 Evaluate p (e+) dx. 


хал 
аг 1 
Sol. Let 1 = f. (2) а 
Putlog 2 =г > dx - — et dt 
x 


afte dal eta 


| (ы)? ах Tn 


Beta Function 


The beta function is 
Вт) = [* x^ д"! ах, 


where m,n>0 


Properties of Beta Function 
(i) B(m, n) = В(п, т), where m, n >0 


@ B(m n) = mE n 
Г(т«п) 


хээ 


(ex) 


»wherem,n»0 


(ш) В(тп)= (7 


1 Example 97 Evaluate А x5 (1 x?) dx. 


Sol. Let, tsi х* da – х®уах 
Putletx* =t 
= х=й 


1 15? ја ба 


Walli's Formula 


an 
An easy way to evaluate Ї sin" x cos" x dx, where 


mnel, 
mo m А oa А 
We have, ["" sin" х. соз x dx = [" sin" x -cos" x dx 


(m 1)(m 73)... (1072).(n 7 )(n 3)... (1002) т 
(т +п)(т € n - 2)... (1072) 2 
when both m and n € even integer. 
(m (n - 3)... (1 ог2)-(п - )(n 73)... (1072) 
(m + n)(m * n - 2)... (1072) с 


when either of m огл е odd integer. 


Remark 
If n be a positive integer, then 
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.nis even. 


2 nisodd. 
A 


1 Example 98 Evaluate [^^ sin? x-cos® x dx. 


Sol. Using Gamma function, we have. 
ГОРЕ г(5/2)Г(7/2) Г(5/2/Г(7/2) 


ТЕ 2Г6 
2 
3.1 $ 3 L 
“х-хГ(1/2) -х- 1хгауз) 
54 ý ЕЕЕ Ы 9) за 
2x5! 512 


1 Example 99 Тһе value of ЈЕ e7** dv is equal to 
Ул 


ж ж 
DE LES 
© 15 (d) None of these. 


Sol. Lett = f7 en ax 


=u dt 


(put а?х® = t =2a°x dx = dt) 


E a ге ара а 
ај eee tae (using [Те 


Hence, (а) is the correct answer, 
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Exercise for Session 6 


г? 
1. The value of f(x) = |, 2 log (1+ x sin’ 6) qc x > 0 is equal to 


sin? 0 
@ 0-1) (b) Ух (JT x - 1) (c)n (1+ x – 1) 


2. Th iy (а 
е value of AL ET is equal to 
(a) 1- log2 (b)log4- 1 (c) log 2 
3. The value of Jim Harno +2)(п +3)...(n + n))"" is equal to 
(а) 4e we (98 

4 e 


4. itm,n eN, then the value ог| (x —а)” (b - x)" dx is equal to 


(а) 5 а" "ти! а" "тіл! 
(m+n)! (т+п+ђ! 
(с) Банн (d) None of these. 
ESI 
5. Thevalue of lim ( a ЈУ +1 is equal to 
алы. 5 
2 ЦЭ 
> 0 «d 
1 
6. The value of Jm n luus * 975160418 цэнэ tme] is equal to 
(8 ЦЭНД! 
ө28(2) GELIES 
колко 3) (8) None of these 


NT тат), 
7. Тһе value of am іше am + 2sin? att? sin? a || is equal (о 
2 2 
@ 2-19) (b) gr; (82- 18m) 
Ose (15 – 15) (4) None of these 


8. The value of f(k) = j" log (sin? ө + k? cos? 6) d8 is equal о 


(а) log (1+ К) - л 1092 (b) л 1092 - log (1+ K) (с) log (1+ К) – х log 2 
9. m,n EN, then Im „= fy x" (1- x)" dx is equal to 
mint 2т 101 тіп! 
ет а Т АС 


ж sin? n0 
10. The value of (n) = |, зто (Ул еМ) 


(аут (o) өт 


(d) None of these 


(d) None of these. 


(d) None of these 


(d) None of these. 


(d) None of these 


d) Nona of thosa 


(9) None of thosa 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


e Ex.3. The true set of values of ‘a’ for which the inequal- 
: ity | 9727-2:37) dx 2 0 is true, is 

төр? (ОР шан Qo) Hee OM) бе Пије) 
Sol. We have, | 37787-2) 20 


ә Ex. 1 үлд and f(x) is an even function, 


л 

өл 65 on (d) None of these 

2 Put3^* =1 223 “ІпЗ4х--йі 
Sol. Here, | f(x)dx - T Е тре 
р * = maf -azo - [£2] 20 
Putx=t-} . h 
1 3 
- (ee 
= aci a 2 2 


~ Гл 0-1) (103 ја: H 

= ізі =  35-4x3743»20 => (34-3)3%-1)>0 
ep). = 3%>У-за<1 оғ3%<3%-әа>0 
Thus, a є(-%,-1]4[0,) 


9 
=p: = їр + IUE өш 2 "Cdy) (в ће 1 Hence, (d) is the correct answer. 


E Де = М» 2 алдаса 9 ЕЖ. 4 The value of the definite integral 
| ІД>-; 


р JU. maxtsinx, sin" sins) di equals to (where, пе 1) 
= Ж Ае а: 
ee 02 NEGET NEGET 
1 т 2 4 
р х-®)ж=[люж=Е 
ә Ex.2 The value of 


г (fre) р E dx equals to 


n(x? -8) 
© a S = 


та ізі 


Gn (b)n! (n+! (дат 


Sol. The given integrand is perfect coefficient of [ [ (x+ r) 


Т 
І {ti (x+ »] =(n+1)!-nl=n-n! 


Aliter. (x+1)(x+2)(x+3)..(x+m)=e 
So that, when x =0,then t = ал! when x=1, thent=In (л +1)! 
[In(x-+1) + In(x +2) +... +1а( + mt 


1 1 1 
(ta wet 


Therefore, 1= [o7 edi [e ot 


ele! _ ola! (+ 1) л=п! 


Hence, (d) is the correct answer. Hence, (c) is the correct answer. 
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9 Ex. 5 lim өз) (1222.33... 


коме 


D 
.n")" is equal to 


әш өш өз 


EO E 
Sol. Let МЕТ. Ја 28 33 


1(п%1 15 
3 Bé d 


inky E 

k 
AUN 
rur a 


Қазы» 
2\ п 


c Қой 


9Ex.6 lim is equal to 
5 
t 
| [IIT JEE 2007] 
otw ei; ӨЗДІ) ovo 
sot i, k 20 py fest) teet лыах 
1 рэн 2х 
| (applying L'Hospital rule) 


„леђа 870) 


m2 п 
Hence, (a) is the correct answer. 


© Ех. 7 Let f be a non-negative function defined on the 
interval [0,1]. Т A-d = Í дао < x «1and 


До) =0, then HIT JEE 2009] 


oed meten) 
ел) < 1 and л) < 1 (9) л) > Зам 43) < 1 


Sol. Given, f о = аот 


Applying Leibnitz theorem, we ре! 
dio =f) 
1-07) = Р) 
> (G0 -1- Вод оо) - PG) 


1 


=C=0 
тх 
nx= f(x), given /(х)>0 for хе[0л] 


Hence, (c) is the correct answer. 


501 p tin(1+t) 
° Ех. 8 The value of lim — f NUR 


1 
(d) а 


ПТТ JEE 2010] 


цаг 


ВБИ 
и. 
eae errr 


Using L'Hospital's rule, 


% 
ыт 


х1о (1+ x) 

С = пи 08083) 1 

—9 3x7 = 3x 
[eim 


Hence, (b) is the correct answer. 


9 Ex. 9. The values) off EOM ы, is (are) 


[IIT JEE 2010] 
[ )2.. by z2 
(a) п wz (до ЕЧ T 
Sol. Let 1- „ас 
lex 
=f да-а) 


» ах) 


-[i?-va- хла [ES Ia. 


= -10-3* ++ )- bros эн 


СЕТЕ ны A) 


4 
1+ 


Ч ES ts уа 


Hence, (a) is the correct answer, 


НЭЛЭЭН 1) is ena to 


(a) -cos0 pr хвіпдуак 


(b) - tanO [ШИШ 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


9 Ex. 11 Let f(x) be an even function which is mapped 
from (7r, n). Then, the value of f. (г f(t) dt +t. fs) dx 


can be (where, [-] denotes greatest integer function) 
(0 бул 
(дол (9) ап 


Sol. As, f(x) is an even function, then [ f(x) dis an odd function. 
Also, [f(x)]=1.2 [ast < f(x) <3] 


ato (өвөрлөж 


=0+ Г 1/))х, [v since [/(х)]=1ог2] 


=f" ide 
ог [" 2de=2n ог ал 


Hence, options (с) and (4) are correct. 
9 Ex. 12 Let, A, = | (minix = nh lx = (n +01) dx, 
= [хп 0+0, 


Ave хөх x tn nde 


and Bl) - A, +A, +Аз, then 
(ЈА + A, + А, 79 QA ATA 
= - 
OSa ФУ 
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(©) sind ү" f(x cos0)dx 
Жж 


(9 — [orm 
[m 


1= [| Дезіпбугов04 


= dx-cosüdz 


Sol, Let, 1 = (7^ /(х\аафдх. Put xtan0- апо 


=-cos0j безіне) dz == cose "f(ssing) dx 


Hence, (а) is correct option. 


Й 


Sol. Here, min (| x —nl,|x -(n + 1)]) сап be shown as 


АГ (ind ix (n Dx 


dL Е 
zIxixl-l 
2 44 


Now, АгГ (== (n 1) dx 


- ера 


[put x=n+t => феа] 


-(і-а-ош раа 


аі А] 


= за 


1 


MEE 


[put x=n+t = dx=di] 


-Ї8-0-0-04- ага 


Also, дА жАнА анте 
4 


за 
~ ЈУ ae) mg + #0) + 603) +... + g(100) 
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JEE Type Solved Examples : 
Statement І and II Type Questions 


= Directions (Q. Nos. 13 to 15) For the following questions, 
choose the correct answers from the codes (a), (b), (c) and 
(d) defined ав follows. 
(a) Statement I is true, Statement П is also true; Statement IT 
is the correct explanation of Statement I. 


(b) Statement L is true, Statement П is also true; Statement II 
is not the correct explanation of Statement I. 


(c) Statement I is true, Statement IT is false. 
(d) Statement I is false, Statement II is true. 


© Ex. 13 Statement | Jf f(x) = | (x f(t) dt, then 


[ годдс-ла 

Statement ll. f(x) =3x+1 

Sol. Let | лаа, so f(x)=xk+1 
Now, Гри )а=к = кок 
Го) =2х+1 

Гләак-а 


Hence, (c) is the correct answer. 


Also 


ө Ex. 14 Statement! The function f(x) = [eta is 


an odd function and g(x) = f (х) is an even function. 

Statement II Fora differentiable function f(x) if f'(x) is 

an even function, then f(x) is an odd function. 

Sol. If f(x) is of odd, then / (х) is even but converse is not true. 
eg. If f(x) = xsinx, then f(x) «sinx- xcosx-t С 


JEE Type Solved Examples : 
Passage Based Questions 


flex)=-sinx + xcosx+C 
Оп adding, /(х) + f(-x) = constant which need not to be zero. 


For Statement I лог [a О 8 
fe»-[^ 1 + Ра: =-у 


fex [ уау 


f+ f-x)-0 
- fis odd and гіз obviously even. 
Hence, (c) is the correct answer. 


ө Ех. 15 Given, f(x) = sin? x and P(x) is а quadratic 
polynomial with leading coefficient unity. 
Statement! | ГЭ f(x) ах vanishes. 


Statement И b. f(x) dx vanishes. 


Sol. Р(х) =ах? + bx +65 f(x) =sin?x 
12 [^ 24223 

Yom 
Using LBP. да) О f” 


оло [7 re] 


ыо 


1) Faye 
ЭН 


= [Pa fade =2 чи асо 


Hence, (a) is the correct answer. 


Passage I 
(0. Nos. 16 to 18) 


Suppose we define the definite integral using the following formula |! f(x)dx 


force (ab) Fle) = EEOAE +). 


When c= 222, then [f дак = fla) + ДӨ) ка Те). 


SA fta) + ЛЫ) for more accurate result 


[IT JEE 2007] 


© Ех. 16 |" sinxdx is equal to 


6) rea) ӨЛӨН) 
т 
On (d) — pi 


= зуна) авд 


Hence, (а) is the correct answer, 


Sol. [ахак = 


© Ех. 17 |f f(x) isa polynomial and if 


=0 for alla, then the 


юм (t-a)? 

degree of f(x) can atmost be 
@)1 (2 
(©з [5n 


Sol. Applying L’ Hospital's rule, 


пат тула) - 629 po 
"НМА == 


ie Xt-ay = 


ЊЕ По ле) 810 
ра Xt-a) 


го-о + ft) E79 у 
= Ша--2----2--0 
isa 1Д:-а) 


= а 2. 
ie 12 


г®-Мло+ лаў-©®. 


таса) 


F'O 
=0 
ын 
fu. 
=> jm [Eco f"(a)=0 for any a 


=> fla)is atmost of degree 1. 
Hence, (a) is the correct answer. 


* Ех. 18 if f(x) <0, хе (a, b) and c is a point such 
thata «c < b and(c, f(c)) is the point on the curve for which 
Қо) is maximum, then f (с) is equal to 

а) ®)- f) ы) 206-9) 


(92/9) f aie (а) (90 
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Sol. F'(c) -(b — a)'(c) + fla)— f(b) 
Ро) = 06-а) <0 
=> F()=0 
= roM- 


Hence, (a) is the correct answer. 


Passage IT 
(Q. Nos. 19 to 20) 
cos(a +B) -sin(x +В) соз28 
Let КоВ) =| sina cosa sinp |. 
-сова. sing cosp 


9 Ex. 19 The value of 


„Га (дол) (Es 


(ae? (ыо 
(с) 222“: – 1) (d) None of these 


Sol. Here, f(o. B) =2сов i.e. independent of o 


imos z Ea). ES 24 JE 


л 


-Г ба 2cosf анар 
Hence, =[еЁ(2 +2518) 
ae a =22e" 1) 


Hence, (с) is the correct answer, 


«epe 


ө Ex. 20 =f cos? Bl fe 92-8) then 
Ші 


(а) e"? (b)2 
(©) 2(2e"? - 1 (d) None of these. 


ла 
Sol. Again, 17. ==“. Ло)» Ҳоз -в)) 
= [C оосор + sinB) ав 
ы jA cos Bap > cos? фатва 
=2"" copat 
=> itsu 


Hence, (b) is the correct answer. 
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JEE Type Solved Examples : 
Matching Type Questions _ 


© Ex. 21 Match те following. 


^ Column! - Column И 
" “-1-х. (p -! 
(А) The function /(ху=*——=К=® is not defined at 


sinx’ 
x=0. The value of f(0), so that f is continuous at 


E 
в m @ 0 
The value of the definite integral | -=== 9) 
(9) The valus ofthe definite nepal ја ri 
equal to а + Б, where a and bare integers, then 
___ (a Dis equal tc 
(с) пе 89:989 л then the value or н 
tan nis equal to 
я 1 


5 
(D) Let a, = f^ tan! (nx) dx ава 


1 
= (^, sin (nx) dx, then lim A has the value 


= 
equal to 
Sol. (A) > (2), (В) > (р). (С) > (9. (D) > 09) 
e* cosx mE ыы 
® EN 


33 
(applying L'Hospital's twice) 
ети (зіп x+ cos x) -1 


55 2х 
и (е cos x -sinx -sin x) +e" (еліп + cosx) 
= lim 79 ( 
ш 2 
m 
2 


(B) Put x 2 u* — dx —6u* du 


5 а 
ге] Ed 6 | 11562 
о aut до utl 


-atbz5-62-1 
ое 
Put- 


(sec? @—tan 0) d9=1 


-і-ә--й 
-6 f (sect t+ tant)dr=1 
[use f e" (f(x)+ О) =e* f (9 
= И tant] =1 =e" [767 tana) =1 = tanne 1 
MEE 
(D) lim у 


аз a 
"EXC 


Putnx et => dec idt 
a 


=[ зал" (уф 


Ген sin"! (t) dt 


л 
ме z ) т 
Use L'Hospital’s rule, lim ==) 4, 4 
sin 
n+l 2 
© Ех. 22 Match the following [IIT JEE 2006] 
Column! | Column И 
3 1 ж ни 1 2 
w Јака ® 1/3) 
т @ која 
® и @ 1642) 
т 
© өз 
Е 
(D) 1 6) = 


Sol. (А) > (s), (В) ^ (s), (С) — (a), (D) — (r) 


ї dx 
е Las 
f= 


1+7 


is ап reven function, 


dx 
1-2], теба е 


® | quem 283 


© Ё dx р dx Е 


яр” езшп 
^ secOtan o 


=" 23 


JEE Туре Solved Examples : 


Single Integer Answer Type Questions 


© Ex. 23 Let f:R — В be a continuous function which 
satisfies f(x) = rn Ка Then, the value of f(Ins) is__. 
ТИТ JEE 2009] 
Sol. (0) From given integral equation, /(0)-0 
Also, differentiating the given integral equation w.r.t. x, we get 
Ғод- Год 
Ге) 
If f(x) #0, the 
u^ 
f(0)-0 = e=0,a contradiction 
Јодевухев = f(ns)-o 


1 э До 


9 Ex. 24 For any real number х, let{x] denotes the largest 
integer less than or equal to x. Let f be a real valued func- 
tion defined on the interval{-10, 10] by 

r=] x-[x], if[x]is odd 


1+[х]-х, if [x] is even? 


2 a0 
Then, the value of =f” Нэїсовл xd is. 
10 71 [IIT JEE 2010] 


if [x] is odd 
if [x]is even 


x-[x], 


Sol. (4) We have, ло, 


f(x) and cos zx are both periodic with period 2 and are both 
even. 


a fi, fedens nxdx=2 | fa) cos nx de 
=10 f fx) cos nx dx 


Ї 102) 05 лхах-| й-э)совлхах=- | ucos mudu 


-i0-9 2-10 1 2 9 10 


[убдсовлхах= [{х-1)созлхх= 


40 
Е feos cde -20 || исовтиди= = 


mm 
mg Л созлхак=4 
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9 Ex. 25 Let f(x) be а differentiable function satisfying 
feos {x + owe Rand a(x) = [7 а a(t) 


then the value of | в 
^ | Y (gl +k?) — a(x +h) 


а 
Sol. (6) Here, /(х)+ Д х+ B ті 
Replace ety n) кене (хээр rene 
Оа subtracting, f(x)= /(х +1) E 
Also, вен) =" fiar улов» [77 fiar 


Since, f(x 1)- f(x) 
goce fr fane [| ло 


поне дана [far 
gc) f? fede [riot -49 
and к= Ја руба (dii) 
ms ЕЕ? (8-8 fr лда 
- > (E 0-0). given gtx) = (0 
(тшен see) a 


nn - Doe 1) 
3 


am 8 8x3 
= Y о) geek) me nen 
& 


-u$ (ttie, ER: ) 
ші Ма 1):тп+1) (n-1)n nn*1) 


(5) 0655): 
1х2 2х3 2х3 3x4 4 T 
Ey 


-8 225) 5 
2 nn*1)), .. 
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Subjective Type Questions 


© Ех. 26 Find the error in steps to evaluate the following 
integral. 


E dx | sec? хах (е sec? хах 
0 142sin?x ^ зес°х+2!ап°х ^? 143tan'x 
D eai 
== аа” (V3 tan х)] 1 =0 
et JH 
Sol, Here, the Newton-Leibnitz's formula for evaluating the defi- 
nite integrals is not applicable because the anti-derivative, 


LEE tanx)] 


has a discontinuity at the point х — 5 which lies in the interval 
Гол]. 
LHL = lim + tan 48 Е atx== 

h-0 3 2 2 


= fim Jy tant өө) 
E 


= tim лап (=) =. NH 
(РД Ws 
Also, RL im tan A| tn( + atx = 


" 1 Е 
= lim 43 ! (- УВ cot h) 


zn tant ES 
(д 223 
From Eqs. (i) and (ii), LHL + RHL at x= /2 


=> Anti-derivative f(x) is discontinuous at хел /2. 
So, the correct solution for above integral; 


x dx ж весі xdx 
Г рнк ај жола (iii) 
Ї ее Ї 1 зал? х 


/@а-х)=-[(х) 
Ж ді /@а-х)= Јо) 


2 


-Aii) 


Using, (^ fG)dx- 


We know, Дод f(x -3)- f(x) 


Ll d 
л Eq, (ii) reduces to Г =2 | IL 
n x 


з2-1-(7-8, (put V5tanx=t => Месса) 
FEET 
= аа s 


pem nta о "(x 
[© шж 


ө Ex. 27 f? Isin хав ana [7 
then find the value of [ x sin x dx. 


Remark 
Students are advised to check continuity of anti-derivatives 
before substitution of integral limits. 


b 
[cos x|dx =9, 


Sol. We know, || 9 [sin x] dx represents the area under the curve 


from x=a to х=. 
We also know, area from x=a to х=а+ л is 2. 


Й 
ШЕСІ 

- b-a% -0 
2 
Similarly, Ting [cosx|dx =9 


E 


= atb- 


From Eqs. (i) and (i), a / 407172 /4 
Неке, (| хап хас" xsin xdr 
оз | cos xd 


imo Mm mom — 
7-77 cos 7. + * cos + [sin x] 
4 4 t4 094 t in хјад 


D 
xsin xdx- 2 2n. 


ө Ех. 28 Evaluate кені cos(cos ' x) 
cos а) | sin (sin7? x) i 


Sol. We know, cos(cos"' x) and sin (sin"' x) could be plotted as 


~ sin(sin™ x) and cos(cos™" x) are identical functions. 


[secnm cos(cos"! x) ва (ва! В) 
ose" а) “Sin (sin? x) атау 14208-9) 


y-sin(sin-*x) 


° Ех. 29 


Sol. Let 


Put 


Similarly, B- x=- 


where, 


and 


Evaluate fi 28 ёс 
-х 


в |х-а 
Шы 
х= асов? r4 Ва; 


х-@=@соз* t sin! t- а= В [sin'(r) + a(cos* t -1)] 


=Bsin? t asin? t = (x-a)-(8- а) виа t 


E] 


а) соз? t 
4х=2(ф-о)зїл! cost dt 
x=a=ssin't=0 = 1-0 (aep) 


xzf—cost-0 => ї=л/2 


Eq. (i) reduces to 


Aliter 


When 
When 


жа (B-a)sin t. ГЭР 
їе = о) sin t cost dt 
4 ГЕ “Саалийн 
we sint з 
=f SRE aB- asint cost dt 
cost 
т 
| xn Einen] 
cost cost 


ЕЕ sin? га: =(8– o) ^а воз 
sin2t 
eem 


eee 


1-56-а) 


“р 


БИ 


ын 1- Гегіші 


x=o,thenB-ast = 


x=B, then 0=t? = 0=t 


ret 18:19:54 заа 


[=ч 
[es в-а) 2а 
ET A [B- ay -t dt 
EE ТЕСЕ 
maf [o+ 290] вы] 


28-9 л ло 
«28:51, 8.28-о) 
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(ауа 


9 Ех. 30 Evaluate 


m 
{ө зт 


Put x 


Дея =x") 
E 


2 cos t+ b sin? t 


2x dx = [2a" cos t (-sin t) + 2b? sin t (cos 1)] dt 
хака?) tdt 


ай 


=a? cos t + b sin’ t, 
(1 —sin? t) a? 25^ sin? t 
л 


=> «0—0 = 1=7 


2 
For =a" cos! t + b' sin? t, 


3a? +b? = 4a! + 402 - a?)sin? t 
sintt=2 ээ сов2:-1 = r=% 
4 2 6 
^. Eq. (i) reduces to 
4 2 _ gt 
E (^ –а?)зіп21 d 


"* 2 а?) яа t(b? -a?) cos? t 
2 (пл) л 
еШ ЕЕ 
em [= (* =) 
4 


-— 
* Ex. 31 Evaluate |" зайсан е 


“мей, 


созх(1-зіп x) 


= 


Sol. Let 12 [" 


1 (U^ Є" (sin x+ созх) + sin x) 
E £T Ginx + cos x) (ut sin) ду 
! cos x(t sin’ x) 


1 qu^ се (sin x+ cos x)(1+sin x) 
————M— —— — — dx 
р cos! х-созх 


= I" "55 (sec x tan x+ sec x) (sec x + tan хуйх 


an 
Ek ех [вес x tan x(secx+ tan x) 4 sec! 
+sec x tan x]dx 


зэр увео tan x Gee tna) +300? хак 
2 


зна x(sec x+ tan x+ 1) 
2% 


M 
ест sect dy 


шал! 
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Applying integration by parts, me 3 
iiL nubi ы 28 иона [вы ) -Fg-o 
Ig ees ima e n аны 8 РА 8 
:ogi : 
LT Ж... „Ж. E ET 
ЕЁ "ec ава xc sectam der [Met sect хас ЕЗІН eo ge ee a 
2 2 
=. EN L posee na LE log aa Я юра 
‚де тре - рез ы иа: 


1 в 1 1 е 
шэн +2) е Дей М ж x* 
Fi vae EP же 9 quote т © Ех. 33 Evaluate | а Соз e 
0 (т+5іп x)? 
e Ех. 32 Evaluate |“ X. Sin 2x -cos 2x) dx. 


pt xXicosx | (та ins? 
Utana tE Sol. Let 1-1, arar h x^ (14 sin x)? cos x] dx 
"M ip E d Applying integration by parts, 
oh esin2x) cos? х rofa ttina)" pe Озан) о. 
Qipe f (sint — cost) Е =H ' > 
abp? SGre). (putzx- b) 
8% (1+sint)(cos?t/2) 20) +2 [7 —® 4) 
ie t? (sint — cost) à RS ins ў 
^» (sin) + cost) Ё2 Jr feoax- [^ а-да] 
[зв ләк-(/ лада х (= 
А О d Цана! 1-5) = 
4) «овг-ын 1) шар 
В MP Замдаа” Т Adding Eqs. (i) and (ii), we get 
(1 + cos f) (+511) 


2п=- па +2 [7 


Adding Eqs. (i) and (ii), we get 


z 
n1-L |(sint-cost) 
4 


[" а 7) 4 А 
соз) + sin et) om Бал [tan x -sec x]; 
heo e — COR. рх, =-2т? +2л[0-(-1-1]= 


о (1+ cost)(1* sint) 


[s одао Леа) fe) 


I--n'«2n 


9 Ex. 34 Compute the following integrals. 
+. Eq (iii) becomes. 


РАНИ ВИНА АВИ 
s кијање т : op fo^ +x ")nx 7-0 
о (A+ cose) * sint] T d 
an (sint) - (Lt cost) dt (0 |7 fo + nx =0 
h ^ (собаки) Doi 
ап tdt a tdt Sol. (i) Let t=Inx = x=e! 
^ T+cost 8% 1+sint dese dt or “nat 
РА ІЗ (1/2-04: х 
! 5 Lt cost Also, x=0 => t=- 
ге pr ай omes di and Wien Stites 
80 *cost 169 145057 B лое уа “реге ја =о 
x 
2 


Цвес t /2)dt— 


7 ЇГ веда (^ integrand is an odd function of) 


” 4 ар Варне 
E sod anata -E энд) 5 өле жуа Лене 
2), ^ 2 | 16 2, 


: ENT, 
Now lE MD fle eem AE 


Then, еее e!) n 4 8 
ШҮ; 
Щ-)=-М!) 


Thus, integrand is an odd бансНон and hence 


ы A: 
[wee Lee 


LI] 


° Ex. 35 Show that 
(a) (7 sin йен 220 
Sol. Let us first evaluate: 
Def Са хас and 1-| онха 


Using integer by parts, we get 


1=-е 


cosx-s] 


and маха 


Subtracting Eqs. (I) and (i), we get 


= 00s x 


n | sinx s cosx 
rest 


- 1 
Thus |, Па Сети 


[res Сач 
! эн 


= 1 
Now, (^ sinxdx= lim f; e7 sinxdx = lim Lol 


9+1 


5 


and | cosxdx= lim |76 cosxdx= lim = 


9 Ex. 36 Find a function g : R — R, continuous іп (0,2) 


and positive іп (0, >) satisfying 80) =land 
оа оа). 


Sol. Let лә-Г git) dt 
= Р'о)= к) 
= ооа өш 


= Чо] ш 


E 
48) 
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[enr Er 


x 2 


ЫГ ZO 


( ey 


“ НИЛ «Илеу. (using Eq. 001 


Differentiating both the sides w.r.L x, we get 


i 2 ^t) (Лод 
drop па Оре 
э Hace tens foe) Оо? 


(ча) МЕСЕ 
Se) fx) 
t= 4t+2=0, where t= =e) 


© fe 
ПЕК ue or EPOD ou E 
2 nc 
= Inf(x)=2+ V2 In x+ constant 
= Дөге" or сі 


= gofia or eu 
where, c, and c, are constants of integration. 
But g is continuous on (0, »), then c; 27775 is ruled out. 


PENES 
gozd = => вбдех tE 


Hence, 
Also, 


ли 


© Ex. 37 Let!, = [^^ tan" x ах (п>Тапд is an integer). 
Show that 
" 1 ” 1 
(i) f 14.2 2— ii) — — «1, < 
MTS = Шэн 


Sol. (i) Given, 1, = lg dan des | 


201 

20-7) 

tan"™? x- tan? хас 
ми 

=“ sec? x tan? xd ("^ tan"? xde 
1 В 


1 
=f, Cdt- -p where t= tan x 


iei St 

4) 

22i], 

(ii) For0 «x <п / 4, we have 0 «tan" хсїал! x 
So that; 


deam 


[ETT 
Int Inga 521, Iq +1, 


1 1 
" <2 
E nil "7 п= 


241 "^ 20-1) 
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1-cosn x Ж 48: 
LS dy, where n is positive 


° Ex. 38 уи, = |" 


l-cosx 
integer or zero, then show thatU, „у +U, =2U, 
ме 
Hence, deduce that ("^ In 78 — 1 pq 
9 зе 2 


САЛАН бии Dose nna, 


ner 


= ff eelt x costa +2) x 
o 1-совх 


dx 


2 
(=) 
чиа) 
оар E -0 
ЭЭ 
From Eqs. (i) алд (ii), we get 
И (а 
(0,2 -U,.-(0,,4 2022; Ея 
p 
2 
U, 80,720, f] алысын 
lo sinx/2 
Lt of sina) х)" 
=2 | cos(n  1)xdr. (merus Ы 


= Па + Ug =2U yy 
= Uy о Uns 2 are in АР. 


Now, =” 1-1 


dx=0 


1-созх 


(common difference) 


ма 1—cos2nB 
1—co528 


1 ря 1-cosnx 1 
[maed 


9 Ex. 39 Prove that for any positive integer K, 
sin2kx 

sinx 
Hence, prove that [^ sin2kx-cot x dx E 


=2[соѕ х *cos3x +...+60$(2К —1) x] 


Sol. To prove; sin2Kx=2sin x [cos x + cos3x cosSx + 
sect cosQK -1)х] 


Taking RHS, [2sin x cos x + 2sin x соз3х + 2sin x соз5х + 
sect 2sin x cosQK -1) x] 


=(sin2x) + (sin 4x —sin2x) + [sin 6x -sin 4x) + 
soot (sin2Kx -sin(K —2) x] 


дее) 


"а sin2K x-cot хф | 
и? y cos x [cos x+ cos3x +...+ соз@2К — 1) v] d 


2Kx 


sin2Ke 
Now, J, ES 


ит 
| Л 
++ У [cos2K x + соз(2К -2) х] 45 


But we know that, 
ЇР eos2nx)dx- oV nel and пао 


E л 
ЇГ sin2ke-cotxde=["" 1dr+0=5 
o o z 


© Ex. 41 Prove that [" еу. 


Sol. пая [тетей dt, Ри 


гају tet а= * 


Мн 


ил 


acd 
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Тен үй, Цоож шэн цэнэ. РНИИ 
ај гн ^ пж) жа) f а-а) 4154) 
БТ” БР И NEN dr 
ги 
ям а g.| ЕЗ 
ЁС [5 = [^ Fix) dx, when (-х)- fe) Жэ 


БОЛГО” 22 1 furt ын 2 ло m 
Ї 1-а Ја ta)/ü-a) Itaj, /1-452 fi-a? 


» feat deae реа (integrating both the sides w.r.t. 107) 
= Лај=папја+с 
ө Ex. 42 If f(x) =е" + [7 (е" te") f(t) dt, find f(x). ви ло ее 
cos x 
Sol, We can write f(x) = Ле" + Be“, where М E 
A=1+ | float and в-| да ~ Ле) етаи та 
Acte [, (дё + Be) ча (дё = Be) ә Ex. 44 Evaluate |" созесб tan- (с sin 0) d 


А=1+А(е -1)- B(é! -1) 


ма 
MT - Өзал” (esin 8) do 
FECI à Sol Let [=]. cosec0-tan m 
ялаа” = ЕЕ 5 
в-| tac + Beyde B rof cosec 0- = "TA о 
qnos 
ENTE 


Ае -e) + Bite =e")! 
В-АжВ(1-2е7) 


ii =" совс 040 _ frit сөзесі040 
= A-2e'B=0 di) ^ сё + созес!Ө ^ (с2+1)+ cot? 8 
From Eqs. (i) and (ii), we get 5 

2(е-1) e-1 a (ме 1222 
A= „B 
26-267 4-2е ye? +1 den Қ 
E MN TE: 
неке, fiee f= 
Бәш "m Integrating both the sides, we get 
. 9 1Ңа|<1,5һоу/ that 4 
ІЛ | | лд=ј — ове e +1)+А 
E log(l-acosX) y... inta. wen 
2 cos x where, /(0)= A 
Sol. Given,|a|<1 вш f()- [^ совес бла! (0) -0 
ж log (1 +a cos x) 
па оз TECER ge EET +) 
"ж 
E cosx 
гөр a= | ao ха -' 
0 совх-(1+асозх) ° Ex. 45 Evaluate |" secO- tan^' (a cos 0) Ф. 
" ‘a’ using Leibnitz rule) 
(бағытың 5 а Sol. Given definite integral а function of*a' Let its value be (а) 
Xap ®=——у.жһепх=0!=0 
pud cie yo EE T Then, 1a)= | sec 8- tan“ (а сове) d0 
and when хељи => m 1 
юэ > 9-1, бе "НО 
= ТЕН (using Leibnitz rule) 
= fw " 


В 1-й м i 221 
— = —Q—29- — 
mi ІҢ 1*a'cos! 0 js sec! 0 a* 
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- (put tan 8-0) 


I" sec B 
о 1+tan? 8667 


=f" t= ue 
* Pew» ТЕТІ ЛЭ 


= (z-o) > пај= 


dese 


Integrating both the sides w.r.t. ‘a’, we get 


2уа?+1 


16)- logla+ цас 


Since, | (0)-0%С 


> Па) = gla fiel 


€ Ex. 46 Let f bea continuous function оп[а, b]. Prove 
that there exists a number x € [a, b] such that 


Г лөа-Г КОЛ 
Sol. Let gx) = |" лов-[ Дә, x e[a,b] 
We have, ga) == f° да and FONN жой 


ET ao)-20)=-(f лов) so 


Clearly, g(x) is continuous in [a,b] and g(a): gb) <0. 
It implies that g(x) will become zero at least once i 
Hence, |7 тоа f f) de for atleast one value of x ea.) 


© Ex. 47 If flx)=x+ [{(ху?+ ху) (SO) ay find Хо) 
Sol. Given, Ло) x + |, у fondy х? [эла 
xe или): “(Шулуа) 


= f(x)is a quadratic expression. 
Иәтах bx! or fo)-ay *by* 40) 


- 
where, aci +f у? fo)dy =1 +f у'(ау + Бу?) йу 
= 20а =20 + 5а + 4 ог 154-48-20 ii) 
‘and bef! y fody =f, убу +by dy 


3 ay 
[22,5 | гуай 
3 4 А 3 4 


12b=4a+3b or 98-44-0 iii) 


From Eqs. (ii) and (iii), 


9 Ex, 48 Prove that 
ГОЦ гај dum | ою аа 
Sol. Here, applying integration by parts to 
p ТОЯ 
је а 


i т 
ie. taking '1' as second function and E f(t) dt as first function, 


we have. 


ч Ч лова (f лов) etf ЕТІ 
EC fno ау -Г чодаи 
-х| лда] иби) du 
= с-ш лдаа 
© Ех. 49 Evaluate |7" (ов | sin x|) (cos (2029) (ел М. 


жа 
Sol. Let Қа) = |, (log|sin x[)(cosznx) dx 


T" 
шз” 
нө log sn x| S222) -Г cot x АЙХ ас 
(using integration by parts) 
1 рэм? sin2nx-cosx 1 
1-0-.- TRUST dx = 0-7 h(n) 4 
Цин чи ИО 
Let Lm) = p^ sate) losz di 
мин) р ЕЕЕ 
д inet) Lo (^ Eert Drsna) cos д, 
" sinx 


=f" Боја а TL 
ы sin x 


=f," (costen+2)x+ cosanx) de 


(a sin(2n) x MR 
(n2) ж o 


= цах цэ 


40) 


fo" sin2x-cosx |. 


o sinx 


ма жа 
= Beast xde =f" (1 cosax)dx 
ма 
(Em 
22% 


3 
э мелема) = юм 


[using Eq. (0) 


o Ex. 50 Evaluate L e™ sin" x dx, ifn is an even integer. 


Sol. Here, I,» €^ sin" dx 


сезі е en [7 sin"! созе dx 


=}, хий x- cos x7") dx [where (-sin* xe"); =0) 
1 u 
=>  I,-n[(-sin"" x-cosxe "Ур 
*(n- 1) fe ват x cos! кезік -Г sin" хет" dx] 
1,7 n(n1) 7 e" sin? аса [7 e sin" хах 
-n(n-1)1,., nl, 
> +pani- 


@-1), 


„= 
nel 


)(n-3) (л-4)(8-5) | 


z 


(п-2)+1 (n-4) +1 
.. and so on. 
20-1) 
ын PSI ь 
L n(n-1) (n-20n-3) (1-4-5) 20-0, 
"Tei (а) а позна 7 Pel 
— T] х (snm єв) 


тап H 2 
П (1407) п 1+4" 
д г. 

9 Ex. 51 Evaluate | (х +1-х)"4х,пє N andt is 

independent of x. Hence, show 

[5*a-3*4- 


1 
"с,(п+1) 
Sol. Here, 1-| (eio x ас (tx) ёс 


[eos 


(10-1 |, 


afarie?) К 
лат 
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Again, ге (tina ак; (1-3) ti" dx 


-| есас аат вж "ea = у 
(tx)? +...+ "C, (1 — xy" (x) ж... "C (во ) de 


-[ атата 
= 
= ме fi =x ік (i) 


From Eqs. (i) and (ii), 

i О 1 = = 

aax dee LP e P e P soe tl 
Уут МА d Irene n 


Equating coefficient of оп both the sides, we get 


пс а-у si. 
са tde 


1 


" 3 
= Í [E caro 


ә Ex. 52 Given a real valued function f(x) which is 
monotonic and differentiable, prove that for any real 
numbers a and b; 


[u^ (i-r? tnde J") axtb- f 7 (дах 


Sol. As, f(x) is differentiable and monotonic. 


~ f(x) exists. 

Lt fst x f()orde- f'()dt 
Аз, х= Да) > f "(f(a) o t—t2a 
and х= f(b) f Uf) -tt-b 


лы 


[ia аар уана [у 2ft00-0 F'O de 


= ооло оа 
боол 

=U FOP + [^ FOF at 

7-6-a) FG) +f? UG at 


-[ (ror ua 
МЫСЫҚ 


ө Ех. 53 Evaluate 
Г sin Ө (cos? 8 — cos" 7/5) (cos? 6-сов! 21/5) а. 
Ј 3150 ` 


Sol. We know, 


aspe (Jen) а] 


«(а-я (tre) 
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Put — z=cosO+isin® 

= 2isin56- (21 sin 8)(2 cos 0-2 cos m / 5) (2 cos 0-2 созал /5) 
X(2 cos 0-2 cos 4n / S) (2 cos 0-2 созбл /5) 

= sinSO=16sin 0(cos* 8- cos" л / 5) (с05? 8— cos? 2n /5) 


Aliter Convert acosx + bsin x into a single cosine say 


ч ?6- cos? 39: сой 
—› sinO(cos - cos n /5)(соз*8- соз*2л /5) 1 cos (x-+ Ф) and put(x- 6). 


51150 
E іп (cos? B- cos? n / 5) (cos* ө Ex. 56 Evaluate Г Inxdx 
á 58 0 х2+2х+4 


Sol. af (put x=2t dx e 2dt to make coefficient of 
й хї+2х+4 


i M "С, A stant te 
© Ex. 54 Showthat lim 2 ——=*—=е-2. Ыы ice d ue Ma de nad 
поен k=0 pF (K +3) oa јави уља је ыра 
2 «retel) 2% Peete 279 1641 


Қ per 


ЕЛЕР 


зүй эр [| ax-etde =e-a{ сее as} 


lo 


№2 21 па 


аб Ws 


~2{e-e+ 1} =е-2 


cosx 
— dx 
acosx +bsinx 


ө Ех. 55 Leti - (i 


and J = (^ таз) where a»0andb»0. 
? — acosx-tbsinx 9 Ех. 57 Finda function f, continuous for all x (and not 


te the values of 1 and J. x i 
Compute the values of zero everywhere) such that f?(x) = | sint gy 


501. > at + bj =% Ai) 2+cost 
NCETTETM Sol. We аме, ge |" finta, 
g шын је Pep 
Ч Ы -ау = In[acosx + Ьзіп х2 (Note that f"(x) being an integral function of a continuous 
е b function is continuous and differentiable) 
-aj -in( 2 КС м 
E "E »(2) бі) afta) f(a) Lin 
2+ cosx 
From Eqs. (i) and (ii), " Integrating, we get 2 f(x) = С – In(2 + cosx) 
ачка ы x20 => /(0)=0 2 C-ln3 
b?I - ab] -bln(b/a) E foz 3 
2 2%созх 


tan! 2) 
ө Ех. 58 Evaluate ^. 975 97 dy, where a isa 


x 
parameter. a à 

t Ж 
Sol. Let LINDA em 


When а =1 and J -0thenC-0 


Hence, те ба 


(put х-зіпб) 


2a sec? 040 
a tan*0- (1 tan^0) 


Zasec! 040 (put tan - 1) 


- иа 00% 
f ace? aah B ( 1 | 
1 
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or Гела «C 


If a=0 and 1 -0,һепС--л 


© Ex. 60 Evaluate (^^ «| 


1-р" [тека Galen 
2 


І 


за(6-2-3) 


1+asinx 
l-asinx 


Sol. Let 5 
1-asinx ) sinx 
db (m. 2% ёс 
da № (I-a'sin'x) sinx 
J 2зесіх 
^ (1-a')tan' x1 
24 
> 
"n И 
1-a? 
When a=0and I =0, then C=0 
I=nsin (а) 
Hence, I=nsin™a+ С 


(put tanx =t) 


dt 


The value of [* О —4У+9зїцу-24у i. 
қ бу" ~8y +1) 

@)0 $2 

(©) -2 (d) None of these. 


~ 


Let f(x) = x? ax + band ће only solution of the 
equation f(x) minimum f(x) is x =Oand f(x) 0 has 
root a and B, then Ї x? dx is equal to 

laugh NN 
(920 +0) СЕСЕ 
до (9) None of these 


[N07 ап ба + ffeoseat=0 then) a= 


and y= mis 
(45 ®-# 
©-\ (d) None of these 


j sin (а х) сов (cosx) 4 = Е +x? | 
Г m 
ТЕ СЕ) 


атал" 7 | (where, [1 denotes greatest integer 
lect 


е 


a 


function), then number of ways in which a— (2b+ с) 
distinct object can distributed among =— persons 
с 
equally, is 
! 


10! 
Oop 


5. The value of the definite integral 


Ї — “  (а>05 
" (1+х*)(1+х*) 


x х 
өт 9 
(Әл (d) Some function of a 


6. The value of the definite integral 


p (0 + x)sin x +(1 – x) cos x] dx is 


эл Li 
()2tan те (угаал 


СИ (20 


v  tan^ (nx) 


7. Let C, dx, then lim п? - C, is equal 
э sin? (nx) M 
to 
(a)1 (о 


да ai 


Definite Integral Exercise 1: 


gle Option Correct Type Questions 


di 
t! +2 сова + 


If x satisfies the equation (i 


4: P sin 2t а|- 2=0<а< к) then the value of 
1 


OTs 
xis 
B DES 
өз гета a a 
Га” оза 
(Qi qm ТА 
x tdt 2 
9. If f(x) = ef and а(х) = | —— then ЈУ (2) is equal to 
F(x) = e! and g(x) т en /* qi 
СЕДІ (уо 
(91 (d) Cannot be determined 


10. Ifa, band c are real numbers, then the value of. 


lim tn t fi G+ asin bx) 8) equals 


(a) abe (b) 2 
с 
өз ws 

11. The value of lim. > таш is equal to 
СЕЗ ыз 
өш ші 


12. Let f(x) = [^ e dt and h(x) = Ла + g(x)) where g(x) is 


defined for all x, х" (х) exists for all x, and g(x) < 0 for 
x>Q1fh'(1)=e and g'(1) = 1, then the possible values 
which g(1) can take 

(90 ()-1 

(9-2 0-4 


13. Let f(x) be a function satisfying f(x) = f(x) with 
(0) = 1 and g be the function satisfying 
L(x) + g(x) = x? 


The value of the integral f' f(x) g(x) deis 


1 
ђе 


Ме-е-з 


1 
=уе-з› We 


atr) 


14, Let f(x) |! 


"n 


медода | (1+sin t?) dt. Also, A(x) =е 71"! and 


дек "sin ix #0and /0)- athens’ (8 везано 


(а) (0) (b) (07 1 
@ҥө') (d) tim 602 х 
1-4 xen 


15. For /(х)- х" +|х|,1е41, =f соз x) dx and 
1, = |" fsin x) dx, then. > has the value equal to 
(1 (b) 1/2 
(92 (да 

16. Let. һе а positive function. Let 
4 =f, (x) /(х(1- х) di, =f, F(x (1 x) dx, 
where 2k - 1>0 Then, ZŁ is 

i 


(a)k (b) 2 
(1 (92 

17. Suppose that the quadratic function f(x) = ах" bx c 
is non-negative on the interval [-1, 1]. Then, the area 


under the graph of f over the interval [-1, 1] and the 
X-axis is given by the formula 


(a) А = f(-1) + Л 
oad) 


(Ae rU жао + Л 


6) 4 «UC + 4/00 + 0) 


а 
18. Let 1(a) = [7 E +asin x) dx, where ' is positive real. 
a 


ahs value of ‘a’ for which Ка) attains its minimum value, 


(a) JH ope (с) E (d) E 


19. The set of values of ‘a’ which satisfy the equation 
frt - tog, à) dt = log, (= 


jaer ()aen' 
()a«2 (Ча>2 
20. lim (е рег) 4р equal to 
2: Би are: 
1 2 
ші өз 


(да фо 
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21. The value of «(^ x| л zx | dx) is equal to 


(а) 42008 (b) к./2008 (с) 1004 (9) 2008 
т. х> 0is equal to 
x 
(b) tan" (x) 
(а) 1897. (0) 
E 


23. Let а> бапа f(x) is monotonic increasing such that 


f() =бала f(a) = b then [у Јода + |, f” (фев 


equal to 
()a*b  (bjab+b  (Qab*a (ар 
лз 2х з x* 

Ma. т а=], , then 

че is equal to 

бук bzr ©? (91 
5 |. 18 es dx is equal to 

д x) x 

(а) о (М1 

oi (d) Cannot be evaluated. 


26. jim (1 ағ a) is equálio 
Qa: É шаг 


2 


X 


If g(x) is the inverse of f(x) and f(x) has domain 
xe [1.5], where f(1)=2and f(5)=10, then the values of 
J? ix) dx + [7 gly) dyis equal to 


(a) 48 (b) 64 (971 (9) 52 
28. Тһе value of the definite integral 
JU за xsin 2x sin 3x dx is equal to 
E 22 -4 1 
(a) a ©) 3 (е) s (8) Е 


29. If /(х)= ['U()' dt, f : R> Rbe differentiable function 
and f(g(x)) is differentiable function at x = a, then 
(а) g(x) must be differentiable at x = a 
(b) g(x) may be non-differentiable at x = a 
(c) g(x) may be discontinuous at x =a 
(d) None of the above 


30. 


в 


The number of integral solutions of the equation 
iL к; x>Qis 
Ј + 


x 


(а) о (М1 (92 4з 
э. ЈУ са H dx is equal to 
Ш 21а 


(OLJ (91 (92 (ауз 
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32 LIN (ax? -5) х =0and5 + f? (bx + c) dx =0, then 


(а) ах" — bx + с = Ohas atleast one root in (1, 2) 
(b) ах" — bx + c = 0 has atleast one root in (-2, — 1) 
(дас + bx + с = 0 has atleast one root in (2, = 1) 


(4) None of the above 

33. The value of f° (fx + 12x = 36 + yx- J12x- 36) dx 
is equal to 
(6 бума 
(91243 (d) None of these 


36. If f(x) = [sin " (sin 2x)] (where, (| denotes the greatest 
integer function), then 


( [ fe) а= т = а" (sin 1) 
(b) f(x) is periodic with period т 
© lim Л) == 
(d) ions of the above 
37. Which of the following definite integral(s) vanishes? 
шэнэ хуйх (b) | sin? хас 


dx x [1+ cos2x 
а) |" HER а, 
9 аах ој шегі 


=0has 


38. The equation 10x* —3x* 
(8) atleast one root in (-1, 0) 
(b) atleast one root in (0, 1) 
(c) atleast two roots in (—1, 1) 
(d) по root in (-1, 1) 


ЇГ” eos (rsin? x) dx, 


39. Suppose 1, 


cos (п sin x) dx, 


1, = f^ coser sin’ хуйх and 1,7 Ж 


then 
()1,-0 091, +1, -0 
(Quello O= 


40, Let f(x) = f', (1-11) cos (xt) dt, then which of the 


following holds true? 
(a) f(0) is not defined 
(b) lim f(x) exists and fs equal to 2 


(9 lim f(x) exists and is equal to 1 
[5] ym continuous at x - 0 

41. The function f is continuous and has the property 
Код) =1- x for all хе [0,1] and 1-1, f(x) dx, then 


Definite Integral Exercise 2 : 
More than One Option Correct Type Questions _ 


зай, = f. б" 2e (x! 3 {x> + 4) dx, (where, 
{ iru the паана part), then 1, is equal to 


G- E w= өз (d) None of these. 
an ЗЕР ка sin? UE нем, 
35, Lett, = Mar rT MU aa 
then 
@җ.-1,=1, 02.2. 


(92,..+2,=2 Drahan 


ТЕГЕ 


(b) the value of 7 equals to 1/2 


ШЕ 


ПРЕ 


Gar os y Pas the same value as J 


42. Let f(x)is a real valued function defined Бу 
Дак [даж Lh ft) dt, 
then which of the following hold(s) good? 
(f, fd (fm + fensi 
(f, uma f, foa лю – rns 
43. Let f(x) and g(x) be differentiable functions such that 


ТГ g(t)dt=sin x (cos x — sin x) and 


(ГО +(g(x))? =1, then f(x) and g(x) respectively, 
can be 


cos2x 


1 
(2) sin 2x sin 2x [5] cos 2x 


um : 
(9 sin2x,~sin 2 (d) -sin* x, cos 2 


44, Let f(x) - |" (tsin at bt + c)dt, where a b,c are 


non-zero real numbers, then lim до, is 


(a) independent of a 

(b) independent of a and b, and has the value equals to c 
(c) independent a, b ande 

(4) dependent only on c 


45. Let = lim ЈГ TIS where ав А then L can be 
[OL] (5) х/2 (бо (91 


Definite Integral Exercise 3 : 
T Passage Based Questions 


Passage I 
(Q. Nos. 46 to 48) 
= га 
„2 (ај 
lim = 1 when 
Suppose lim — дү cL where 
peN, pz2,a» 0,r» Oand b « 
46. If 1 exists and is non-zero, then 
(а) 5>1 (М0<5<1 
1233 (d)b=1 
47. 1f р =3and [= 1, then the value of ‘a’ is equal to 
(s өз 
(96 (d) 3/2 
48. If p=2and a — 9 and | exists, then the value of l is equal 
to 
3 2 1 T 
(а) 2 o ©) A (9) 9 
Раззаве П 


(О. Nos. 49 to 51) 
Suppose f(x)and g(x)are two continuous functions defined 
for 0€ x € 1. Given, fo-f e**' . f(r)dt and 


swf с ада +х 
49. The value of f(1) equals 


(ај 0 (b)1 

(Qe (de 
50. The value of g(0) - f (0) equals 

2 3 1 

ба Oza Өвс t 

51. The value of £ equals 
(2) 
1 1 2 
(ao © өз Фа 
Раззаре Ш 


(О. Nos. 52 to 54) 
We are given the curves у= |" (уй through the point 
1 
(4) апу у = f(x) where f(x) > дапа f(x)is differentiable, 
Ухе R through (0,1). Tangents drawn to both the curves at 


the points with equal abscissae intersect on the same point on 
the X-axis. 
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52, "The number of solutions f(x) = дех ія equal to 


(о (01 

(92 (4) None of then 
53. lim (Од) 8 

()3 Mo 

(д1 (4) None of these 


54, The function f(x)is 

(а) increasing for all x 

(с) decreasing for all x 
Passage ТУ 

(0. Nos. 55 to 57) 


(4) None of these 


See ју et — at? y dt and gr) is quadratic 


8(0)* 67 g'(0) c) 2b 2 Q у= h)ad y= g(x) 
intersect in 4 distinct points with abs 112,3 Avuch 


that Y, Ва, b ee R* and h(x)= 2709. 
х, 


55. Abscissae of point of intersection are in 


(а) AP (b) GP 
(c) НР (d) None of these 
56. ‘а is equal to 
(а) 6 (s (c) 20 (4) 12 
57. '2 is equal to 
(а) 25 (b) 25/2 (е) 25/4 (4) 25/8 
Passage V 
(Q. Nos, 58 to 60) 
Let y= [№ Доле us define Фа Ф 
ә de de 
=v (x) f^ (Hx) -w (х) f? Qi) and the equation of the 
tangent at (a b)and y- bs [9| к-а). 
XJ qu y 


58. Ify = J^ 13 dt, then the equation of tangent at x = Lis 


а)х+у=1 (Музх-1 
y= (у-ке 
59, Ify = |? (in tdt then tim, 2 is equal to 
, de 
(ao Он (92 0-1 


60. 16 f(x)= |" e" ^ (а-у, then E Једи x «1s 
ах 


(OLJ (byt 
©? (0-1 
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Passage VI (Q. Nos. 61 to 62) 


Consider f:(0, =)> (-5, Z) aint feo ша? (санға) 


61. Тһе about function can be classified аз 62. The value of (7 [tan]dx is equal to. (where, [] denotes 
(а) Injective but nor surjective : Р 
(b) Surjective but not bijective the Бэрэн integer шен). 
(с) Neither injective nor surjective (а) — 5 07 
(d) Both injective and surjective i-a PH 
Definite Integral Exercise 4 : 
Matching Type Questions 
їр — - 
63. Let lim — f° (sin x +sin ax)* dx = L, then 22 
жұрқ эв Column 1 Е 
Column И (B) The value of the definite integral ше 
E ©) o 
the value ofLis — нэ 1/2 
1 the value of Lis 1 
(D) Forae R- 0, 1), the value of L is 2 > 


ЕТКЕ" 0-1 9 4 " 
64. Let f(@= [| (с + віл Ө)? drand g@)= |, (x cos) de — gg Match the following. 


where c [0,21] The quantity f(0) — g(), V 6 in the 


interval given in column I, Column І 
Colum Column И (А) ie sys fA whe 
== _ fee ттен 
(A) (т эт (p) negative Bis 
G 74, С = 70 sin уд, then value of 
D ЈЕ | Ч СИЕ ГА (5) в 
(o [m =) (nonnegative (B) If f(x)is a non-zero differentiable @ 2 
(2747 function such that f^ f(t) d= (COP, 
Ф) (“хо 83 non-positive Vx € R, then f(2) is equal to 
4 ee mJ 
cH CE © irf Qex à) deis maxi i 
65. Match the following. ја +а-х) шиита 0 
Манна ла А | а + bis equal to 
Seen а» жж, кеси. ES 
(А) |, + 2008 2%) е” de equals Ф) е х 


has the value. 
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Definite Integral Exercise 5 : 
Single Integer Answer Type Questions 


баг јода FSM and [Дак = 28) then the value of (m-+n)is . 
а n 


68. The value of 1 = J^ — өлік | 
^*^ 1-«2[sin (sin x)] 
T" 
[143279 do (n e м) then the value of 10194743) | 
sin? Ө Газ)- fla) 
70. Let /(х)- | e "^ dt and g(x) = (h/ x), where A(x) is defined for all x € h. If g"? =e" and һ' (2) = 1. Then, absolute value 
of sun for all possible value of A(2) is ... 


(where, [] denotes greatest integer function) is ... 


69. 1t f(x)= 


т 


71. 1f = (^^ sin x-log(sin x)dx = log (8) Then, the value of Kis... 
е 


(i) JEE Advanced & IIT-JEE 


72, The value of (^^ ZES dx is equal to 


7^ 1+e* [опу One Correct Option 2016] 
x х 
o$- [m 
да -e*^ (d) n? + e” 


73. The total number of distincts x € (0, 1] for which 


[m хаван [integer Type 2016] 

74. Let. f(x) =7 tan" x 7 tan‘ x-3tan' x -3tan* x for all 
xe e Н! Then, the correct expression(s) is/are 

Ын [More than One Correct Option 2015] 
t) f ft) de - o 


(» fefe) dx =1 


ко f^^ fla) de = = 
лаа 


192x? 


ж Let боје ӨР for atl xe nwit (1) гай 
2+1‘ nx 2 


ms [^ A(x) dx < M, then the possible values of mand M 

ма [More than One Correct Optlon 2015] 
HE! 

(а) т=13, М =24 те Mas 


(От=-1,М=0 (9) т=1, М =12 


Definite Integrals Exercise 6: 
Questions Asked in Previous 10 Years' Exams 


76. The option(s) with the values of a and L that satisfy the 
[7 e'(Sin* at + cos* адаг 

нэ = L, is/are 

|; e'(sin* at + cos* at)dt 


equation 


[More than One Correct Option 2015] 

"1 
8)а-21-5-21 
(а) > 


(фа-41- 


ч Directions (Q. Nos. 77 to 78) Let Е: R— R be a thrice 


differentiable function. Suppose that F(1)-0, F(3)--4 
and (х) «0 for all x є (1, 3). Let f(x) = xF(x)for all x е В. 


77. The correct statement(s) is/are 


[Passage Based Questions 2015] 
(а) Ла) <0 


(b) f(2) «0 
(c) f'(x) + 0 for any x (1,3) 
(d) f'(x) = 0 for some x e (1,3) 
78. Ге F'(x)dx 2 -12and р x? F"(x) dx = 40, then the 
correct expression(s) is/are 


WISG 70) -за=0 [оке 
(99/0)-1(0432-0 (@убдах=-12 
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79. Let /:8-э Кеа function defined by f(x) 


where [x] denotes the greatest integer less than or equal 


шап-| A 
^ 24 f(x+1) 


80. на [fe (eee 
*x 


dx,then the value of(4I — 1)is 
[Integer Answer Type 2015] 


Je where tan™ x takes 


only principal values, then value of (os. й+@|- х) в 
[Integer Answer тумэн 5] 
81. The integral |" (2 совес x)" dx is equal to 
[Only One Correct Option 2014] 


аа o" een 
@ | 


и 
82. Let f [0,2] — Кђе a function which is continuous on 
(0, 2] and is differentiable on (0,2) with f(0) =1. 


Let F(x)= [Аа хе [0.2]. F(x)= ГОУ 


e +e 


" је m 


(e =e)” du 


op nfi -езуш 


x€(02)then F(2)equals — [Only One Correct Option 2014) 
(а) 6-1 (b) e'-1 
(9 e-1 де 


83. Match the conditions/expressions in Column I with 
statement in Column ЕЭ жены Туре 20141 


Column И 


84. Match List I with List II and select the correct answer 
using codes given below the lists. [Matching Type 2014] 


List! Li 
A. The number of polynomials f(x) with non-negative р. 8 
integer coefficients of degree < 2, satisfying 
f0- дам), у(х) de= Vis 


в. The muero points и in the interval (-Vi3, Mlt q 2 
which f(x) = sin(x’) + cos(x*) attains its maximum 
value, is __ 


List 


E 


86. 


87. 


88. 


89. 


90. 


i. The value eren [ne] dx is 
ы іс 


[Integer Answer Туре 2014] 


"The value of the integral [^7 (е +log = = 
is 


cos x dx 
+x, 


[Only One Correct Option 2012] 


Go = 


=: 
(c) ae 


а т 


23 xsinx? 
The value of [7^ Хх O 
Гау ъашбо -x*] ^. 


[Integer Answer Type 2011] 


1 


ГЭ 3 
ө Log; © $log 


өші (1162 

Let f :[1, ге] => [2 =] be differentiable function such that 
Ра) = 21е? f(x) = dt =3x f(x) x9, V x > 1then the 
value of f(2) i 


[Integer Answer Type 2011] 
йр 
The value(s) of | де dx is (are) 
| se 
[Only One Correct Option 2010] 


09:03 


73x 
а 137 
à 7 


For ae Е (ће set of all real numbers), a # —1, 
Q* +2" +...+п*) 2. 


а вну 
= жау" (па +1) +(па+2)+...+(ла+п)] 60 
Then, ais equal to 
(а) 5 


zs -17 
өш [E 


{Моге than One Correct Option 2010] 
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= Directions (Q Nos. 91 to 92) Let f(x) -(1-x)'sin'x-x*, — 94, Let f be a non-negative function defined on the interval 


2-1) М 
Ухе Капі g(x)= p ez ме] поем» ea, =). шл. fy а)" 4-1, f(t)dt, 05 x S1and 
Ё o 
рака Based Questions 2010] f(0)-0, then [Only One Option Correct 2009] 
91. Consider the statements 1) 1 NL 1j i TV + 
P: There exists some хе R such that, 04141 io (eie 
f(x) +2x 220 + х). 1).1 11.3 
1 1 
Q: There exists some хе Rsuch агар. 0701) <} а (<; 007 (ei 
Then, 
(a) both Pand Qaretrue (b) Pis true and Q is false 95. 111 =j m 2,... then 
(©) Pis false and Qis true (d) both Pand Q are false 5 Фэ(ржл!) япх 
€ А 2009] 
92. Which of the following is true? Renan me Cate or 
(a) gis increasing on (1, =) OLETAN ы Ehan 5107 
(b) gis decreasing on (1, =) M mat 
(с) gis increasing on (1, 2) and decreasing on (2, =) © Yh. = (d) 1, =1, 
(d) gis decreasing on (1, 2) and increasing on (2, =) A 
93. For any real number x, let [x] denotes the largest a J n 
= I 
integer less than or equal to x. Let f be а real valued 96. Lets, ӛр gg Ша e pr 


function defined on the interval [- 10, 10] by then [Mors than One Correct Option 2008] 


Ја, if f(x)is odd b M 
dn ас if f(x) is even mE 0525 
т т 
Then, the value oc J (x)cos nx dx is. ©т< @т,> ^_ 
ЈЕ [Integer Answer Type 2010] эл 5 
(ii) JEE Main & AIEEE 
97. The integral [г dx i, equal to 102. е I The value of the integral |2013 JEE Main] 
WS ми Tacos x [2017 JEE Main] Г в ИИ 
@)-1 ®-2 ЯЛ еј - 
(92 (4 | 
98. Let 1, = [вп"х dx,(n> 0.4, +1, =a tan? xe +C, Statement | f(x) dx | f(a +b- x) dx 
8 1 ; i ы Р 
where C is a constant of integration, then the ordered Go Бэхэн Бенита T is true; Statement I is a true 
pair (a, b) is equal to ue YEE Main] (у Statement T is true; Statement IL is true; Statement T is not a 
" (+ o) ы C 1 ) © А D @ Б 4) true explanation for Statement I 
s 5 5 4 (c) Statement I is true; Statement I is false 


(d) Statement I is false; Statement П is true 


[20 +2)..Зп ЕР TT 
ы | п” isequa lO [2016 JEE Main] 103, The intercepts on X-axis made by tangents to the curve, 


m ы” СЕ 3, (d)3log 3-2 y= |i ltl dt, хе R which are parallel to the line у =2x, 
й 5 best are equal to [2013 JEE Main} 
10. Ex dx is equal to @) ®1 (b) £2 
he integral ЈЕ log x? + log(36— 12x + x^) т (с) +3 СЕЗ! 
015 JEE Main] С” 
s os @i ae 104. 1f g(x)= J" cos 4t dt, then g(x + п) equals [212 AIEEE} 


aon) 


ау £9 atm) (b) g(x) + Ил) (©) g(x) — (л) (d) s(x): сл) 
101. The теша] 1+ 4sin? 2- Asin dxis equal to 
12014 JEE Main} 


105. The value ог 2 88 0550 ae is 
ar-a maes 1+х [2011 AIEEE] 


x л 
(94-3 (d) 4V3 -4- 1/3 (12 (92102. (e)log2 (9) л log 2 
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106, тотже (n ӨШТІ Дуб sint dt Then, f has 


108. Lh [cot x] dx, [ ] denotes the greatest integer function, is 


[2009 AIEEE] 
[2011 AIEEE] equal to Ё Ы 
(а) local minimum at т and 2л ша (b) 1 
(b) local minimum at x and local maximum at 2% 2 * 
(c) local maximum at лс and local minimum at 270 (0-1 (а) Er 
(d) local maximum at s: and 27: А ИЖЕ 
х 
107. Let p(x) be а function defined оп R such that 109. пате ЈЕ dx and J= | iE dx 
dmt nay “ЭР тр" x for all ee (0, 1) р(0)=1 ‘Then, which one of the following is true? — [2008 AIEEE] 
a 2 2nd] <2 
and p(1) = 41, Then, | p(x)dx equals S (a) 1» Sand J>2 (2 йн J< 
(а) Ут (b) 21 (9 1<2ав47>2 (d) 1> Сапа ] «2 
(e) 41 (d) 42 3 3 
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л 1 8. [/(х)йх= (х) de 9.16 10.4 1537 
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Solutions 


4. Let + 
s Qy' -8y +1) 
Put y-2-2z 
> dy=dz 


(z^ + 1)sinz 


а б-р 7 


i 


> 1=0,as [^ f(x) ду = 0, hen Д-х)-- f(x) 


(2 + Пят 
ага = 
Hence, f(x) = х? + ах-Ь 


and dz is an odd function. 


У 


The solution of f(x) = minium f(x) із 


Given, f(x) minimum 15 at x = 0. 


= 2 =0 or a=0 
рл f(x) = х? — b = 0 has roots a and В. 
ES a = Vb andB =- Vb 


рв vae=0 
ЇГ, лодас= o, when А-З = 109] 


3. Here, [^ Үз -2sin' агь H 


Differentiating both the sides, we get 


2 asin) 1 (сову) =0 


costdt =0 


(2) 


D and sin" (sin x) is an odd function. 


біп” (sin x) f cos (совх) БА 
^ (xxt ^ а) хт 

= cos" (cosx) 

• (2 


7 “^з 
raf rr d 0254] 


=0+2 


= log (1 + x?) +2n(tan x)! — [log (1 + 16) – log (1 + л?)] 
8 Эд inci) 7 

төбет залал 4 ~ tan л)-1о үлд 

4-к Jl 


14m 


ы а ма а 


EN (1153 NEL 
-oe (HX) (878) 


7 
On comparing with log (27) + br tan 


a=17,b=2ande=4 
кез 


а-(@ + ¢)=17 -8=9and —— 


‘Thus, the number of ways to distribute 9 distinct bijective into 
9 


3 persons equally із 


ө 
5. Putx=tan® 
«ха ад xt (с080)' mei 
ыг * 1+ (tan @)* f (any + (соу ©? 4 


= fL "Gin x+ cos x) dee [У (sin x — cos x) de 


= "sin x + cos x) dx 
+ [x (-сов x -sin x)" ^ + I x cos x) dx 


=2 "in x + cos x) dx +0=2[— cos x + sin «е 
1 

- [+ 
[ ve 


7. We have, C, 


FEE: 


tan" (nx) 


(put nx =1) 


ші dto) 


> 


dt = O as the integrand is an odd function. 


Г t sin2t 


dt 
* 22 созо +1 


КҮРЕСІ 
- tant COSS: 
sina sina 


25та 
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Thus, the given equation reduces to 


Flogu = x=42 
Zsina 


9. fize gaand 00 = 


оне ame 
Hence, ды 
lence, голи ве tor 

10. вы ( f+ asin bo 8) 

Ji 0+ asin b x)” de 
ава 
ET ln тави. ТАРЕ 

11. T= 1 5 
ER) 
n" Yn 
15 1 нж 
E 4! Уау жаў 


за 
Put Vz + 4t ә 3.7 сй 
Morum 2.1 


gnat apr АР 
34 зт], 313 


12. Given, f(x) = f^, е" ано) = fU + 500150) < O for x> 0 


Now, но= fr" e dt= ји + al) (given) 
Differentiating, we get. М(х) = 
Now, (given) 
x езе». 
- @ + 0) 
= 97 
- 
ог 
13. Given, f'(x) = f) => Да) 
Since, /(0)-1 


2 f(x) =e" and hence Ж 


рей -2f хє «E 


-(-9)-2(97 -eh 1-36 =) 


-(-9-2(e-0-(6-)]-i6 -0 
з 


1л 
не 


2" 3 


14. 


. Given, 1, =f 


Here, f'(x)= тера go 


rs (9880) 


NET /2) 


But 0) = [1 sin (созї x)] 7 sin x) 
deren 


r(g-- asK(0")=—1 


Hence, 


‚ Clearly, f is an even function, hence 


ficos - x)] dx = |” Л cos x) dx 


=f сов x) dx 
PEE pue x) de-2 | fiin x) de 2L, 


Aliter Let u = cos x -»du = — sin x dx 
^ f ay 
ve 


E ва, Ze 


Similarly, with sin t =t, 
Ї O 


feet 


From Eqs. (i) and СУА = 


x f(x (1 х) dx and 


еј Хаа 
Using King's property 1, = Ё, 0-3) f(x х) ёс 


а= |, ла) а=, 


"b E 


А= Ле) + 4f(0)+ Л 


EO 
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18. (нанава) ae (зал) = 1 = 02008) = VI =2008 
5 м 1 : 
ах жама apr nye) 


л? ла? БЭР: 
Ца) = + — +m 2 |--+ 5 
Срем аа Eme A 


“ЇЁс ay = і 
(& $) + Т " и em 


l(a)is minimum жел 4 2 qi. Trax) 
кайс 23. Lety = f(x) => х= у) and ду = f'(x) dx 
> 4 E 
3 


Also, Шалы, ean + nf 
Ге 
19. |57044) n2 67 8480 
- (82108 a) 22-21og, a 1= | дааа | во) dyiy = о) 
- 2log,a=2log,a => ав” э «= oye gone әм Г дек 
20. Consider 1 = |" поље) y à : : : 
ан аже 2 = Оо) + xf G0) dx = [xf G2]; m a fla) «аһ 
= dep ші а (using King’ property) 24. Lotte [7 Den рак NI 
ve maree - 
188 ae c4 ii) -1-Ї iu 


On adding Eqs. (i) and (ii, we get 
21 = [№ ја (1 +): =2 fina ж.ш 


- 1-| ima e а On adding Eqs. (i) and (ii), we get 
ЕТ” шек ж ы apo ЇР 
Hence, I= lim x? 1, In (1?) dt ads Tox К 
и 5 А kem 
„ша li SEE (19) 25. Рип xc torx-e әйк-е dt 
у ови“ iN t _ р 
Using L' Hospital's rule, e Taf Serege daf] ле же јш= 


(as the function is odd) 
ad dsl Aliter] Put x=tan8 
2%. жа 1 In tano 
tan Ө + —— | — —7 sec" 
M Џ Л» gu) rad 
17 form) 


-[^r (о) ВА 


tan@) біп 8 cos 


АШегП Putx=1/t => 1=-1 => 21=0 => 1-0 


mem 
Хал 


2 


lim (t (ху а)" = а ( 


(иял а 6) 
x) 


(17 form) 
21 -1 JP" eo08n - 0| sin | dt КО 


Ол adding Eqs. (1) and (ii), we get 


ay = FOET P^ sin t| dt = 008) | Isin t| dt 
m h А 
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27. Lety = f(x) => x= f 0) = 80) 
dy = f'(x) dx 
теј бод ах fronde 


When y 22, then x 21 
and when y =1, then x =5 


T= [род + x дак = од 


=5/6) – fl) =5-10-2=48 


Je) 


[sin x sin 2x sin 3x de 


“fale 


= f°" -sin 2x cos (4x) de 


sin 2x (2 cos! 2x — 1) dx 


Putcos2x =! = —sinZxx2dx =4 


С SES 4 


[eo -e» -0974) 
Г 
Ї 


29. Неге, ОТ А0)... 


= год) и E OY 


i ca 
Tt implies that g(x) must be differentiable at x = a. 


30. On putting t = 2 and then solving, 
z 


E ж айта 
E 
тх м2 
= Ен 
* = 
= x =2 and 4 ie. two solutions. 


31. 


ол 
Elede 
cos] 


ап? р л 
= cos (] dr =0 


E 


(ii) 


32. [| (ar? -әж + ("bx odes 
-Га-5-ікесе9жк-ө 
Hence, ах! — bx + с = 0 has atleast one root in (-2 —1} 


«s +В) + ӨВ - ЈЕ 3) dx 6 
‚фер 


33. 


«--а) | х -4 


= јава = sin су 


2 sin’ x 


i iy 


37. (1 = ыбо x) dx => 1 f 1n (tan x) de 


I=- [Пасо drs- 120 


()1 = [7 sin! хас-- [sin xder = 0 


өлке е ша а 
ғ EU tn t^ 


1--1 or 1-0 


+ conte ДЕТТІ 
(fA a0 = Түмен, 


38. 1-1, (10х' –3х" —1)4х=[2х* - хх], =0 


Since, f(x) is even, hence must have a root in(-1, 0). 
39. We have, I, = Ї cos (д sin? x) dx 


1,7 (^ cos (n cos? x) de. 
|, cos (x sin? x) + cos(a cos? x) de 


2 cos ($) om ( sas) о 


-0 


cos {т (1 — cos 2x)) dx 
=- о (x cos 2x) dx 
5-5 [i costr cos t) de (put2x =н) 


= [ови cos t) dt =I, 


E 
Ji” cos (x sin t) at 
1,%1,-0 NOI 
Hence, I +1, 41,20 
40. f(x) => |, (1 — t) cos (xt) de 
|. coe 


41. 


oe 
=2 [a =й zi + ір sin xt “аф сөз 4] 
лә] 


O then Л) = а 100) ё-2| 0-06-1 


+. option (c) is correct. 


(x#0) 


If. 


L(i-csx) , 
wee | f Қ Ер ихға 
1 0. ifx=0 
2. f is continuous at x = 0. 
>, option (d) is correct, 
Given, АДх)--хжі 
Replacing x by f(x), we get 
ДДД) = – FO) +1 
fl—x)=— Јо) +1 


fle) + Ја –2)=1 г) 
Now, 7= |, Л) = Ї Ја – x) dx (using King's property) 


23 = |, (fla) + f - 30 ёс 


= 
= 27-15 J=} 


Putx= 3 in Eq. (i), 


«ederent 


ae sinx 


Now r= [вх 
еуі), (sin x + cos x)’ 


= rt" cos x 
9 (cos x + sin x)” 


Chap 02 Definite Integral 153 


an 1 
gas (sin x cos х)? 


1 = 
=#--1-!1=! 


42. Wehave, f(x) = x + ax? + bx? 


43. 


where, tdt and 9-1, лов 

Now, " акаже + bP) de 

= а-а f, rat -2 E 
Again, b= fi, јож= "(ажиг + bP) dt 

= к=з! қажуға 

E us ii) 
From Eqs. (i) and (8), = а вээ 


G 2) 2 
> 55,42 = 
a sj % 
= а= and = 19 
п n 

. 4 a 10 
Hence, tfü)dt- = and "TER 
lence, [Lun PEL Гло u 


Дх) =(а + 1) х + Бе 
fü) «аль 
1) = (а +1) -ь 


E Л + fic -20* 0-2 
and 10)-Д-1-2»-22 
Given, (f'(X)* + (g(x)? =1 


Го) + J} s) dt =sin x (cos x зіп x) 
Differentiating both the sides, we get 
f'(x) + g(x) = cos 2x —sin 2x E 
Squaring both the sides of Eq. (i), we get 
(Лоу + (воду =2f (x) g(x) = 1— sin 4x 
= 1+ 2f'(x): g(x) = 1 -sin 4x 
2f'(x) g(x) = - sin 4х 
sin 4х 


Now, substituting g(x) = = 7505 


in Eq. (i), we get 
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sin ax 
ft9-7 o) 


Pot fet 
=> 20 - 2 (cos 2x —sin 2x) t - sin 4x 20 


у 2(cos2x - sin 2x) + [A = sin 4x) + 8sin 4x 
а 


4t =2 (cos 2x — зіп 2x) + J4(1 —sin 4x) + Bsin 4x 
= 2t=(cos 2x -sin 2x) + Л sin 4x 


Taking + ve sign, 2t = cos 2x — sin 2x + cos 2x + sin 2x 
= t=cos2x 


= cos 2x ~sin 2x 


Taking = ve sign, t =—sin 2x 
Since, 
с, 
> 
If f'(x) соз2х, then g(x) 
sin 2x, then g(x) 


sin2x and g(x) 


excl and g(x) = соз2х 


44. Consider f(x) = |" (tsinat + bt + с Mt 


=> |; (tsin at +) de 


сез 


2 жаа i шахна 
а а 
ПС озах sinar p 
-EM "а war 


pie 


45. Consider I = 


ГЕТЕ ЗЕ 


I b-cosx 


46. lim Using L'Hospital's rule 
шил 


o 


For existence of limit, lim denominator 
b-1-0 > bel 


СИТА ] (using LBP.) 
а 


47. 


48. 
49. 


50. 


51. 


Ізін aay? а 


1 
штуу" а 


cos x) 


Ifp=3and/=1, then1 


Е 
If, p=2anda =9, theni = т =5 


нет, Доне foe fO de 
iie d 
m ? 
fix) = Ае" - 
E fü = Ad 
where, Asfi e- fadt 
= А Ае а АзАГ еа 


Now, “ЇЇ 12 э Аба е drao 


Hence, 10)-0-- /0)-0 

Again, FOETA І e их 

> g(x) = Be + x -@ 

= glt) = Ве +t 

where, n-[espa-sa- [ee «na 

= в-в ба fie аа 

But [еа 56-0 ам ИХ 
Baie- 

> 2B = ве -1) +2 

> зв=ве +2 E 


From Eq. (ii), gv) -( =) exa) 


Also, Јо) = 


(0) - о) 


89-2 


EI 


Solutions (Q. Nos. 52 to 54) 


We have the equations of the tangents to the curve 

у= Јода and y = f(x) at arbitrary points on them are 
ээн К 

Y= fix) = f(x - x) RU 


(0 and (i) intersect at the same point on the X-axis 
Putting Y = 0 and equating x-coondinates, we have 


„_ло_, 704 
Ге То) 
210) FG) 
а [foa № 
=> [. 04-5 ш) 


== foa- == 
As f()ei- [^ Цй-ехі-әс г 


-| қош =: ад; differentiating both the sides and 
integrating and using boundary conditions, we get f(x) =e; 
y =2ex is tangent to y = с". 

^. Number of solutions = 1. 

Cearly, f(x) is increasing for all x 

im (^y =1 


(=° form) 


Solutions (Q. Nos. 55 to 57) 


58. 


59. 


61. 


Wehave, g(x) = g(0)- xg (0) + Zgos- *e-6 


Hx) = g(x) = 4" — ах" + bx? — ex + 6 = 0 has 4 distinct real 
roots, Using Descarte's rule of signs. 

Given biquadratic equation has 4 distinct positive roots. 

Let the roots be x,, x,, x, and x, 


Now, 


dy ap (2) = 
Atx=1y=0,2 =2х. (у - (y =1 
z=Ly=0 x«(x*y – 
2. Equation of the tangent is y =x — 1 
2 7 Ax' (n х) зх (In x") 

64x? (In x)? -27х (In x)* 
Ап УУ 264 lim с (In x)! -27 lim. x! (In x =0 


Ide rt 


Ме һауе, f(x) = [e а=) 
Ро) [е 0-х) 

Now, Га) =е".0=0 

Here, f(x) = tan | 2E о < x < 


log, x+1 


1 
attains minimum at x =~ and maximum at x = 
" 
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Also, f(x) has у = 0as asymptotes. 
f(x) can be shown as 


Clearly, f(x) is neither injective nor subjective, also graph for 
1768 can be shown, as 


(9)Tora - 1 | asin’ dx= L=2 


(©)Fora=-1,f" 0de=0-L=0 
(D) Fora #0,—1,1, 


1-1, (sin? x + sin’ ax +2sin x-sin ax) de 


22 


(= 


2 
ALLES. сома — 1)x — cos(a + 22 


БЕТЕ 1)* зіп(а+ 1) х 
4 m а-1 avi 
аге Jim 2 — lim} 

ARTT 


[nie наас + еб с Мк nens | 
4 ла ал аза 


=> L=1 


3 


ва. т (е á ej _ (1 + sin 6)" -sin @ 
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65. 


and го [Esse] 04 cos 0)? - cos! 6 


3 3 
але) = 15 Л АВ 348 ang gq) = Lt Senna + Sore 


Now, f(8) — g(8) = (sin Ө — cos 8) + (sin'8 — cos*@) 
and f(0)- g(0) = (sin 0 — cos 8) (1 + sin B + cos 8) 
Now verify all matchings. 

(A) Let a = 2008, then 


= ана) е ак 
Taf) tax et) dx (note rax" = ax 17) 
Taf) e ee сас Уі 
| (о) + x f'(9) dx, where f(x) e e" 
Hence, I = (хе ју =e 
в) 1-І», 


Put {ах 2t2-Inx e exe e" 
> ж--шебш 


[tope yde e ys -fiaz 
ги о 


Hence, 1, ese =" ш-2 


беп Г") = y= A x 


өсн 00-0 


Note that, if f(x) = 


General term of In L =; In Е 


(А) We have, f'(x) = те 


and g'(x) = (1 + sin (cos? x)) (- п x) 
(1 + sin (соз? х) (~sin x) 
1+ g(x) 


Hence, f'(x)= 


(B) We have, |; f(x) dx = {fC 
Differentiating both the sides, we get 
fe) == ја) РО) = діні 
Integrating both the sides, f(x) =- 35 +C 


where, јој=о = С 


= 


ra=} fma 


(C) Maximum when a 7—1,5 =2 =a +b =1 
явах b 


(D) Ша 


lim 9825 4 + 


in х 


For limit to exist2 += 096 


lim ®#п2х + а? - 
га P 


Using left hand rule and solving, we get a = = 


67. Let B= IS шах, 


Цэг 


bx 


2х 


0, then 


=0 


-0 


4 
3 


За + == 


4 


sin2x 


rg 


x 2x 
and A=14 сова + сөз т + 


and |" Ладак = |" МЕ.) 02 


т 
68. Here, I = 18 


ru 


17-Өсовх 


4sinx 


x 


* 17 -8cosx 


=e (5) (2) 


+n=8 


к=... Жин 
"21+ 2[їп (віп х)] 
хах 


cosx ре 
dejt 


= f(x)= 


4-созх-ізіпх 


Asinx- 
17 -6cosx 


Lio (=) 
2 Е 9 


+ ї cosxde+ D. 


ipe. ни 


69. Here, Дх +) – fi) = 


зіп 
E i n sin (2п + IO» зө yy 
ТИ] 
ыш ^ кіп (2а + 1)0 
гі амд 
(g еј тезе) 


Using, cos® + cos30 + 0350 +... cos (2л — 1)0 


ie. созв + со530 + соѕ50 +... 


a flat 9-/ө-і 


[2f eso + cosso + uct cos (en = 10: соз dd + D 


[| сов cos) + C cossücost) 
+... @еоз n 1) соз) 
= Pra, as f cosi) =0 
к. ! 


fin*1)- fla) == 
Wo as, fet miei (ннн 
и n= EE ra=} 


> £0) - 3 and о on х = 
вз 
Hence, 1094 ЛО) 22 2.4 
5 fasy- fo) 


70. Here цо) = ЇЕ 


= ge iQ) eom 
- К(х)-К(х)-с 
= поен је 
1:4 730, given g'(2) = е and (2) =1 
(1+ Hayy =4 
> 1+ 62) =2.-2 
^ №2) = -3,1 


лынган for sl possible valies of 2) ірі? 
71. Let Цан "дах ов (sinje E ft À sin х log (sin* x)dx 


“sinx: log (1 — cos! хуйх 


Put cosx =t => —sinx dx =dt 
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НН 


"TE (2) 


Кч2 
7has = Гадаах - 4) 
E м fetes far b= па] 
wr gt ше, 
= d a TFU 0) 


On adiing Eqs. (i) and (8), we get 
"n 
ar =f" cosx m 


= Пе cosx (1) dx 


| [әх =2 [eds when Д-х = 


2 ar maf?" x" cosx dx 
Using integration by parts, we get 


21 =2 [x"(sinx) – (2x) (- cosx) + (2) (7sinx)] ^ 


= ач -4| 
n 


73. Let f(x) = vi dt 


sfs CE > forall x e [0,1] 


^) is increasing, 
At x0, f(0) = Oand at x=1, 


fü) [ 
a 
Because, oc el 
rer 2 
өш ate Ја 
- flees tras 


oe лі 
= Ло «у 
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Thus, f(x) can be plotted as 


Y 
12 
f(x) 
о 1 Ж 


у = f(x) and у =2х —1 can be shown as 


(o-»fv 
From the graph, the total number of distinct solutions for 
x € (0,1] =1. [as they intersect only at one point] 
74. Here, f(x) =7 tan* x +7!ап* х-Зїал! x-3tan' x 


forall 251) 
22 
f(x) = 7tan* x sec? x—3tan’ x sec? x 
нал x—3tan? x) sec х 
Now, | Родас || x (rtan' x-3tan x) sec? xdx 
1 . 1 u 


=[x(tan x- tan” ху /* 
-| 1 (ал x- tan? хїйс 


| “шы? x(tan* x-1)dx 
-- tan! хам x-1) sec! x dx 
=sec x dx - dt. 
лода = = (С - ar 
sjete а іі 
= је емее 51, 4 6 


г 


Ako, | једах = f, “(tant x-3tan х) ес! хах 


jor з) - 
192 x? 
2+sin' mx 


192? 1922". 
I e f(x) СИ 
= Го) 2 


75. Неге, fos 


1 
On integrating between the limits to x we get 


n ux hin 2 


ын ыы 


x -2) < f(9- Лоза" -7 


PE 
= 16х*-1 < f(x)S24x' = 


1 
Again, integrating between the limits > to 1, we get 


fr get - aes |, " лодак] 55 


= [E-a] sf stems (Ее 

Л 33 
Ни 
> 265 |, Дю <39 


" d'(sin* at + соз at)dt 


" e(sin’at + cos*at)dt 4 e (sinat соз at)dt 

+]„ t Gin at + cos at)dt + | 7 (sinat + соз" at)dt 
++, +I, 29 
"5 d (sinat + cos* at)dt 

но dt «dt 


(біп! at + cos* at)de 


d EI 


Now, L= | Gin'at + cos*at)dt 


Put tdt - dt 
1, = | d (inf at + cos“ ада 
сезі, E 
and e (sint at + cost at)dt 
Put лэ 
|; €" (sin at + cos*at)dt 
БЕЗ NT) 
From Eqs. (i), (ii), (8) and (iv), we get 


= 


fe Lee уже“ o ee +e" +e) I, 


«(віле at + cos* at)dt 


According to the given data, F(x) <0, Vx e (1,3) 
Wehave, — f(x) 


= f E 
= Г) = Fl) + Ғ(1)<0 

[given F(1)-0 and F’(x)<0] 
Also, Г) =2F(2)<0 [using F(x) < оу хе, 3) 
Now, РО) = F(x) + xF'(x) «0 


= ГР" [using F(x) < 0, Y хе (1.3)] 


78. Given, [ге бдак=-1а 
= [PFR -| 2x Fide e -12 
э IF-F) -2f fede e ае) = f) gen] 
E -%-0-2| Flx)de=—12 

ода = -12 
and оғо 
= PPO- зов дах =40 
> ее") -3x(712) 
= Е G)- FGO])? 
= 9076) -FB - L0) - F) = 
> 9170) + 41-070) –0] = 4 
шы э/'@)-/'@) = -32 


79. Here, f(x) = | 2 5; 
в ox» 
a xf(x*) 
++ 
© хД) зх f(x) 
ae fees * Дені 
ог) x тог). 
Ы! теу атдан) 
хх) 


MT: 


ET PEL aes [odes ју ов 


i 240 
s-1€x«020«x «12 [51] =0, 
о<хе1=>0<х' <1 5 [x] 20 


еә 147 < 
|2 <х +1<1+ V2 => (+1) =0, 


2<х<.3 =>2<х «32 f(x") - 0 
and В «x «223«x! <4 => f(x')-0 


= [х'] =1 


" 
5 К 
> ге [а 219-1 
h 2 4174 3 
41=1=4- 0 


80. Неге, 


ae ен (BHE 


Put 9х+3алјх=г 


= (+ ЭЭЖ 
ТЭ 


арарет 


= log io =94 E 
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= log Ja + 1| 


81. Plan This type of question can be done using appropriate. 
substitution. 


Given, 1 vt (2 cosec x)" dx 
кп 2"(cosec х)! cosec x (cosec x + cot x) g, 
22 (созес х + cot x) 


Let cosec x + cot xe t 


=> (= cosec x-cot x — созеста) di 
and cosec x — cot x=1/t 
1 
> йсозес х= + 
Үү 
ref 13 а 
ЮМ т | + 


Let t- e* => dt = е'ди. Мћеп! = ђе“ =1=и=0 
and эбеп! = 2  Le' =? +1 


> u=In(v2 +1) 
ET EET 


82. mi Newton-Leibnitz's formula 


21 ло лу же) rien өө) 


Given, | Ко- ІМ ђе 
F(x) =2x Ја) 
Als, F(x) = f'(x) 
= 2х fix) = f'(x) 
= fo. 
Лә 
fea. 
= інен! ax de 
> In Д) x +с => Д) е 
вы Ла)-ке" ІК-е1 
Now, f()-1 
^ 12K 
Hence, f(x) =e" 
Fe) = f° edt =[е] 
83. (A) Let = -2 
Irr 
Put х= tan 
=> dx -sec'8dà 
BRE 
1-2j]99- i 
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1 dx 
(В) Let T= 
izes 
Put x-sinü => 4х = соз040 
1= 149 =— 
(а-а 


84. (A) Plan 
(p) A polynomial satisfying the given conditions is taken. 
(4) The other conditions are also applied and the number of 
polynomial is taken out. 


Let f(x) =ах + bx te 
f()-0 = с=0 
“radon = (24%) 
Now, Ј f(z)dx=1 = (= ыг ) 
- S.S 2а+3=6 


2 
Asa, b are non-negative integers. 
So, а-0,8-20га4-3,8-0 

: f(x) =2x or f(x) 2 3x* 
(B) Plan Such type of questions are converted into only sine 
or cosine expression and then the number of points of maxima 
in given interval are obtained. 


f(x) = віп (x*) + cos (х?) 
EN E cos(x*) + een] 
= va [cos cos Et sin табыл 25 (е -=) 


NE: " т 
For maximum value, х – cnm => x! =2nn + 


4 
> === forn=0 
4 


хаа o forni 
So, f(x) attains maximum at 4 points in [-/13, /13]. 
(C) Plan. 
Ф [ла Је fx) de 
@ fi, fe) dx 2 f° fle) ее) = fla) Le. fisan even 


function. 


е Je 
et 

asf! здік = 21 => |? зх dx 
1=[2} =8 


(D)Plan [^ f(x)de=0 
и f(-x) f(x) ie. f(x) is an. odd function. 
1+х 


Let f(x) = cos2x log = 


1 
flex) = cos 2x log ( = = =-Дх) 
Hence, f(x) is an odd function. 
So, Лако 
(А) > (д); (8) > (r); (С) = (p): (0) > (9) 
85. Plan Integration by parts 


fiato de= Л [sts de [ (Jure [a te) ae 
Given, T= || еа -жуж 
[еа = =] -fi 12x Za =x) de 
ЫШ хз – xy c 211 
-ifie =x yn ваа) 
=0-0—12(0—0) +127 2x0 - x) dx 


а-у 44.11. 
CET зао је 
лох 


86 1-Г E > ЕЗІ cos x dx 


As, [fe dx = 0, when f(-x) =- f(x) 


ELE 


[око а GP cosa) de 


=24(x" sin x); [ахоп x dx} 
Ге 


a [nean] 


ннер) 


87. Put x! =t => xdx - dt/2 


ялы 
ти 9% 
мәнгі sin (log 6 = 0) 
Using, Год de = [а + b- x) de 
= 1 рео sin (log 2 + log3 ~ 1) 
2 Jim? sin (062 + log3 — t) + sin 
(logs – (log 2 + log 3 — 0) 
a1 phy савдаг -n 
2 Jaa Sin (logó — t) sin (0 
= fo _sin (log 6-0) ? 
1 Jz dt ЕС) 


* sin (066 — 


+sint 


Оп adding Eqs. (i) and (ii), we get 
at [seras doge - t 
2 “bs? sin(log6 - t) sint 


1 сува 
> u-lom = 5 dogs - log 2) 


i 3 
заа 
L 4 «() 


88. Given, Л) = Sande | [йй =x Цх)-2 Үхэл 


Using Newton-Leibnitz formula, 
Differentiating both sides 
= 6f(x)- 1-0 =3 f(x) +3xf"(x)-3x" 


S P-A = ЛО) АД) х 


Note Here, /(1) =2, does not satisfy given function. 
1 
1)-1 
ја) 3 


For that fe) NE 


iat xy 
DET 


NS DENIEL EENE 
d (ex) 


89. Let 1= || dx 


(l+ x? 2) 


" » a 
fie-na-2 def TED 


(се рант) 4х Mis 


a 4 
Leere ntn) 


ЭРЭЭ” 
2E-3x Ақ, зү 
Ж 6 5 3 


1653 
90. Converting infinite series into definite integral 
ie. tim К) 
EU. 


unt Y r(D)- proe 


"ты 


. Here, f(x) + 2x =(1- ху sin! x + x! 2x. 


de =) х) ++) цагт 05|“ 
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lim SP). where, Z is replaced with x. 
сал п 


Eis replaced with integral. 
ак овп ND 
“(0177 (па +1) + (па +2) +... + (па + n) 60 


Неге, ша 


т 1 


= lim == 
ны рттан min 3j ы 


1 


(81 
n 
— И 
1Qa*1) 60 
ape" „i 
5: Фа +1)-(а+1) 60 
2 _1 
(@а+1)(а+1) 60 
Qa +1)(а +1) =120 
24! +3а+1-120 
2a! %3а-119-0 
Qa +17)(a-7)=0 
EU 


ШЕ 


1 


аробае 


111144 


where, Р: f(x) +2x=2(1 + x}? 

a 20 + хе) = 3)! sin? x+ x! + 2x 
= (1-х) sin хех: -2х+2 

> (x) sin'x=(1— x) +1 = (1- х) сох 1 
which is never possible, 


г. Р is false. 
Again, let Q: A(x) 22 f(x) + 1-2x (1 + x) 
where, M0) => 0) +1-0=1 


му -2f() 1-4 
= Hx) must have a solution. 
^ Qis true, 


заз Mo) Mi) <0 


. Here, f(x) -(1 x) сіп x + x! 20, V x. 


and g(x)= reza D log Әлаа 


aec). т 
э gu | 777 + j дә. E 
For g'(x) to be increasing or decreasing, 
let «921870 үес 
[zx 
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2-1 
хҗ(х+1)' 


(get 
а“ 


убд со, огх>1 => фх)<фа) => O(x)<0 
From Eqs. (i) and (ii), we get 
g(x) < 0 for x e (1, =) 
+. g(x) is decreasing for x є (1, ге). 
x-[xl Ч [x] is odd. 
1+[x]-x, if [x] is even. 


23 


Given, f(x) = | 


од апа созт x both are periodic with period 2 and both are 
even. 


[Род созт x exea] Slx)cosnxdx 


=10 j f(x) cosmx dx 


Now, fre cost x dx= ја — х) совтх dx =- | исозли du 


(x-1) созлх dx –| исозли du 


and Ї f(x) сових dx 


fre созлх ік--20 ucostu du E 
g 


- E | sta) comma de= 


Given ІМ = Y а = |, dios x51 
Differentiating both sides w.r.t x by using Leibnitz's rule, 
we get 

М-Р = јод = ГО) = 4i -Ue 


LO) deat fax => sin” Ио) + 
d - uer ! 


x=0 = яп” (f(0) - c 


=] 


Ри! 
= c=sin™(0)= 0 Із 70) =0] 
E f(x) =+ sinx 
but fx) 20,V хе [o1] 
ВОН 


As we know that, 
sinx<x, V хэд 


sin 0) <} andsin 0) « 
2. 2 3. 


1 1 1 1 
- 494-405 
— 
95. Given ТД Шет 


«(+ п")зілх 


i) 


" 
Using Јо dx = а x) dx, we get 
* m sinnx 
= -----ж ү) 
№ =) ет) завк " 
Оп adding Eqs. (i) and (ii), we have 
PEEL 
ЕТІ: 
(9123) 
> = x жн ES dx 
. яах 
Kow + sin (n+ 2)x =sinn gy 
, sinx 
_ prdcos(n +1) xsinx gy 
. sinx 
Las 
Since, 1, 
- 1, =n and 1, 
From Eq. (іі) 1, 
and 1-1, o 
> Уна =10л and $,1,.=0 


2. Correct options are (а), (b), (©). 
< п 


96. Given, 5, 
ini ++ 
Е 
па 
1 2 ( түү 
БЕРГЕН (5917) 
=а (5-5)- пез Ж. 
ЕГЕ СЕКРЕТ ТЕТІ 
Similarly, T, > —— 
343 


ps " 
zis 1+ cos x. 
E m E 


ELECTI 
Adding Eqs. (i) and (ii) 


ж. зка 

а ак те [У сове хі 
= m 

I--(cot x) == 


98. 1,+1, = ftant x^ tant x)dx- | tan‘ x sec! x 4х 


БЕГЕН 
5 


99. (b) Let 22123 


meee 


Taking log on both sides, we get 


үн И 
= log t= im} Б (8 кај +2) ( + 


= Пор! = lim} 1 (1+ 1) 


=] 


= leg! = [log +x) dx 


- ЕЕ 
= log! = [log (1 + x): xb – |" 
122-log3- f"[1-—_] ax 
> log!-2-log | == 
= log 1 =2- log 3 – [x - log | 1 + х |] 
> log 1 =2- log 3 - [2 – log 3] 
E log 1-3-10 3-2 => log! =log 27-2 
poet сар eH 
E 
100. Central Idea Apply the property Пол = лав да 
and then add. Let 
rf bez y de 
*logx + 086 12x + 57) 
NT 2logx ЕЯ 
52106 5 + 1086 — x) 
=f 2log хах 
7 Ја2Пов x + log(6 – x)] 
е logxdx n 
Ы Шы т cni 
КЕ. =. КТ) 


"logs - x) + logx 
| | сдвс- [ine +b- жж 
On adding Eqs. (i) and (8), we get 


ar = [E+ logé =) gy 
Tog x + 1086 — x) 


a= fae = Ч 
21-2 = 141 


101. 


102. 


103. 


104. 
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x-a, хаа 


Plan Use the formula, х-а| 


-(х-а), х<а 
to break given integral in two parts and then integrate 
separately. 


Ї (t-n) a= j; һ-2 за јак 
“Lambe 
(өзе) - (<+ 2) 


- "Шеше ' 249 
№ 


Let 


M 
On adding Eqs. (i) and (1), we get 
ш- |а => 21 = Га дах 


2 
Statement I is false. 


But f "f(x)dx = | "fía-& b xydx is a true statement by 


property of definite integrals. 
Given, у = [ч dt 
dy > 
а= 11-01 [by Leibnitz's rule] 


** Tangent to the curve у -Ї |t] dt, x є R are parallel to the 
E вх 


5 Slope of both are equal => х-%2 
Points, у [нана 
Equation of tangent 15 
y-2-2(x-2) and y +2=2(x+2) 
For x intercept put y = 0, we get 


0-2-2(х-2) and 0+2=2(x+42) 
= хав! 


Given integral g(x) = [^ cos 4t dt 
To find g(x + п) in terms of g(x) and діл). 
#60 = |; cos at dt 


cos 4t dt. 


= cosardes [шиш 


(say) 
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= a(x + x) = g(x) + a) 
But the value of 1, is zero. 
25, i= [Set] „(а -222) <0 
4 4 4 
= a(x + л) = g(x) – да) 
In my opinion, the examiner has made this question keeping 
g(x) + g(t) аз the only answer in his/her mind. However, 
he/she did not realise that the value of the integral 1, is 
actually zero. Hence, it does not matter whether you add to or 
subtract from g(x). 
ПИО ТЕБА 

jx) 

x=tan@ = dr=sec'Od0 


105. 


7а 
кс е 
ЕКЕНІ 


1=в J "орі tan 0) d ИТ] 
Using f; f(x) de = [7 fta — x) dx, we get 
1-8 [log һ + (2-8) 


0 1-10 
- в 
ЫГ wmm 


m 2 " 
=8 jn log Ij. -(ii) 
Adding Eqs. (i) and (ii), we get 


21 =8 [7^ |» {1 + tan 8} + log Ell 


- 1=4 fite 248 = 4-1о5200):“ 


=4 nga: (7-0) ава 


If 9(x) and y(x) are defined on (а, b] and differentiable for 
every x and Д0 is continuous, then 


PM уой. Lucey f col aon 


106. 


f) = [ {NE sin t dt, where хе б ж) 


Неге, 
Ро) = Меп x- 0} К 
(using Newton-Leibnitz formula) 
Ро) = Mx sin x 20 
= sinx-0 
x=, 20 
P(e) = d cos x + sin + 
Ахат, f"(n)=-VT <0 
у. Local maximum at x = л. Atx=2n, f"Gx) = јап >0 


2. Local minimum at x = 27. 
107. Wehave, p(x) = ба =>), Y x є [0,1], p(0) =1, р) = 41 
= p(x) == Ра =) + С 
> яс 
= 2 


~ рбд + pt x) = 42 
Now, =f! p(x)dx = | p = дах 


> 21- [ (p) pt -x)ds = f 42dx = 42 


= Iz21 
108. Let 1-1” [cot x] dx E 
-1- юцк- ха = [7 [- сог x] dx alii) 


On adding Eqs. (i) and (i), 
ш-Г [cot хак + [7 [- eot x] dx- J" (ide 


(+ Lx] + [- x] 2 - Lif x ez and 0, if x ez] 
т 


Н 


+ sinx 


109. Since, 17 Spade e f, ete 
їл 


because іп x€(0,1),x>sin x. 
re [saspe => 1<2 
£ 3 3 
and «| Ra D дыл 
ҚЫ Қоғалы МЫ 


2<2 
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Session 1 


Sketching of Some Common Curves, Some More Curves 
which Occur Frequently in Mathematics in Standard Forms, 
Asymptotes, Areas of Curves Given by Cartesian Equations 


Sketching of Some 
Common Curves 


For finding the area of a given region, we require the 
knowledge of some standard curves. 


(i) Straight Line 

Every first degree equation in x, у represents a straight line. 
So, the general equation of a line is ax + by + с —0. To draw 
a straight line find the points, where it meets with the 
coordinate axes by putting у =0 and x =0 respectively in its 
equation. 

By joining these two points we get the sketch of the line. 
Sometimes the equation of a line is given in the form 

у =mx. This equation represents а line passing through 
the origin and inclined at an angle “ап”! m with the 
positive direction of X-axis. The equation of the form 

x =aand у — b represents straight lines parallel to Y-axis 
and X-axis, respectively. 


Region Represented by a Linear Inequality 
To find the region represented by linear inequality 
ах + by < c and ах + by 2 c, we proceed as follows 
(i) Convert the inequality into equality to obtain a 
linear equation in x, y. 
(ii) Draw the straight line represented by it. 
(iii) The straight line obtained in (ii) divides the 
XY-plane in two parts. 
То determine the region represented by the inequality 
choose some convenient points; e.g. origin or some points 
on the coordinate axes. 
If the coordinates of a point satisfy the inequality, then 
region containing the points is the required region, 
otherwise the region not containing the point is required 
region. 


1 Example 1 Mark the region represented by 
3x+4y <12. 
Sol. Converting the inequality into equation, we get 
3х+4у=12. 
This line meets the coordinate axes at (4, 0) and (0, 3), 
respectively. Join these points to obtain straight line 
represented by 3x + 4y — 12. 


This straight line divides the plane іп two parts. One part 
contains the origin and the other does not contains the 
origin. Clearly, (0, 0) satisfy the inequality 3x + 4y < 12. So, 
the region represented by 3x + 4y « 1215 region containing 
the origin as shown in the figure. 


(ii) Circle 
The general equation of a circle is 

x? y! e2gx Фа ју +с=0 
2. The second degree equation in х,у 
such that coeff. of x? = coeff. of y* 
and there is no term containing xy; it 
always represents a circle. To draw a 


sketch of a circle, we write the x 
equation instandard form 


(x — №)? + (y – К)2= r?, whose centre Figure 31 
is (h, К) and radius is r. 
Remark 
1. The inequality (x — а)? + (у – b)? < r? represents the interior of 
a circle. 


2. The Inequality (x — a)? + (у – b)? > r? represents the exterior ot 
a circle (16. reglon lying outside the circle). 
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= а(х - ha ho 0 


- 2- 
(іі) Parabola Фу 7 
n 
Tt is the locus of points such that its distance from a fixed 7 
point is equal to its distance from a fixed straight line. 
Taking the fixed straight line x =- a, a >0 and fixed point HO WE 7 
(а,0), we get the equation of parabola у? = 4ax. pu 
Steps to Sketch the Curve Figure 36 

(0 It passes through (0, 0). 

(ii) It is symmetrical about axis of X. (6)у* =-4а(х +); 4,8 >0 

(iii) No part of the curve lies on the negative side of axis ІШ 

of X. 
(iv) Curve turns at (0, 0) which is called the vertex of the. х 
curve. eo 
(v) The curve extends to infinity. Itis not a closed curve. 
(1) y? = 4ax (Standard equation of parabola) Figure 37 
(7) x* =4ay;a>0 
‚ 2004 
ves ы 
Figure 3.8 


Figure 32 


(2) у? = 4a (x — h); where a and h are positive. 
(8) x? =4a(y+k);a>0,k>0 


Figure 3.3 
(3) y? = 4a (x +h); where a and hare positive. 


5) 


Figure 3.9 


(9) х? =4a (y -k);a,k>0 
n 


(0.0 
(0.0) 


(4) y! --4ах:а>0 
y 


Figure 3.10 
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(10) x* 


—4ау;а>0 


Жү 


Figure 3.11 
(11) x? =- 4a (y +k); a,k>0 
AY 
Figure 3.12 
(12) x? =— 4a (y - k); a,k >0 


юу 


Figure 313 


(iv) Ellipse 


Basics of Ellipse 

Definition 1. An ellipse is the locus of a moving point 
such that the ratio of its distance from a fixed point to its 
distance from a fixed line is a constant less than unity. 
This constant is termed the eccentricity of the ellipse. The 
fixed point is the focus while the fixed line is the directrix. 
The symmetrical nature of the ellipse ensures that there 
will be two foci and two directrices. 


Definition 2. An ellipse is the locus of a moving point 
such that the sum of the its distances from two fixed 
points is constant. The two fixed points are the two foci of 
the ellipse. To plot the ellipse, we can use the 
peg-and-thread method described earlier. 


Stantard Equation 
1 
Ша>Ь [7277 
Vertices (а, 0) and (- a, 0) (0, b) and (0, — b) 
Foci (ae, 0) and (- ae, 0) (0, be) and (0, — be) 
‘Major axis 2a (along x-axis) 25 (along y-axis) 
Minor axis 2b (along y-axis) Za (along x-axis) 
Directrices 


x-Üandx--2 mov 


Eccentricity e 


чи a Pu 
a b 
biey 


Focal distances of (x.y) aż ex 


And lastly, if the equation of the ellipse is 
Соу (ув) 
G-a? (ур) 


a ы 
instead of the usual standard form, we can use the 
transformation X — x —o and Y — y —B (basically а 
translation of the axes so the axes so that the origin of the 
new system coincides with (а, В). The equation then 
becomes 
х? ү? 
асы 
We can now work on this form, use all the standard 
formulae that we'd like to and obtain whatever it is that 
we wish to obtain. The final result (in the x-y system) is 
obtained using the reverse transformation x — X +@ and 
y>Y+ß. 
бийг 
xy 
(1) ағы 


1 


=1; a>0,b >0 (Standard equation of the 


ellipse) 


Figure 315 


в (усю? 
oe КУ 2 


P =1,a>0,b>0anda>b 


Figure 3.16 


PX 
oei, oa 


=1,wherea <b 


Figure 3.17 


М Hyperbola 

A hyperbola is the locus of a moving point such that the 
difference of its distances from two fixed points is always 
constant. The two fixed point are called the foci of the 
hyperbola. Constrast this with the definition of the ellipse 
where we had the sum of focal distances (instead of 
difference) as constant. As in the case of the ellipse, we һауе 


Focal distance of P(x, y) 


d, +ату-‹(х-}+ес-а 


4, атое) е +а 
z 
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Latus-Rectum 

The chord(s) of the hyperbola passing through the focus F 
(ог F^) and perpendicular to the transverse axis. The 
length of the latus-rectum can be evaluated by 
substituting х =+ ае in the equation for the hyperbola : 


= 


a 
Thus, the length of the latus-rectum is ^7-. 


We discussed in the unit of Ellipose that an ellipse with 
centre at (о, В) instead of the origin and the major and 
minor axis parallel to the coordinate axes will have the 
equation 


КЕТЕ 2 үз 
(x о) В) а 
а ы 

where X> x —cand Y> ув. 

‘The same holds true for a hyperbola. Any hyperbola with 
centre at (©, В) and the transverse and conjugate axis 
parallel to the coordinate axes will have the form 


(x-0)? (ур)? 


or 


where X — x -a and Y > y –В. 
We can, using the definition of a hyperbola, write the 


equation of any hyperbola with an arbitrary focus and 
directrix, but we will rarely have the occassion to use it. 


х2 yt 
ož- = =1 (Standard equation of hyperbola) 


Figure 3.18 
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Some More Curves which Occur 
Frequently in Mathematics in 


Standard Forms 
1. 
Figure 3.19 
(3) xy =c? (Rectangular hyperbola) 
Ys 
Figure 3.23 
(с.с) Modulus function, у =| x | 
Е----- 2. 
(0.0) х 
(,-<) 
Figure 3.20 
б X 
ар oH iesus 
Ға 
Figure 3.24 
Greatest integer function y =[х] 
3. 
y dee 
4. 
AY 
(0,1) 
ЕЙ ca 
x 


Figure 3.22 Figure 3.26 


5. 
Figure 3.28 
1 
Q0 
7. The Astroid 
Its cartesian equation is x^? + y? 2 4^ 


Its parametric equation is x =a cos? t, y =азіп? t 
and it could be plotted as 


D 


Figure 3.29 


Curve Sketching 


For the evaluation of area of bounded regions it is very 
essential to know the rough sketch of the curves. The 
following points are very useful to draw a rough sketch of 
a curve. 


() Symmetry 

(a) Symmetry about X-axis If all powers of y in the 
equation of the given curve are even, then it is symmetric 
about X-axis, i.e. the shape of the curve above X-axis is 
exactly identical to its shape below X-axis. e.g. y^ = 4ax is 
symmetric about X-axis. 
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(b) Symmetry about Y-axis Ifall powers of x in the | 
equation of the given curve are even, then it is symmetric 
about Y-axis. e.g. x^ = 4ау is symmetric about Y-axis. 

(c) Symmetry in opposite quadrants If by putting — x 
for x and — y for y, the equation of curve remains same, 
then it is symmetric in opposite quadrants. 

eg. xy 7c, x? +y? =a" are symmetric in opposite 
quadrants. 

(d) Symmetric about the line у = х If the equation of a 
given curve remains unaltered by interchanging x and y, 
then it is symmetric about the line y — x which passes 
through the origin and makes an angle of 45° with 
positive direction of X-axis. 


(ii) Origin and Tangents at the Origin 

See whether the curve passes through origin or not. If the 
point (0, 0) satisfies the equation of the curve, then it 
passes through the origin and in such a case to find the 
equations of the tangents at the origin, equate the lowest 
degree term to zero. e.g. y^ = 4ах passes through the 
origin. The lowest degree term in this equation is 4ax. 
Equating 4ax to zero, we get x —0. 


So, x =0 i.c. Y-axis is tangent at the origin to у? =4ax. 


iii) Points of Intersection of Curve 
with the Coordinate Axes 


By putting y =0 in the equation of the given curve, find 
points where the curve crosses the X-axis, Similarly, by 
putting х =0 in the equation of the given curve we can 
find points where the curve crosses the Y-axis. 

e.g. To find the points where the curve 

xy’ =4а? (2a — x) meets X-axis, we put y =0 in the 
equation which gives 4a? (2a — x) =0 or x =2a.So the 
curve ху? = 4a? (2a — x), meets X-axis at (2a, 0). This 
curve does not intersect Y-axis, because by putting x =0 
in the equation of the given curve get an absurd result. 


(iv) Regions where the Curve 
Does Not Exist 


Determine the regions in which the curve does not exist. 
For this, find the value of y in terms of x from the 
equation of the curve and find the value of x for which y 
is imaginary. Similarly, find the value of x in terms of y 
and determine the values of y for which x is imaginary. 
The curve does not exist for these values of x and y. 
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eg. The values of y obtained from y^ = 4ax аге 
imaginary for negative values of x. So, the curve does not 
exist on the left side of Y-axis. Similarly, the curve 

а?у? = x? (a – x) does not exist for x > а ав the values of y 


are imaginary for x » a. 


(v) Special Points 

Find the points at which 2 =0. At these points the 
tangent to the curve is parallel to X-axis. 

Find the points at which = =0. At these points the 


tangents to the curve is parallel to Y-axis. 


М) Sign of dy/dx and Points of 
Maxima and Minima 


d 
Find the interval in which * >0.In this interval, the 
function is monotonically increasing, find the interval in 
which 2 <0. In this interval, the function is 
monotonically decreasing. 
dy -— 55] : 
Put "c =0 and check the sign o at the points so 


obtained to find the points of maxima and minima. 
Keeping the above facts in mind and plotting some points 
on the curve one can easily have a rough sketch of the. 
curve. Following examples will clear the procedure. 


] Example 2 Sketch the curve y = 


Sol. We observe the following points about the given curve 

() The equation of the curve remains unchanged, if x 
is replaced by — x and y by — y. So, it is symmetric 
in opposite quadrants. Consequently, the shape of 
the curve is similar in the first and the third 
quadrants. 

(ii) The curve passes through origin. Equating lowest 
degree term y to zero, we get у =0 i.e. X-axis is the 
tangent at the origin. 

(iii) Putting у =0 in the equation of the curve, we get 
x — 0 Similarly, when x = 0, we get y = 0. So, the curve 
meets the coordinate axes at (0, 0) only. 

“ау 


(iv) у= х? э" ты" 


dy , d'y scia y 
Jearly, 2 =0 = 22 at the origin bu = «o. 
Cleany чийг” OLET 


50, the origin is a point of inflexion. 
Y ут 


Y 


(v) As x increases from 0 to е, y also increases from 010 
го Keeping all the above points in mind, we obtain а 
sketch of the curve as shown in figure. 


1 Example 3 sketch the curve y = x^ — 4x. 


Sol. We note the following points about the curve 

(i) The equation of the curve remains same, if x is 
replaced by (– x) and y by (— у), so it is symmetric in 
opposite quadrants. 
Consequently, the curve in the first quadrant is 
identical to the curve in third quadrant and the curve 
in second quadrant is similar to the curve in fourth 
quadrant. 

(8) The curve passes through the origin. Equating the 
lowest degree term у + 4x to zero, we get y + 4x =0 
or у = – 4х.5о, у = — 4x is tangent to the curve at the 


origin. 
(iii) Putting у = 0 in the equation of the curve, we obtain 
x! — 4x =0 => x =0, = 2 So, the curve meets X-axis at 
(0, 0), (2, 0), (-2, 0). 
Putting х —0 in the equation of the curve, we get 
у =0.50, the curve meets Y-axis at (0, 0) only. 
dy 


(iv) y= - 4x = D at -4 
=з 
Ком, ФУ ооз -4>0 
dx 


2 2 

= x- xt >0 
(5-2 Де) 

= x<-Ż o x» ( ber line rule) 
- (using number line rule) 
E 4 > d 
dy 2 2 

жа 420---2.<х< 
ҡ Be 

So, the curve is decreasing in the interval 


(-2/48,2/ УЗ) and increasing for x> гог х<- 


2. 2 
x = = -is a point of local maxi is 
Jj Рон of local maximum and x= 7. 


point of local minimum. 
16 


32 


When пар then y= 


1 Example 4 Sketch the curve y = (x –1)(х —2)(х— 3). 
Sol. We note the following points about the given curve 
(i) The curve does not have any type of symmetry about. 
the coordinate axes and also іп opposite quadrants. 
(ii) The curve does not pass through the origin. 
(iii) Putting y = 0 in the equation of the curve, we get 
(х-1)х-2)(х-3)-0-эх-1,2,3.бо, the curve 
meets X-axis at (1, 0), (2, 0) and (3, 0). 
Putting x = 0 in the equation of the curve, we get y = 
So, the curve crosses Y-axis at (0, — 6) 


We observe that 
х<1 = у<0 
1<х<2 = y»0 
2<х<3 = усо 
and x»3 = у>о 


Clearly, y decreases as x decreases for all x < 1 and y 
increases as x increases for x > 3. 

Keeping all the above points іп mind, we sketch the curve 
as shown in figure. 


l Example 5 sketch the graph for y = x? 


Sol. We note the following points about the curve 
(i) The curve does not have any kind of symmetry. 


(ii) The curve passes through the origin and the tangent 
at the origin is obtained by equating the lowest degree 
term to zero. 
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The lowest degree term is x + y. Equating it to zero, 
ме get x + y =0а the equation of tangent at the 
origin. 

(iii) Putting у = 0 in the equation of curve, we get 
x! — x =0 = x =0,1.50, the curve crosses X-axis at 
(0, 0) and (1, 0). 
Putting x =0 in the equation of the curve, we obtain 
у =0.50, the curve meets Y-axis at (0, 0) only. 


Y 


5о,х = is point of local minima. 


ох -1>0 esi 
dx 2 


i 1 
So, the curve increases for all x > 2 and decreases for 


H 
all х < 2 Keeping above points in mind, we sketch the 


curve as shown in figure. 


1 Example 6 sketch the curve у =sin 2x. 
Sol. We note the following points about the curve 


(i) The equation of the curve remains unchanged, if x is 
replaced by (— x) and y by (— у), so it is symmetric in 
opposite quadrants. Consequently, the shape of the 
curve is similar in opposite quadrants. 

(ii) The curve passes through origin. 

(iii) Putting x =0 in the equation of the curve, we get 
У =0.50, the curve crosses the Y-axis at (0, 0) only. 
Putting у = 0 in the equation of the curve, we get 


sin 2x =0=2х=лп, neZ 
л 
= хе тупе 


So, the curve cuts the X-axis at the points 
— 7,0) (= 7 / 2,0), (0,0), (:/2,0), (л,0),. 
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" 
Gv) у = sin2x => ® =2 соз2х and TY аялах 
dx dx 


Now, ФУ - o =) cos 2x =0 
dx 

= 

=> 


Clearly, Ty. Oat x= 


and atx = — 


Similarly, «= — 2, -5E 


points of local minimum and local minimum value at 
these points is (— 1). 

(У) sin 2(x + л) = sin 2x for all x. So, the periodicity of 
the function is п. This means that the pattern of the 
curve repeats at intervals of length л. 


Y 


(-3n/4,1) (0444) | (444) 


эх 


(4-1) Еа] 


Thus, keeping іп mind, we sketch the curve as shown in 
figure. 


1 Example 7 Sketch the curve y sin? x. 


Sol. We note the following points about the curve 
(i) Тһе equation of the curve remains same, if x is 
replaced by (- x). So, the curve is symmetric about 
Y-axis, i.e. the curve on the left side of Y-axis is 
identical to the curve on its right side. 
(8) The curve meets the coordinate axes at the same points 
where у = sin x meets them, 
d'y 


5-8 -асов2х 


(ii) y=sint x => D = ап 2x and — 


ix dx’ 


Now, 9 =0= пах = тлей 


x=", пєй =з х= ®п/2,#®п,#3л/2,#2л,... 
2 
dy = 
Cleary, 2 Oat x= 1/2, 53 [2,8582 
Ix 


and У oatx=tn.t2n, EIN.. 

dx? 
So, х= + л/2, ®3л /2, ® 5л /2,...аге the points of 
local maximum and local maximum value at these 
points is 1. Points x =+ л, + 2л, #31... are points of 
local minimum and the local minimum value at these. 
points is 0. 


(iv) y = sin! x > УУ = sin zx 
dx 


Clearly, P s owhen 0« x< € 
dx z 


dy т 
and У<оуһеп^<х<л. 
dx 2 


50, the given curve is increasing in the interval 
[0, 2 /2] and decreasing in (л /2, n]. 
(v) sin? (x + x) = sin? x for all x. So, the periodicity of the 


function is л. This means that the shape of the curve 
repeats at the interval of length л. 


Y 


(5л2л) C323) (-420)| (21) (B21) (x2) 


(20) сло о 


(50) (ко (380) 


Keeping the above facts іп mind, we sketch the curve аз 
shown in figure. 


Asymptotes 


The straight line AB is called the asymptote of curve 
(x), if the distance MK from Ма point on the curve 


у= f(x) to the straight line AB tends to zero as M recedes 
infinity. 


In other words, the straight line AB meets the curve 
y = f(x) at infinity (К is a point on AB). Thus, 
1. If f(x) > # го for x — a, then the straight line x =a is 
the asymptote of the curve y — f(x). 
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2, If in the right hand member of the equation of the Thus, its graph is as shown in figure 
curve y = f(x) it is possible to single out a linear part Y 
so that the remaining part tends to zero as x — + cc, 
ie. if у = f(x) = Kx +b + g(x) and g(x) — 0 for 
x — te, then the straight line у = Kx +b is the 
asymptote of the curve, 


у= 1 (asymptote) 


f) 


. If there exist finite limits lim D = K and 
rte х 


imr f(x) - Kx] b, then the straight line 


ы 


сто (1.0) 


(0-1) 
у = Kx +b is the asymptote of the curve, 


Methods to Sketch Curves 


While constructing the graphs of functions, it is expedient 
to follow the procedure given below 


1 
1 Example 9 Construct the graph Гог Јоде xe 


Sol. The function is defined for all x except for x = 0. 
Itis an odd function for x #0. 


(1) Find the domain of definition of the function. 

(2) Determine the odd-even nature of the function. 

(3) Find the period of the function if its periodic. 

(4) Find the asymptotes of the function. 

(5) Check the behaviour of the function for x — 0 + 
(6) Find the values of x, if possible for which f(x) — 0. 


(7) The interval of increase and decrease of the function 
in its range. Hence, determine the greatest and the 
least values of the function if any. 


Remark 


(5), (6) and (7) gives the points where the function cuts the 
coordinate axes, 


xii 
ТЕхатріе 8 Construct the graph for f(x) - 77 —- 
2 
Sol. = =1- 
Here, тт 


(1) The function f(x) is well defined for all real x. 
= Domain of f(x)e R. 
(2) f(- x) = f(x), so it is an even function. 
(3) Since, algebraic — non-periodic function. 
әзі fo хәзе 
and (х) ә -1 for х-0і 
It may be observed that f(x) < 1 for any хе Rand 


consequently its graph lies below the line y — 1 which 
is asymptote to the graph of the given function. 


decreases for (0, =) and increases for 


(- ө,0) thus f(x) increases for (0, ее) and decreases 
for (- хо, 0) in its range. 

(4) The greatest value — 1 for x — + e» and the least 
value is — 1 for x = 0. 


It is not a periodic function. 

For х-э 06, f(x) + ее; for x> 0- f(x) 9 — = 

For х--е, f(x)» — em for x — =, f(x) ә = 
lim (Л) = x) 20 


+. The straight lines x = 0 and y = x are the asymptotes of 
the graph of the given function. 
Now, consider f(x) — f(x) (for ха > ху) 
= ба – х)+ 2-1 
х X 


ЕЕ 1 


ж ха 


је for xy x2 € (0,1] 


and itis > 0 for x, x2 € [1, се). 


Thus, f(x) increases for x е [1, e») and decreases for 
хе(0,11. 


Thus, the least value of the function is at x = 1 which is 
Та) = 2. Thus, its graph can be drawn аз 


1 Example 10 Construct the graph for f(x) = 1 _. 
еј“ 
Sol. The function is defined for all x except for x =@ It is 


neither even nor an odd 
function. It is not a periodic function. 
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Fors 04 /(5)-20:(өгх-эй-, — Јаје 1 

Porx»e — f(x) ; (огх => =, f(x) i 
1 

ва 

2 The straight line y = i is asymptote of the graph of the 


given function, 
Ав x Increnses from (0, го), + decreases from (0, e») and e'/* 
x 


decreases from (0, e»), Thus, (1 + e"*) decreases from (2, e). 
~ f(x) increases from (6 9 for x € (0, =), 

Similarly, f(x) increases from (1/2, 1) for x — (- 9,0). 

. f(x) is an increasing function except for x =0. 

Thus, its graph can be drawn as shown in figure 


Y = 1/2 (Asymptote) 


Areas of Curves 


(1) Suppose that f(x) «0 on some interval[a, b]. Then, 
the area under the curve у = f(x) from x =a to x =b will 
be negative in sign, i.e. 


[лед ds so 


This is obvious once you consider how the definite 
integral was arrived at in the first place; as a limit of the 
sum of the n rectangles (л — ге), Thus, if f(x) «0 in some 
interval then the area of the rectangles in that interval will 
also be negative. 

This property means that for example, if f(x) has the 
following form 


У 


А Мо y/ ^ Nz b 
IE А Ai du 


then | f(x) dx will equal А, — А, + Ау = Ay and not 


А + Аз + Ау + А. 
If we need to evaluate A, + А; + Аз + А, (the magnitude 
of the bounded area), we will have to calculate 


fere dx +| ffo dx | f Год dx ло а] 
From this, it should also be obvious that 
frees рола 


(2) The area under the curve у = f(x) from x =a tox => 
is equal in magnitude but opposite in sign to the area 
under the same curve from x =b to x =a, i.e. 


[fen de =~ ff fle dx 


This property is obvious if you consider the 

Newton-Leibnitz formula. If g(x) is the anti-derivative of 
à 

x(f). then fio dx is g(b) — g(a) while f^ f(x) ах is 

(a) - g(b) 

(3) The area under the curve у = f(x) from x =a to x =b 


can be written as the sum of the area under the curve from 
x =a to x =cand from x =c to x =b, that is 


[ла ff јод de + ff foo) а 


Let us consider an example of this. Let c € (a, b) 


y 


It is clear that the area under the curve from x =a to x =b, 
АБА, + Ap. 


Note that c need not lie between a and b for this relation to 
hold true. Suppose that c > b. 


y 
у= №) 


Observe that A = [^ f(x) dx (А+ Ау) А, 
-| год de – |; Год ах 


Гло) dx + ffx) de 


Analytically, this relation can be proved easily using the 
Newton Leibnitz's formula. 


(4) Let f(x) > g(x) on the interval [a, b]. Then, 
[fen ax» ff atx) dx 


This is because the curve of f(x) lies above the curve of 
g(x), ог equivalently, the curve of f(x) – g(x) lies 
above the x-axis for[a, b] 


ui у= fe) 
А у= 00) 


А 


х 


а b 
This is an example where f(x) » g(x) »0. 
Гкдак-ажа, 


эше [бо dem s 
Similarly, if f(x) < g(x) on the interval[a, b] then 
[да «| оф 


(5) For the interval (а, Б], suppose т < f(x) < М. 
That is, т is a lower-bound for f(x) while M is an 
upper bound. 


Then m(b-a) <р f(x) de <M (ba) 


This is obvious once we consider the figure below : 


y 


M y= th) 
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Observe that area (rect АХҮВ) < Ї f(x) dx < area (rect ХҮС) 


(6) Let us consider the integral of f, (x) + f(x) from x =a 
to x =b. To evaluate the area under f(x) + f;(x), we can 
separately evaluate the area under f; (x) and the area under 
Р(х) and add the two area (algebraically). 


Thus, Роло) + Абд) а= ло) dx + ло de 


Now consider the integral of kf(x) from x = a to x =b. To 
evaluate the area under f(x), we can first evaluate the area 
under f(x) and then multiply it by k, that is : 

[reo ax -k[ reo dx 


(7) Consider the odd function f(x), ie. f(x) =— f(x). This 
measn that the graph of f(x) is symmetric about the origin. 


ГА 


From the figure, it should be obvious that L f(x) dx =0, 


because the area on the left side and that on the right 
algebraically add to 0. 


Similarly, if f(x) was even, i.e. f(x) = f(- x) 
y, 


ГЕ f(x) dx => [У f(x) dx because the graph is symmetrical 
about the y-axis. If you recall the discussion in the unit on 
functions, a function can also be even ог odd about any 
arbitrary point x =a. Let us suppose that f(x) is odd about 
х=а, ie. f(x)=— f(2a - x) 

y 
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The points x and 2a — x lie equidistant from x —aateither тр, лафа) fla) de => fs -— f јад ах 

sides of it. = 1 pads 
2 This value is attained for at least one c € (a, b) (under the 

Suppose for example, that we need to calculate [№ ода. This val к меш), 

It is obvious that this will be 0, since we аге considering 

equal variation on either side of x =a, the areafromx=0 | Example 11 sketch the graph у=|х+1|. Evaluate 


Ка Рава лава си: J? [+ Ide. What does the value of this integral 
1 Е 


Similarly, if f(x) is even about х =a, ie. /(х) = f(2a — x) represents on the graph. 
(x41, ifx2-1 


—(x+1), if х<-1 


Ln 


then we have, for example 


fe feo ак=> ода 
From the discussion, you will get а general idea as to how 


to approach such issues regarding even/odd functions. АГ да] цас рева 
(8) Let us consider a function f(x) on [a,b] = 5 " 
ў едас |“ ас сае 


En 
x x 

Ix + +x] => 
Б 1. ЈЕ Ї 
Representation of the value 9 of integral on graph. 


: 
~ жас =9 represents the area bounded by the curve 


y 7 [x & 1|. X-axis and the lines x = —4 and x —2 ie. ifis 
equal to the sum of the ares of AABD and ACE, 


We want to somehow define the "average" value that f(x) 


takes on the interval [a, b]. What would be an appropriate ie 138) +136) = 2+2=9 
way to define such an average? Let fay be the average 2 3 22 
value that we аге seeking. Let it be such that it is obtained (~ area of triangle = хэьех height) 


at some x =c e[a, b] 


1 Example 12 Find the area of the ellipse 


Sol. Using the symmetry of the figure; required area is given by 
А = 4 (area ОАВО) 


ШЕ жой 
54 [yar where + ж 


8 (0.5) 


< lis 
«3% 2 


We can measure f,, Бу saying that the area under f(x) 
from x =a to x =b should equal the area under the 
average value from x =a to x = b. This seems to be the 
only logical way to define the average (and this is how it 
is actually defined!). 
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yox 2 2 
qr ај tg to буу ne] 


в-ва) 


= 2a! 5 – a? log (2 + 43) sq units 


1 Ехатрје 14 Find the area common to the parabola 
5x? - y =Oand 2х? - y «9-0. 


Sol. Given curves are y-5x^ К] 
and у=2х? +9 E 


х2-у/5 


А = nab sq units 


Дэг: 15 Find the area bounded by the hyperbola 
=a? between the straight lines x = a and 


Remark 
х= i In such examples, figure is the most essential thing. Without 
Sol. We use the symmetry of figure. figure it just becomes difficult to judge whether y, to be 


subtracted from у; or otherwise, 


за 
Required area, А =2 dx, where х? — 
on I ы Let us solve Eqs. (i) and (ii) simultaneously, 


5х2 =2x7 +9 
= 3x =9 => x7 =3 
х=-43 


ог x-48 
In the usual notations, the required area is given by 
5 
A =|"; Ол = y) de 


We have to find which curve is above and which is below 
wart, X-axis in order to decide y, and у; 


Take any point between Мапа x = 5 
5 Let us take x = 0, which lies between 
In the first quadrant; y = + yx? — а" - and x = 3 
жараса When pe @у=о 


When x =0 from Eq. (ii) у =9 


ы 
2 
x a 2 2 Now, 9>0 
2|5 yx -a - —k +x? -a") 
n par ge | ^. Parabola Eq, (8) is above parabola Eq. (i) between 
2 
=2 Ї сда 2 log (га + \/4а*- а? | - р 


loga goals 
т and x=v3, 
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y of the curve (ii) is to be taken as у, and y of the curve (i) 
is to be taken ав yz. 


Area(A)= | 5. (2x? +9)—52") de 
=, (9 3x?) de 
za [ o - aeta 


=209х- хэ 
=>2[9 43-348] 
Area = 1243 sq units 


1 Example 15 Find the area enclosed by 
y 2 x (x - 1) (x —2) and X-axis. 
Sol. The given curve is y = x (x — 1) (x — 2). It passes through 
(0, 0), (1, 0) and (2, 0). 
The sign scheme for у = x (x — 1) (x — 2) is as shown in 
figure. 


- 0 1 - 2 
From the sign scheme it is clear that the curve is « ve when. 
0< x< Lor x> 2, hence in these regions the curve lies 


above X-axis while in the rest regions the curve lies below 
X-axis. 


Remark 


Sometimes the discussion of monotonicity of function helps 


usin sketching polynomials. In the present case, Maa? 6x2 
ті 


Sign scheme for ® is 
dx 


When 0 =0 „ћеп; x =1 
dr 


В В 


Thus, it is clear that the curve Increases їп C өл 


1 1 
11+ L)and again increases in 
z) 


43 


decreases in ( 5 
( + ВЭ Қ 8| Therefore, the graph of the curve is ав below 


Hence, required area 


-jixe-ne-nacs|f x(x-0(x-2)dc 


MED әзге) ME ELI 


E 
4 
х 
К хх? 
4 
1 


өгөө 


| 
(£9). 
( 


-ға)» 


= 7 sq unit 
2 


1 Example 16 Find the area between the curves 


y =2х* — x?, the X-axis and the ordinates of two 
minima of the curve. 


Sol. The given curve is y = 2x* u^ 
When y =0,then x =0,0 7 


The sign scheme is as shown below 


Therefore, it is clear that the curve cuts the X-axis at 
х=-- оваа —- 
И 
= * 1 
The curve is -ve in C 4) and 23 while positive i 
У А PT 
the rest. Now, 27 = Ва? — 2x. The sign scheme for 22 is as 
dx dx 


below 


+ 
i 
e 
ы 


ie. The curve decreases in (— ==, - 1/2) and (0, 1/2) and 
increases in the rest of portions. Also, the function possess 
minimum at x = – 1/2 and 1/2 while maximum at x = 0. 
Therefore, the graph of the curve is as shown below 


Y 


-\2 1/2 


+X 


2. Required area => ју jax! - x? х 


= 2802-е хх = 


Tu unit 
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Exercise for Session 1 


~ 


Draw a rough sketch of y = sin 2x and determine the area enclosed by the curve, X-axis and the lines x = л /4 
and x -3л/4. 


Find the area under the curve y = (x? + 2}? + 2x between the ordinates x =0 and x = 


өм 


Find the area of the region bounded by the curve у -2х — х2 and the X-axis. 

Find the area bounded by the curve y? =2у – х and the Y-axis. 

Find the area bounded by the curve y =4 – x? and the line y =O and y =3. 

Find the area bounded by x = а!" and y =2at between the ordinates corresponding to t = 1and t — 2. 
Find the area of the parabola y? -4ах and the latusrectum. 


Find the area bounded by y = 1+ 2sin? x, X-axis, x -0 and x =т. 


о =з өө А 


Sketch the graph of y = Vx + 1in [0, 4] and determine the area of the region enclosed by the curve, the axis of 
X and the lines x =0, x =4. 


10. Find the area of the region bounded by the curve xy – Зх —2у –10 =0, X-axis and the lines x =3, x =4. 


Session2 | _ 
Area Bounded by Two or More Curves 


Area Bounded by Two If confusion arises in such case evaluate 

or More Curves [Их = | dx which gives the required area. 
Area bounded by the curves у = f(x), у = g(x) and the 

lines x = а and x =b. қ 


Let the curves у = f(x) and y = g(x) be represented by АВ 
and CD, respectively. We assume that the two curves do 
not intersect each other in the interval (a, b]. 

Thus, shaded area = Area of curvilinear 
trapezoid АРОВ— Area of curvilinear trapezoid CPQD 


у =96) 


ха хар 


ь " ь 
=, лед dx - [7 g(x) dx = | { }(х)-(х)}х 
ы i ш Figure 3.34 
Y 
Area between two curves y = f(x), у = g(x) and the lines 
й 
А -— x =a and x =b is always given by [^ { f(x) - g(x)} dx 
provided f(x) > g(x) in[a, b]; the position of the graph is 
c Ш| y=90) immaterial. As shown in Fig. 3.34, Fig. 3.35, Fig. 3.36. 
- Р а ne ý 
о 
| х=а хар 
Figure 3.32 


=f 
Now, consider the case when f(x) and g(x) intersect each у= 


other in the interval [a, b]. 
First of all we should find the intersection point of 

у = f(x) and y = g(x). For that we solve f(x) = g(x). Let 
the root is x = с. (We consider only one intersection point 
to illustrate the phenomenon). 


y-gt) 
Figure 3.35 


Thus, required (shaded) area 
= fE 60 - COM + | {ш(х)- Ло dx 


у = 90) 


Figure 3.36 


1 Example 17 Sketch the curves and identify the 
region bounded by x =1/2, x 22, у «log, x and 
y 72". Find the area of this region. 


Figure 3.33 


ТИТ JEE 1991] 


Sol. The required arca із the shaded portion in the following 
figure. 
yoo 


х= 72 
ЖЕП 
Та the region 25 x $2, the curve y = 2" lies above as 
compared to y = log, x. 
2 
Hi 3 пгед = ЖЭ 
fence, required area Jas (27 = log x) dx 


т Ч 
ГЭЖ 
ЕД 


4 log2 


l Example 18 Find the area given by 
x* y 6, х? + y? <6y and y* «8x. 
Sol. Let us consider the curves 
Pay -8x-0 E 


082+ B sq units 


С=х'љ+у'=6у 
ie х? +(у 3) -9-0 (Gi) 
and 5=х+у-6=0 4 
The intersection points of the curves (ii) and (iii) are give: 
by 


(6- yY +у' –6у=0 
ie. у=36 


Р(06) R24 


Therefore, the points are (0, 6) and (3, 3). The intersection 
points of the curves (i) and (iii) are given by 


2-8(6-у) ie у=4.-12 
Therefore, the point of intersection in 151 quadrant is (2, 4). 
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Now, we know that 
C < 0 denotes the region, inside the circle C = 0. 
P < 0 denotes the region, inside the parabola P = 0. 


5 < 0 denotes the region, which is negative side of the line 
8-0, 
2. Required area = Area of curvilinear AOMRO 


+ Area of trapezium MNSR - Area of curvilinear AONSO 
ЫМ VEz dx + 1 (МЕ + NS): MN 
~ (Area of square ONSG — Area of sector 0960) 


= Mix dez ЕСЕ 


= Е 5 BE units 
1 Example 19 Find the area of the region 
(х, у):0<у<х?2+1,0<у<х+105х52). 
Sol. Let R= (х, у):0<у5 х? € 10S yS x +1,05х 2) 
={(х,у):0< у х? «10 {(х,у):0<у< x +1} 
=RARAR с\{(х,у):0< x <2} 
where, Ry = ((x, у):0< y € x? +1} 
В, = {(х,у):0<у< x +1} 
Ry = ((x,y):05 x52] 
Thus, the sketch of R,, В, and Ry are 


and 


From the above figure, 


Required area = [ (x? +1) dx + E (x 1) dx 


: > ¥ 
2 | (=>) =P sq units 
о " 
1 Example 20 The area common to the region 
determined by y > ух and x? + y? «2 has the value 


(a) x sq units (b) (2л — 1) sq units 
(o) E (d) None of these 


ja units 
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Sol. The region formed by у 2 Vx is the outer region of the 
parabola у? = x, when y20and x20and х? + y? «2 is 
the region inner to circle x? + у? =2 shown as in figure. 


о 


Now, to find the point of intersection рш у? = хіп 


x+y =R 

= х®+х-2=0 
> (<%2(х-1)-о 
- 


Hence, (c) із the correct answer. 


І Example 21 Find the area of the region enclosed by 
the curve 5x? +6ху+2у? +7х+6у+6=0. 
Sol. Comparing ах? + 2hxy + ву? + 2gx + 2fy + c =0, we get 
a=5,b=2h=3,g=7/2 f =3апіс=6 
= Һ-аь--1<0 
So, the above equation represents an ellipse. 
ay? +6(1 + x) y+ Gx?^ +7х 6) =0 


заж х) = x)=) 
2 


Clearly, the values of y are real for all x є [1,3] Thus, the 
graph is as shown below 


> 


Thus, required area 


-j eram х)(х-1) —À 
(20-2-9022 СЕБЕЛЕП 


2 


"рају (аа | 


3| 
1 = is (#28 | 
-[e-» x rix c3 + sin ( rJ 


2 
1 Example 22 if fo P хе and в)? 
(where, (.] denotes fractional part of x), then the area 
bounded by f(x) and g(x) for x e [0,10] is 


(a) sq units (b) 5 sq units 
[5] ШЕ units (d) None of these 


Sol. sso] оу 255 


and g(x) are periodic with period “17 shown as 


and д(х) = {х}. where both f(x} 


Thus, required area = 10 | (Jf) – {xP ]dr 


=10f? (x)? - xd 


Hence, (c) is the correct answer. 


I Example 23 Find the area of the region bounded by 
the curves у = х?, у =|2- x? | and y =2, which lies to 
the right of the line x =1. [IIT ЈЕЕ 2002] 

Sol. The region bounded by given curves on the right side of 

x =1is shown as 


| л 
Required area = | * tx) det ДЕ ГР 


=f" (2x? -2)4х + f 5 (4 - x’) dx 


еі 


(28) [B9 амы 


з 


] Example 24 The area enclosed by the curve 
| y | » sin 2x, when x e [0,27] is 

(а) 1 sq unit (b) 2 sq units 

(c) 3 sq units (d) 4 sq units 

Sol. Аз, we know y = sin 2x could be plotted as 


Thus, | у | = sin 2x is whenever positive, y can have both 
positive and negative values, ie. the curve is symmetric 
about the axes. 


т зт 
sin 2x is positive only іл0< xsyandnS х& Thus, 


л 
the curve consists of two loops опе 8| 0, 2 рч another 


i] 


жү" 
[sm = -a(cos п — cos 0) 
2 ° 


=-2(-1-1)=4зфипйз 
Hence, (4) is the correct answer. 
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l Example 25 et f(x) = x^, g(x) cos x and 


o, B (а: < B) be the roots of the equation 
18x? —9лх+ x? = 0. Then, the area bounded by the 


curves у = fog(x), ће ordinates x = a1, x =f and the 
X-axis is 
(а) 1 (x — 3) sq units (b) Зза units 


Z sq uni (d) = sq units 
(0 Esqunits (9 5594 


Sol. Here, у = fog(x) = ЛЕО) = (cos х)? = cos? x 
Also, 
= (3х-л)(6х-л)-0 


= =F esa D) 


18x? -9nx + n° =0 


хол 
63 
1. Required area of curve 


_ (82, аре 
= соз? x dx 424 (1 + cos 2x) dx 


р =) (за -sin™ 
2 2 [вв 213 6) 2 3 6 


Hence, (d) is the correct answer. 


1 Example 26 Find the area bounded by the curves 
x? + y? =25,4y =| 4 — x? | and x =0 above the X-axis. 
Sol. The 1st curve is a circle of radius 5 with centre at (0, 0). 


ЕН» 1-5 
4 


which can be traced easily by graph transformation. 


The 2nd curve is у = 


2500600 (2.0) 


When the two curves intersect each other, then 
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чэн 01 


i Example 27 Find the area enclosed Бу| х|+| у |=1. 


Sol. From the given equation, we have 
1У1-1-1х10 
= -1$x$1 


Celytlo] 


Therefore, the curve exists for хе [- 1, 1]only 
-і 
andfor-1& xsi у-%(1-|х|) ће. »- ік! 
-(xl-0 
Thus, the required graph is as given in figure. 


2. Required area = (42)? = 2 54 units 


І Example 28 Let f(x) = max fen X, COS X, i then 


determine the area of region bounded by the curves 
y = f(x), X-axis, Y-axis and x =2n. 


Sol. We have, f(x)- max le x, C05 х, 5 Graphically, f(x) 
could be drawn as 


Here, the graph is plotted between 0 to 27 and between the 
points of intersection the maximum portion is included, 
thus the shaded part is required area 
Interval Value of f (x) 
05х<л/4 соз x 

for x/A€x«5n/6 sinx 

for 5r/6S x«5n/3 1/2 

for 5л/3<х<2п cos x 
Hence, required area 

ЕД ЕТЕ зка үрэх 
taf cosx de [ sinxdet [„* 5 darf үсовх dx 


" л, 1 к. л 
7 in x)! = (cos хуй + (х sin хулд 


255148) 


= (B+ 8+ 8) sa units 


Exercise for Session 2 


1. The area of the region bounded by y? = 2x + 1and x - y -1=0is 


(а) 2/3 (b) 43 (вз (d) 16/3 
2. Thearea bounded by the curve у =2х – x? and the straight line y = x is given by 

(a) 9/2 (b) 43/6 (c) 356 (d) None of these 
3. The area bounded by the curve у = x |x|, X-axis and the ordinates x = —1 x = tis given by 

(a0 (b) 13 (c) 2/8 (d) None of these 
4. Area of the region bounded by the curves y =2*, y = 2x – x?, x =0 and x =2 is given by 

34 3,4 4 

(9) 0927 3 ваз * 3 (3102-5 (d) None of these 

5. The area of the figure bounded by the cuves y =e*, y =e and the straight line x = 115 
1 1 1 
(a. 0-2 (је + -2 (d) None of these 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Area of the region bounded by the curve y? — 4x, Y-axis and the line y -3 is 


(22 (b) 9/4 (с) 6/3 (d) None of these 
The area of the figure bounded by y =зїп x, y = cos x is the first quadrant is 
(3)2(/2- 1) (431 ()2 8 - 1) (d) None of these. 
The area bounded by the curves у = хө”, у = хет" and the line x = 15 

2 2 1 1 

= ь1-2 i (d) 1- = 
Ын (b) 1 Е (ЈЕ 61-5 
The areas of the figure into which the curve у? =6x divides the circle x? + y? = 16 are in the ratio 

2 An- 43 4n+ 43 
а)2 (b) (d) None of these 
өң rw METER 
The area bounded by the Y-axis, у = cos x and y -sinx,0z x <л/2із 
(a) 2/2 — 1) (5) J2-1 (с) (V2 + 1) (a) vZ 
The area bounded by the tuve y = andy «p.-i|-2is 

ІХ 
()4—9027 (b) 2 – 1093 (c) 2 + 1093 (d) None of these 
The area bounded by the curves y = x? + 2 and y =2| x | -cos + x is 
(а) 2/3 (b) 8/3 (c) 4/3 (9) 1/3 
The are bounded by the curve y? =4х and the circle x? + y? -2x -3=05 
8 в 8 8 

2 = = = 4)л-2- 

(а) шы бш Care (d) x 3 


A point P moves inside a triangle formed by A (0,0), B 12 +C (2,0 )such that min (PA, PB, PC) = 4 then the 
48 


area bounded by the curve traced by P, is 


л 
(33-38 43+ 2 (9-3-1 (avs + ®® 
The graph огу? + 2ху + 40|x|=400 divides the plane into regions. The area of the bounded region is 
(a) 400 (b) 800 (c) 600 (с) None of these 
The area of the region defined Бу || х | - | у || < tand x? + y? х tin the xy plane is 
(а) x (b) 2л (c) Зл (d)1 
The area of the region defined by 1« |х -2| + |y + 1|<2is 
(а)2 (b)4 (с)6 


(d) None of these 
The area of the region enclosed by the curve | y| = — ( 1- | x |}? 5,is 


(a) E (7+ 5¥5)squnits (Ы) 8 (7 + 5/5) за units © 26,5 - 7) за units (d) None of these 


The area bounded by the curve f(x)=|| tan + cot x| – Пап x – cot x| between the lines х =0, x = "and the 
X-axis is 

(8) log 4 (b) log v2 (c) 2log2 (d) /2 log2 

If f(x) = max Ee x,cos 2) then the area of the region bounded by the curves у 7 f(x), X-axis, Y-axis and 


x Mus 
(2 -dis EJ sq units (5) (2 ++ EJ за опне 


(с) (2 ++ EJ squnits (d) None of these 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


9 Ex. 1 if A denotes the area bounded Бу 


зїп x + cos x " 
—— — |, X-axis, x = x and x =3п, then 


x 
(а)1< А<2 (М0<А<2 
(92<А<3 (d) None of these. 


sou BE «jing + oosa 2 


[ nexemoteie! 
m Ux 


(i) 


»|si 
wh | sin x + cos x| 22242 


эл Sa у ES e 
On adding Eqs. (i) and (ii), we дес 
СЕРУРСА 
зт х 
= 025 «Аса 


Hence, (b) is the correct answer. 


ө Ex.2 If f(x) 20, Vx (0, 2) andy = f(x) makes posi- 
tive intercepts of 2 and 1 unit on X and Y-axes respectively 
and encloses an area of 3/4 unit with axes, then 


fi Fo deis 


3 3 
оз ът (8-4 


5 
© 4 
3 


Sol. 1 =f - [7 fix) de =0- 


aju 


4 
Hence, (d) is the correct answer. 


9 Ex. 3 The area of the region included between the 
regions satisfying min (| x |, |y ) 2 1 and x? +y? <5 is 


eio ox) би sir" инч) 
ө Цөлд X) (ян 


Sol. Shaded region depicts min (| x |, |y 2 1 


Y, 
(1,2) 


ЕТ T 


Required area 


IN (45-38 -1)dx 


=10 (sin? т 
E 


Hence, (b) is the correct answer. 


9 Ex. 4 The area of the region between the curves 


уе ЕСЕПТЕН 2 Ханд bounded by the lines 
cos x cos х 
т 


x-0andx— T is HIT JEE 1003] 


Ji~ t 
— dt 
ef, (1+ 22)ут- 22 


e [^ at 


dt 
ТІНІНЕН 


Їнэ Г n 
^ семе 


а 


t 
ој; ИЕ 4 


Sol. Required area = n't EITTA E ТЕ 
сов x cos x 


1558 x 


ж 
2 
йа at 
Area dt 
ird 


Hence, (b) is the correct answer. 


ЈЕЕ Туре Solved Examples : 


Моге than One Correct Option Type Questions 


© Ex. 5. LetT be the triangle with vertices(0,0),(0, c^) and 
(с.с?) and let R be the region between у = cx and y = х?, 
where c >0, then 


з 
(@) Area (o (b) Area of R= 


3 


Area (Т) |. Area(T) 3 
(9 tim ӨМ L3 (рт Аа) 3 
сэс? Area (К) É ow Area(R) 2 
1 а 
Sol. Area (Т) = © - 5 
2 2 


– аз 


eso Area(R) e 2 с 


Hence, (а) and (c) are the correct answers. 


ә Ex. 6 Suppose f is defined from Вэ 1-1,1 as 
ЈЕ 
јод =2— where R is the set of real number. Then, the 
eH 
statement which does not hold is 
(a) fis many-one onto 
(b) fincreases for x > 0 and decreases for x < 0 
(c) minimum value is not attained even though fis 
bounded 
(d) the area included by the curve y = f(x) and the line 
y = lis sq units 
5 


Sol. у= f(x) = 


ян ха 
=з у 9 isineeasng and x < 0 f is decreasing 
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= (b) is true; range is [-1,1) => into = (а) is false; minimum 
value occurs at x = бапа (0) = -1 => (c)is false. 


-(, x - dx 
Aen = ж-ар sei 


л 


=[4- tan" x] =2л = (d) is false. 


Hence, (a), (c) and (d) are the correct answers. 


cos x, 0<х< Z 
9 Ex. 7 Consider f(x) = 2 such that f 
х л 
шаға 2excn 
(2-4 
is periodic with period т, then 
2 
(a) the range of fis p5) 


(b) fis continuous for all real x, but not differentiable for 
some real x 
(© f is continuous for all real х 
(d) the area bounded by у = f(x) and the X-axis from 
2 


x=-mtox=misto( Л }oragbenaen 


cos x, 


Sol. 


x and f is periodic with 


Given, f(x) = 2 
( J. Икки 


period x. Let us draw the graph of y = f(x) 
2 
From the graph, the range of the function is | 0, 
4 


It is discontinuous at x = m, n € I. It is not differentiable 


area bounded by у = f(x) and the X-axis from -лл to пл for 
ne 


= [7 fix) dx om [^ Борне, la- J=] 


з 
=2aj1+ = 
за 


Hence, (а) and (d) are the correct answers. 
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ә Ех. 8 Consider the functions f(x) and g(x), both 

defined from В — R and are defined as f(x) - 2x — x? and 

g(x) = x" wheren € М. If the area between f(x) and g(x) is 
1/2, then n is a divisor of 

(a) 12 (b) 15 (920 

Sol. Solving, f(x) =2х- х? and g(: 

2х-хішх! => x=0and 


(d) 30 
х" we have 


As [exit x) еа 


= п=5 
Thus, n is a divisor of 15, 20, 30. 
Hence, (b), (c) and (d) are the correct answers. 


JEE Type Solved Examples : 


€ Ex. 9 Area of the region bounded by the curve y =e” 
ТИТ JEE 2009) 


(5) ffin(e+1-y) dy 


and lines x =0 and y =e is 
(ae-1 


215222 


Диз) 


(9e- [je dx 


Sol. Shaded area = e 


=[щ-а)= [иш 


= шубу 21 


Hence, (b), (с) and (d) are the correct answers. 


Passage Based Questions 
Passage I 
(Q. Nos. 10 to 12) 


Consider the function f(x) =x? —8х? +20x —13. 


© Ех. 10 Number of positive integers x for which f(x) is a 
prime number, is 
(а)! (b) 2 
©з (94 
Sol. f(x) =(x-1)(x? —7х +13) for f(x) to be prime atleast one of 
the factors must be prime. 


Therefore, х-1=1 
> хэ 
ог x -7х+13=1 
= хї-7х+12=0 
= х=30г4 
> x2234 


Hence, (0) is the correct answer. 


ә Ex. 11 The function f(x) defined for > R 
(a) is one-one onto 
(b) is many-one onto 
(c) has 3 real roots 


(d) is such that (ж) (ха) < 0 where x; and хз are the 
roots of f(x) =0 
Sol. f(x) is many-one as it increases and decreases, also range of 
f(x) R = many-one onto. 
Hence, (b) is the correct answer. 


9 Ex. 12 Area enclosed by у = f(x) and the coordinate 
axes is 
(a) 65/12 
(071112 


зо. А = [fend 


(b) 13/12 
(d) None of these 


р 
-- i? –вх8 +20х -13) dx 65 

D 12 
Hence, (а) is the correct answer, 


Passage II 
(Q. Nos. 13 to 15) 


Let h(x) = f(x) – g(x), where f(x) = sin* xx and 
g(x) =I x. Let xo Xv Хау Хан be the roots of f(x) = g(x) 
іп increasing order. 


» Ex. 13 The absolute area enclosed by y = f(x) and. 
у= 8(х) is given by 


OE "сукном WÈ [сума 
ГЕ] ro 


(923, [ева (915: [Oy вод de 
~ AUN 


zi 


1 


3/2 X 2 №5 
mea 12 5/2 ху 3 


Hence, (a) is the correct answer. 


ө Ex. 14 Іп the above question, the value of n is 
(а)1 (52 (93 (94 
Sol. xy) = ху —n-2 


Hence, (b) is the correct answer. 


9 Ех. 15 The whole area bounded Буу = f(x). у = g(x) 
and x =0 is 


n 8 13 
ЈА ЫН (92 (d) 3 


u 


Sol. Required area = | sin* лхду |, In хік- 


Hence, (a) is the correct answer. 


Passage Ш 

(Q. Nos. 16 to 18) 
Consider the function defined implicitly by the equation 
y! -3y + x =0 on various intervals in the real line. If 
хе(-е,-2) U (2,20), the equation implicitly defines а 
unique real-valued differentiable function y = f(x). If 
ХЕ (-2,2), the equation implicitly defines a unique 
real-valued differentiable function y = g(x) satisfying 
&(0) =0. [IIT JEE 2008] 


* Ех. 16 if f(-104/2) =2./2, then f " (71042) is equal to 
adi 4 42 


боља Өзі O 


у?-3у+х=0 
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On differentiating, we get3yy' -3у -1-0 


е 
Угу 
— = 
э аети 
(Ж un 1 = d, 
= yeod = eR ЕТПЕС ШЕСІ 


‘Again differentiating Eq. (i), we get 


= OY l 
ШЕКТЕГІ 
2 
вай(2) 
илов) = c A 
7518) = — s y 


Hence, (b) is the correct answer. 
о Ex. 17 The area of the region bounded by the curve 
y = f(x), the X-axis and the line x = а and x =b, where 
—æ <a <b <-2 is 
БШ 
(ШІ. o 
ттт 
"aie 
в. 
f. ЗОР – 1] 
» a 
——  —— —Àdx - bf (b; 
ӨГ сүр Aro 
: 


à 
о 

|. ЗООР =] 

Sol. Required area = | f(x) de = [f COT — | х/'(х) de 
= bf(b) - af(a) + | 


Hence, (a) is the correct answer. 


dx + bf (b) – af (a) 


dx — bf (b)-- af (a) 
dx – bf (b)--af (a) 


“ийг 
“Teor 


ө Ех. 18 ПЕ g'(x) dx is equal to 


191 


E 


(8)28(-9 (bo (0-2Е() (9) 28(7) 

Sol. 1 = [ 6) dx = Lol = дї)—к(-1) 
Since, y'-3yex-0 ES 
and у= №) 
Since, {бк - 69 + х = 0 [by Eq. (9] 
Atx=1, (аб) -3g)+1=0 340 


Atx=-l, ( -117-36(1)-1-0 

On adding Eqs. (i) and (ii), we дес 

(ОРЖ -08 –3 (20) + g(-1)} = 0 

(a(t) + gC- HQ? + g(-1)* ~ g(t)g(-1) -3} = 0 
80) + git a(t) =- g(-1) 

1 = g(t) ~ g(-1) = g(t) -(-g(t)) =250) 


Hence, (d) is the correct answer. 


(ш) 
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Subjective Type Questions 


501. Here, у = cos x — cos? x and у 


drawn as in figure. 


Thus, the area =>] m (е сов? х) — fe (e = “| ж 


- ВЕРУ 
ET 2 cost raat + 


x sin2x х? 
2 | аах S a 


4 s'm 
" 
4| и те 
2 120 


ө Ех. 20 Acurve y = f (x) passes through the point 
P (1,1), the normal to the curve at P isa(y —1) +(x —1) 20. If 
the slope of the tangent at any point on the curve is propor- 
tional to the ordinate of that point, determine the equation 
of the curve. Also obtain the area bounded by the Y-axis, (һе 
curve and the normal to the curve at P. 


Sol. Here, slope of the normal at P (x, y) 
> Slope ofthe line ay ~1) + (x=1) = 0is == 
2. Slope of the tangent at P = a, 


dy). 
( 2 1 та «d 


Tt is given that the slope of the tangent at any point on the 
curve у = f(x) is proportional to the ordinate of the point. 


dy dy _ 
"diede" ЛУ 

- (%) ША => а=} 
dx Јалу 
4 4 
A = mde 


> log y =ах + loge 


> У-се%, which passes through P (1,1) 


= Curveis 


ipi m 
Required area = |, (log y-+a) dy + | 10 +a)—ayldy 


(у (log y -1) жау! +{в+ау-›°} E 


а 


up s " 


ЖЕКЕН 
6 3j 


sq units 


-lpieasacta et caes] +| 1+4 
а а 


ена (5 н--2) 
а за 


© Ex. 21 Sketch the region bounded by the curves y =x? and 


ў= 
Tex? 


Sol. For intersection point, x' 


ie x'ext-220 
ie. (х2 +2)(x*-1)=0 
ie, к=®1 
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NET ) dx 2. The equation of the tangent to the curve at the point 
х 1}, ЕЗ 
За -1=2|х-= 
1 Gee eae) 
= pt 2 28: 1 
5 5 3i (& 3 when у-бх-%-1-07 
Now, the required area = Area of curvilinear ДОРМ —Area of APTN 
LL 1 
-| бапхак- у NT- PN 


ө Ex. 22 Find the area enclosed between the curves 


= [log (sec х)ја ^ — i (5 


у =log (x +e); x log, (2) and X-axis. 
52 


Sol. The given curves аге у = log (x + е) and 


x- log, ( 2 | 51-е уе ө Ex. 24 Find all the possible values of b > 0, so that the 
та area of the bounded region enclosed between the parabolas 
Using graph transformation we can sketch the curves, 3 ши А 
х=-е Y y =х - bx? andy => is maximum. 


2 
Sol, Eliminating y from y = = and у = x — bx?, we get 


х= 


ын log (x +e) de + [7 ах 


Б log (t) dt + г €" dx 
(putting x ње t) 


=[tlog tt] -[e"] 7 =1+1=2 


€ Ех. 23 Find the area of the region bounded by the curve 
с:у =tan x, tangent drawn to c at x = п/4 and the X-axis. ‘Thus, the area enclosed between the parabolas, 


: 2 они а 
Sol. The given curve is y = tan x Ax [^ (в-а) 


ФУ sec? x 
ж 


For maximum value of A, 


But 4A 1 (16 6%)" 2b 5-20 + b)-2b 1 bü- b) 
db 6 а-ы) 3 a+b)? 
x Hence, A = ogives b= ~1,0,1sinceb > 0 


db 
Therefore, we consider only b 


Sign scheme for — around b = 1 is as below 


From sign scheme it is clear that A is maximum. 
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© Ex. 25 Let C, and C; be the graphs of the function 

у= х? andy =2х,0 < x <1, respectively. Let C; be the graph 
of a function y  f(x);0 < x <1, f(0) =0. For a point P on Су, 
let the lines through P parallel to the axes, meets C; and Су 
at Q and К respectively. If for every position of P оп (С), те 
areas of the shaded region OPQ and ORP are equal, deter- 
mine the function f(x). (ІШ JEE 1998] 


Sol. On the curve C, Le y = 
Let P be (в, 0°). So, ordinate of point Q on C; is also a. 


2 


Now, С, (у =2х) the abscissae of Q is given by x = Ж - 
2 4 ELI ЕУ 
Now, area of AOPQ = |, (x; ~ x2) dy = f. (4-3) dy 


igo E 


— 


ж а? е qe fiie 


Differentiating both the sides w.r.t. а, we get 
oat esa =f) 


= faza -a = /(х)-х7-х 


© Ex. 26 Find the area of the region bounded Бу the 
log x 
curves y =ех log x and у= EA. 
ex HIT JEE 1990] 
Sol. Both the curves are defined far x » 0. Both are positive when. 
x » 1 and negative when 0 x «1. 
We know that, Ша, log х – = 
Er 
da DER, 


zat ex 


Therefore, 


Thus, Y-axis is asymptote of second curve. 
and lim ex log x ((0) (~ =) form] 
E 


= на, tiet ( = toma) 
root Их = 
ей/х) 


- 2). -0 (using L'Hospital’s rule) 
хә (6172) 
Thus, the first curve starts from (0, 0) but does not 
include (0, 0). Now, the given curves intersect therefore 
log x 
ex 


ex log x= 
ie (ex^ -1)1og x - 0 


(x20) 


Therefore, using the above results figure could be drawn as 
ә Required area = f | Е =)“ 
ex 


ve 


" 217 2 
8 шэн! [ren] 2 


и Я 


9 Ех. 27 Let A, be the area bounded Бу the curve. 
y = (ап х)" and the lines x =0, y =0 and x EE Prove that 


1 
forn>2; A, А, - = —— and deduce that 
pus 


——< 
2п+2 
Sol. First part We have, A, = | hdi (tan x)" de 
Hence, Aa (tan x)? dx 
an 
At Af, (tan x)^ 7? (tan? x + 1) dx 
| (tan хў'^®.зес® x dx 


Let tan x = 1, 50 that sec" x dx = dt. 


"T 
Attac mta (1 3 E 
n=l 4 
Second part 
Since, 0<х<л/4 ; 0Stanxsi 
= tan"*? x< tan" x < бап" 2 x 
= ака Д us хас f tant? ede 


=> Ань: SANS Ang => А + А, , 1624, <А + Ape 


1 1 
<24 < 
п+1 


п-1 


1 
аза) << 28-9 (using Ea.) 
ә Ex. 28 Consider a square with vertices at (1, 1) (-1, 1), 
(-1,-1) and (1, -1). Let S be the region consisting of all 
points inside the square which are nearer to the origin than 
to any edge. Sketch the region S and find its агедит JEE 1995] 
Sol. For the points lying in the AOAB the edge AB, i.e. x=1is 

the closest edge. Therefore, if the distance of a point P 
(ying in the AOAB) from origin is less than that of its юэ 
distance from the edge x — 1 it will fall in the region 5. 


ОР < PQ 


= уху <1-х 

> джу? 2+1 

> y'si-2x 

Similarly, for points lying іп the ACAD the side y = 1 is the 

closest side and therefore the region 5 is determined Бу 
x'si-2y 


Since, the edges are symmetric about the origin. Hence, by the. 
above inequality and by symmetry, the required arca will be the 
shaded portion in the figure given below 


и 
@ б, 


“у--х 
Now, when the curves у? -1-2халду = х intersect each 
other, then 

х®=1-2х => x +2x-1=0 


= x=V2-1,-V2-1 
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Hence, the intersection points in the first quadrant is 


(72-1.42-1) 
+ Required area = 8 [Area of curvilinear AOLM] 


“а-а-а + [7 sim тах а] 


E 20-29" ү'” 
ELE 


1 


э Ex. 29 Sketch the region included between the curves 
x? +y? =a? and |+ ly. | 7 Ma (a >0) and find its 
area. 
Sol. The graphs | x | | y| = а and | x |? + | y |? = а" are as shown. 
in figure. 
Y 


From the figure it can be concluded that when powers об x | 
and| y | both is reduced to half the straight lines get stretched 
inside taking the shape as above. 


Thus, required area = 4 [shaded arca in the first quadrant] 


-ji а 


[ ха? 
lu 

(since in 1st quadrant x, y » 0), hence 
JEU ET o ма m s + dy а 

E у = (Ма -4xy 
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9 Ex. 30 Show that the area included between the parabo- Hence, required area 
lasy? =4а(х+а)алду? mAb(b —x) ваја +b) Vab. = Јожа 
Sol. Given parabolas are. -| ex x) а 
y! =4a(x+a) » 
and y! -ab(b- x) ELIT 
Solving Eqs. (i) and (ii), we get. 
x=(b-a) and y=+2Jab © Ex. 32 Prove that the areas Sp, Sy, Sz,... bounded by the 


2 Pand Qare(b ~a,2 Jab) and (b — a, — 2 Jab) respectively, 
and the points A and A’ are (— a, 0) and (b, 0), respectively. 


; = 1 > 


X-axis and half-waves of the curve y =e7™ sin Bx, x lo. 
form a geometric progression with the common ratio 
goce 


Sol, The curve y = е” * sin х intersects the positive X-axis at the 
points where y = 0. 


e** sinfx-o 


Now, required area Area АРА” QA =2 Area APA' А 


=2 [Area АРМА + Area MPA’ М) 
=): Гашағда |, EXE 
= [^ “аха ға)! [EFT > sinBr=0 э x ett 
Je | ‘The function y = е7 * sin Bx is positive іп the interval 
Е ДЭН (a+ x)" І ыг 5[-50- ын (хк, хек +1) and negative in (xax + 1, хук + 2), Le. the sign of the 
54 d function in the interval (x,, x, +1), therefore 
=; Ча (ву + 23 Зэ? apt HI + b) sq units s= (oo ©" sin Bede | 
: — СИТТ 
© Ех.31 Determine the area of the figure bounded by two | | ане ПР | 
branches of the curve(y — x)? = х? and the straight line x =1. ағар а 
Sol. Given curves are (у — x)? = х? шыма 
у-х=®х/х (a? +B?) 
yexteve Bezt Dm mB | у une 
— - 415 -— 
27 er . Пикет") — 
Tap 
Which could be drawn as; shown in figure. ағар; 


which completes the proof. 


9 Ex. 33 Leth #0 and for j =0,1,2,...,n. Let; be the area 
of the region bounded by Y-axis and the curve х-е =sin Бу, 


ј +1 
жау EDE, Show thus, 5,5... „5, are in geomet- 


ric progression. Also, find their sum fora = — and b = п. 


Sol. Here, 5) - Jis ау Hs D уш» dy 
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(yt 


n T 
диеты вены) | | 


[I 


хет 


(-b)(-1)! 


DIT 


"у= 


mm Е 

e ка. 
„an, yip ET enh 

gap ов ema 


“ога! = 0,1,2,...п 


Hence, So, 5, Sas», S, аге in GP with common ratio e 27, э Ex. 35 Find the area enclosed by circle x? +y? 
Fora = – 1 and 


parabola y = x? tart thecuney=| sin? Š teos% је 


8: X-axis (where, [.] is the greatest integer function). 
Ese Sol. ЕНЕ 
1esin? Ž + cos <2 for x Е(– 2,2] 
ә Ex. 34 For any real 4 4 
m: + ва point on the hyper- ye» ... | : 
bola x? —у? — ах + 4y —1=0. Find the area bounded by the p 


hyperbola and the lines joining the centre to the points 
corresponding to t, and — t,. 


ee 


Sol. The points x 22 + 


PET is on the curve 


2 
огох®-у*-4х+4у- 


(x-2)? –(у -2)* 
Y 


(0,-2) 


Now, we have to find out the area enclosed by the circle 


а 
ху =4 parabola y-4)-( x+ i) „line у =1and 
X-axis. Required area is shaded area in the figure. 

Hence, required area 


= ыг “а a 
=V3x1+(V3-1) x1 “Ге + х+1) аъ af ЫЗ сауа 
We have to find the area of the region bounded by the curve 


зе oy " 
"es [E анны] 
САГ! ЖЫ 21, 
x? — у? = 1 and the lines joining ће centre x = 0, y = Oto the - Өр 
point (t) and (- n). хөё-н (341-9 (2. =] 


== 5 2R an 1 
08-0 5428 EEEX -1)чинь 


"Required area =2 | Area of APCN - | 
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е Ех. 36 Let f(x) = max (x^, (1— х)2,2х(1- х)), where 
0< x «1 Determine the area of the region bounded by the 
[IIT JEE 1997] 


curves y = f(x), X-axis, x =0 and x =1. 
Sol. We have, f(x) = max (x^, (1 — x°), 2x(1 – х)) 
Graphically it could be shown as; 


Tor figure it is clear that maximum graph (іе. above max graph 
is considered and others are neglected). 


Forse] о | x? <2x(1- x) S(1 - x)? 


fuse ‚ х®<(1-х)#<2х(1-х) 


» 
“8 
неке 2 (а-ә «x szxü- x) 


1 


forse 2.1 „((—х)#<2х(й-х)<х* 


Hence, f(x) сап be written as 
(17x, foros xs1/3 
2501-х),  for1/3$x52/3 
х, for2/3SxS1 


Јед= 


Hence, the area bounded by the curve y = f(x); X-axis and the 
lines x = 0 and x = 1is given by 


ops а САН T 
=j 4-4 dee |, 250 пак + |, (°) dx 
=Z squnit 

z^" 


© Ех. 37 Find the ratio in which the curve, 
y =[-001 x* –002 х? ] [where, Е] denotes the greatest inte- 
ger function) divides the ellipse 3x? + 4y? =12. 
Sol. Here, у =[- 001 x* – 002 x°] 
ће y7-Lwhen-2«x«2 
y 7 - 1 cut the ellipse 3x* + 4y? =12 


win | [12-3 
Required area = | 77. | ^ эе 


ме т E 
“Газ 4-5 ас | олз 1 


-2-3<х50 
› where 

х-2,0<х<3 

код = min (f(x |) +] FOA, Жіхі)-| £09 D Find the 

area bounded by the curve g (x) and the X-axis between the 

ordinates at x = Запа -3. 


ә Ex. 38 Let ә] 


Sol. Here, | füxD- | 


2 -3<х<0 
|Мді-4-х%2, 0<х52 

x-2 2<х53 

-х-4-35х5<0 

х Хр 170) |= 2-4 0<х<2 
б,  2«x«3 


Graph off (x) 


Graph off (|х|) 


4Y 


Graph of |7091 


(0-4) 
Graph of g(x) 


Since,| f(x)| is always positive. 

ale) = fü xl) =| /(х)| 
where the graphs could be drawn as shown in above figures. 
From the graph, required area 


3 1 23 
+1а+®хз+[%хгха]+о=® 
0+9 Б х )+ 2 sg unis 


9 Ех. 39 Let ABC be а triangle with vertices 

A (62 (V3 +1)), В (4,2) and C =(8, 2). Let R be the region 

consisting of all those points P inside A ABC which satisfy 

d (P, BC) > max (d (P, AB), d (P, АСУ), where d (P, L) denotes 

the distance of the point P from the line L. Sketch the 

region R and find its area. 

Sol. It is easy to see that ABC is an equilateral triangle with side 
of length 4. BD and CE are angle bisectors of angle B and C, 
respectively. Any point inside the A AEC is nearer to АС 
than BC and any point inside the A BDA is nearer to AB than 
ВС. So any point inside the quadrilateral AEGC will satisfy 
the given condition. Hence, shaded region is the required 
region, whose area is to be found, shown as in figure 


А (6,23 + 1) 


B с(в,2) 
(4,2) 


1 
Thus, required arca =2 Area of AEAG =2 х г AE х EG 
= АВЕ СЕ ‚хах 2 


= Seq units 
>; за 
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ө Ex. 40 [ег О (0,0), А (2,0) anda (1, be the vertices 


of a triangle. Let К be the region consisting of all those 
points P inside А OAB which satisfy 
d (P, OA) < min (d (Р, OB), d (P, АВ}, when 4” denotes the 
distance from the point to the corresponding line. Sketch the 
region R and find its area. [IT JEE 1997] 
Sol. Let the coordinate of P be (x, y). 

Equation of line OA = 

Equation of line OB = уЗу = х 

Equation of line AB = Зу =2 — x 

d(P, OA) = Distance of P from line OA = у 


5; 
ЖР, ОВ) = Distance of P from line ОВ = һЬйу—х| 


2 
у +х-2| 
2 


d(P, AB) = Distance of P from line АВ = 


Y 


в (d 


Given, d(P, OA) < min (4Р, OB), (Р, AB)) 


yema [бек | 
2 2 
у -x 
= ge el -® 
уЗу +х-2| 
and а EI 
caer y LÀ х1 
2 
x- v3; 
ya У Lex» Ву (:-8у-х<0) 
= 2+3) узх 
= у<6-43)х 
= YySxtani5* ET 
(7 y = x tan 15° is an acute angle bisector of ZAOB) 
Casen tty 1280 2l 


2 
=  југ2-х- Љу 
(г%.43у<2-х 
y$-Q-45)(x -2) 
У S- (tan 15°) (x -2) 
(+ y =(x —2) tan 15? is an acute angle bisector of CA] 


(ie. уу + x-2 <0) 


baud 
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From Eqs. (ii) and (iv), P moves inside the triangle as shown in. 
figure. 


As — ZQOB = ZOBQ — 15*, АООВ is an isosceles triangle 
> ОС= АС= unit 


Area of shaded region = area of AOQA= i (base) x (height) 
=: (2)(1 tan 159) = tan 15° 
=(2 — V35) sq units 
© Ex. 41 А curve y = f(x) passes through the origin and 
lies entirely in the first quadrant. Through any point P(x,y) 
on the curve, lines are drawn parallel to the coordinate axes. 


If the curve divides the area formed by these lines and coor- 
dinate axes іп m:n, find f(x). 


Sol. Area of (OAPB) = xy, Area оГ(ОАРО) = T flt) de 


Y у=) 


Therefore, area of (OBPO) = xy — |7 f() dt 
‘According to the given condition, 

зу] fd m 

[re " 

= nxy=(m+n) [7 КУЛ 
Differentiating w.r.t. x, we get 
«(5%-))-өзллд-татшу-/9 
zs. = Z. dog s) = lg у — loge where cis a constant 
> 


yea 


© Ex. 42 Find the ratio of the areas in which the curve 


3 
“| X. X. | divides те circle х? +y? – 4x +2y +1=0 


100 35 
(where, [.] denotes the greatest integer function). 


Sol. We have, x? + у? - 4x & 2y +1=0 
or (x-2) +(у 1* =4 40 


ф-2 уут = 4 


S 5 х 
8 =( "5 
for 0<х<4 


Now, for0 S x $4, 


3 [ 2 

gi oue x 
Ак ә | + 

95100135 ЕСІ 


35 
So, we have to find out the ratio іп which X-axis divides the 
circle (i). 
Now, at X-axis, у=0 
So, (x-2) =3 


So, it cuts the X-axis at (2 — 3, 0) and (2 + V3, 0). 
+з 
Therefore, required area, А zn s оа (x - 27 —1) dx 


кВ 


Required ratio = 


© Ех. 43 Area bounded by the line у = x, curve 

y = Год f(x) > x, V x »1) and the lines x=1,x=tis 

(t Je t3) 0 42) for all >л. Find f(x). 

Sol. The area bounded by у = f(x) and y = x between the lines 
x-land x-tis j^. (f(x) — x) dx. But it is equal to 


(+ + 8)-Q + V2). 
So, IH (Л) - 3) dx =(t+ а e) а + У) 
Differentiating both the sides уул, t, we get 
t Е : 
fo eC 


or Јбд=1+х+ 


© Ех. 44 The area bounded by the curvey = f(x), X-axis 

and ordinates x 2 and x = b is(b —1) sin (3b 4) , find f(x) - 

Sol. We know that the area bounded by the curve y = f(x), X-axis 
and the ordinates x =1 and x =b is | fix) dx. 


From the question; f * fix) dx =(b = 1) sin Gb + 4) 
Differentiating w.r.t. b, we get 


f(b) 1=3 (b — 1) cos (3b + 4) + sin (3b + 4) 
= f(x) =3(x-1) cos (3x + 4) + sin (Bx + 4) 


e Ex. 45 Find the area of region enclosed by the curve 
оу 


tive X-axis, 


Sol. The given curve — 


y 
249 an ellipse major 


and minor axes are x = y = 0 and x + y = 0, respectively, 
‘The required area is shown with shaded reglon, 


Instead of directly solving the problem we ean solve equivalent 
problem with equivalent ellipse whose axes are x = 0 and y = 0, 


The equivalent raion is shown as (ОА О) where the 


equation of ellipse iss = 


~ Required aren андай А" A 722) 
[а ab 
xw fate 
Амь 40K Atal аа 
із Ca^ Jesh "Тауы ар 


(-2)8 


where, 


Area of CB А” = J" as 


up 


10 2 
b uei 
E "I 
b __а% 
Даны J 20485) 
P 
2 


n Je +o) 24-5) 


Hence, required area = Sum of Eqs. (i) and (ii) 


e(t] 


mab ab 
4 2 


ти“ 2 (a >b), the line y =x and the posi- 
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° Ex. 46 Lol f(x) be a function which satisfy the equation 


Foxy = f(x) + fly) for all x >0, y >0 such that /"()- 
Find the area of the region bounded by the curves 


у= fix) y 2|x! -6x? tix -6| and x= 

Sol, Take x s y =1 => /0) = 0 
Now, Пан 
ЭМ ei)enosi( 5) (1) 
^ Д 5 1 EE if г )- feo - fo) 40 


foc 1) = fe) 
һ 


Now, "(x)= lim 


= іт [using Eq. (01 
доз) 19 pa) 
= AUR Т y Lm 
ын 
х 
POLES 
х 
= fix)=2logxte [since, Ја) = 0— ¢= 0] 


ә Дод-20оцх 
Thus, f(x) =2 log x and y =| x? – 6х2 + Их — 6| could be 
plotted as 
у у=2ю9х 
у= |х2- 62+11х-6| 


Hence, required area. 
sji er +x [ой 


" 
Sema) жеу 
. 


2 


-24 Л-6 mean 


-8+ 25 – 1 sq unit 


9 Ех.47 Find the area of the region which contains all the 
points satisfying condition| x — 2y |+| x + 2y | $8 and xy 2 2. 
Sol. The line y =+ = divide the xy plane іп four parts 

Region I 2y-x$0 and 2y x20 

So that, | x -2y| + | x &2y| $8 

= (x-3y)t(x42y)88 => 05х54 
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Region Ш 2y – x| Oand2y + x 20 

Sothat, |х-әу|ж|хе2у|<8 

= -(х-2у)%(х%2у)8 = 05у 52 
Region Ш 2у%х<0,2у-х>0 

Sothat, | x—2y|+|x+2y|<8 

E -(x-2y)-(x*2y)$8 => -4<х<0 


Region 
2у-х20, 34x20 
y 


Regionlll 4 


2у-к>0,2у%х<0 


Region! 
2у-х<0,2у+х>0 


Region IV 
2у-х<0,2у4х<0 


Region IV 2у%х<02у-х<0 
Sothat, | x—2y]+] x+2y|S8=-2<y <0 
Here, all the points lie in the rectangle. 


" 


(0,2) ND. 


Ап | B[4o 


Also, the hyperbola xy —2 meets the sides of the rectangle at 
the points (1, 2) and (4, 1/2) in the Ist quadrant graphically. 
Hence, required area 

=> (Area of rectangle ABCD — Area of ABEDA) 


EIC ха- |“ НЭ 


• Ex. 48 Consider the function 


2(6 —2 log 4) sq units 


E 
жә, идете [] denotes the great- 
0, if xel 
est integer function and | is the set of integers. If 
g(x) = тах (x^, f(x),| x], 7 2 5 x $2, then find the area 
bounded by g(x) when-2 x 52. 


хорде јр хе! 


Sol. Нег, (х) = 


0, хе! 


0, хе! 
a(x) = шах {x°, /(х),| хІ) 


1 
-l.dfxel 
ЈА Be 


‘Thus, 


which could be graphically expressed as 


х,-2<х5-1 
-x -1<х<-1/4 


Clearly, g(x) = rei -1/4sxs0 
x OSxS1 
x, 15х52 


Hence, required area = | ", g(x) dx 
- [267 Cac [^ (« + B 2 
ИНГЭНЭ 


[222 «(2| (уз 
~ 202 ја 2% эде 


ө Ex. 49 Find the area of ће region bounded by 
y = Ах), у =| g(x) | and the lines x —0, x — 2, where f , g 
are continuous functions satisfying 
Их +у)= fix) + fly) -8xy, V x, yen 
and g(x + y)= g(x) + gly) +3xy (x + y, Y x,y ER 
Also, f'() =8 and 2(0)--4 


Sol. Here, f(x + y) = f(x) + Ду) -8xy 
Replacing x, y — 0, we get f(0) - 0 


Nos ева LEN-A im fGcy )- f 
2D y y 
= tim ДӘ *f00-83y - fle) 
> y 
= lim |. m] 
*%|у у 


= im ( fe ) = 8x (using L'Hospital's rule) 


-f'()-8x-8-8x (given, f*(0) - 


= f'(x)=8-8x 
Integrating both the sides, we get 

f(x) =8x-4x? + с 
As 0) =0=с=0 
= f(x) 28x - ах" Ai) 
Also, g(x + y)= g(x) + ду) + 3xy (x + y) 
Replacing x, у => 0, we get g(0) = 0 


Now, Е) = lim E**3)- atx) 
у у 
= lim 69 +0) + egeret cmt ge 
ут 
ЕС?) + 6x +зху) КИЗҮ] 
"ED > У | 
Бе =-4+3х® 
== че 
meos secus [as (0) =0]..(8) 


Points where f(x) and g(x) meets, we have 
fG)-g(x) or вка = 
- х=02-6 


22. Area bounded by у = f(x) and y = | g(x) | between x = Oto x =2 
=f? (Bx — 4x?) - (ax — x°)} dx 
- (1 (0 - 4x? + 4x) de= 3 sq units 
o 3 
9 Ех. 50 Find the area of the region bounded by the curve 
у= x? andy = sec^' [- sin? x], where [.] denotes the great- 


est integer function. 
Sol. As we know, [- sin" x] = 0 or — 1. But sec^' (0) is not defined. 
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= sec [—sin? x] 2 sec! (-1) = 

Thus, to find the area bounded between 
yox! and у=л 

ie. whenx = or (х=- Уп to х= ут) 


2. Required area JA (n - x°) dx + E 


и + VT) - им + пут) = ут 


ә Ex. 51 Sketch the graph осоѕ ' (4x? —3x) and find 
the area enclosed between y =0, у = f(x) and x 2-1/2. 
Sol. Here, — f(x) = cos! (4х? – Зх) 


Let x-co8 and 0<0<л 
057! (4 cos! Ө —3 cos 8) 
= сов! (cos 30); 0 $38 «31 


30, 0538<л 
- fix) = {27 -38, л «эд сал, 
30-2л,2л «30 S30 


3 соз! x, 1/2<х<1 


m-3cos!x -1/25х<1 
З сов! x-2, -1<х<-1/2 


-3/41-x, 1/2<х<1 
0) =] 3/41-х, -1/2<х<1/2 
зр, -і<х<-1/2 
-3х 
арт цанын 
т зх 
and у(х) = ут -1/2<х<1/2 
-3x 
сут 71<х<-1а 


Thus, the graph for f(x) = соз”! (4x? —3x) is 


Thus, required area = |” 5 ове 


-| (еп -зсоз хуа Јо" хх 
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On solving, we get = а sq units 


9 Ex. 52 Consider two curves y? 


ia (x - X) and 
4а (у —).), wherea >0 and À is a parameter. Show that 


x 


(i) there is a single positive value of à for which the two 
curves have exactly one point of intersection in the Ist 
quadrant find it. 

(ii) there are infinitely many negative values of ^. for which 
the two curves have exactly one point of intersection in 

the Ist quadrant. 

if  — — а, then find the area of the bounded by the 

two curves and the axes in the Ist quadrant. 

Sol. The two curves are inverse of each other. Hence, the two 

curves always meet along the line y = x. 
Consider, y! = аа(х - X) andputx - y 


(it 


= уг-аау e ad - 0 


= 
E ума да [i-a 
Since, y is real a? — aA | Oor À «a 
(i) 103 <a, then there are two distinct values of y and 


both 2 (a + Ja? — aX) and2(a – үа? — ad) are positive, 
i.e. both points lie in the first quadrant. 
IFA = a, then у = га only, ie. only one point of 
intersection (2a, 2a). 
Hence, there is exactly one point of intersection in 1st 
quadrant for А = a. It is infact the points of tangency of 
the two curves. 

(0 IFA < 0, then у =2 (а + Ja? – aà) > 0 and 
y =2 (a — ја" — aX.) < 0. ie. the only point of intersection 
is in the first quadrant, the other in the 3rd quadrant, 
Hence, there are infinitely many such values. 


#}=4ау+а) „у=х 


У=4ак+а) 


(iii) For À =— a, we have у? = 4a (x + a) 
x! =4а(у+а) 
The point of intersection in the 1st quadrant 


P =(0 242) a,(2 + 22) a) 


Required area = 2 (area of ДОРО — area АРФА ) 


оїлоРд= 1 (а +2) а" =2 (1 + у at 
хайн ағады 
Area of APQA = |4794 y dee [7 (= 


з quee 
1 Е | agp 


ЕТПЕН 
” 


- 1 [(2 + 2/2) - a? - ва?) -2V2 a* 
12a 


(23) Ч 
= а 
3 


2 2 + 12 
А пада (2 mm shen 


5+8 да 


© Ex. 53 Let f(x) be continuous function given by 
2x, IETESI 

LEN ox b, [х|>1 

Find the area of the region in the third quadrant bounded 

by the curves x =—2у and у = f(x) lying on the left of the 


line Bx +1=0. ТИТ JEE 1999) 
Sol. Given, a continuous function f (x), given by 


2% | |х| 
2 
fo x ах +ђ, | х]>1 
x? +ax+b, -е<х<-і 
ie fe 2x -15х51 
x'eaxb 1<х<е 


> fis continuous. 


2 Itis continuous at x = —1апй x =1, 
Сайжа(-3) 8 2(-1) 


and (1)? жа() 48-20) 

> 

and 

> 

and 

> 

nor when -е<х<-1 
2x, when -15х51 

Now, у= х +2x-1=(x+1}? -2 


ог (у +2) =(х + 1): 


We need the arca of the region in third quadrant bounded by 
the curves а = — 2y*, y = f(x) lying on the left of the line 
8х%1-0. 


- (у +2)=(x +1) 


Cuts the Y-axis at (0, -1) and the X-axis at 
(71-42, 0) and (= 1 + V2, 0). 


When x =1 and y == 
Solving x = – 2y? and (y + 2) =(x + 1)", we get 
(y +2) =(-2y? +1) 
= dy -4y?+1-y-250 
Dem 


= ду -4y -у-1=0 
Рог уз-һ4-4у!-у-1-0 
At у--һх--2 


пашаа е] С оова ра 


а 52 


[ 
“| ЕРУ БИ СЕРА ЦИА Еа шад 


3 з 3 2 
20/2 2414) Е 
af хү! мау Г 4 a | 
е) Tw Sep Мыса 7%). 
„Јаја [ape СО 
410) | ЕС 3 
за 


Xe wi" 


з 36) 192 
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ә Ех. 54 Let[x] denotes the greatest integer function. 

Draw a rough sketch of the portions of the curves 

x? =4[Vx]y andy? = A[Ay ] x that lie within the square 

{(х,у)|1< х<4,1< у < 4). Find the area of the part of the 

square that is enclosed by the two curves and the line 

х+у=3. 

Sol. We have, 15х54 and 
= 15/152 and 15 ју <2 


МЕ] =1ап4 [Jy] =1 for all (x, y) lying with in the square. 


15у54 


n4 
(1,4) 


Thus, == 


Al/x]y and уг=аМУ]х 


> x? = Ay and y! = 4x when1 < x, y S 4 which 
could be plotted as; 
Thus, required area 


-| езера |“ (а-а 


= дшш 
ras 


ә Ex. 55 Find all the values of the parameter a (а 21) for 
which the area of the figure bounded by pair of straight lines 


1 
у? -3y +2 =0 and the curves y =[a] х у 3141 xis 
greatest, where [.] denotes the greatest integer function. 
Sol. The curves у = [а] x? and у =} [а] x? represent parabolas 
which are symmetric about Y-axis. 


The equation у? ~3y + 2 = 0 gives a pair of straight lines 
y =1,y =2 which are parallel to X-axis, 
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Thus, the area bounded is shown as ә Ex. 56 Find the area in the first quadrant bounded by 
Y [x] [y] =n, wheren e N andy =i (where, ге МУ 1 <п+7), 
[-] denotes the greatest integer less than ог equal to x. 


From the above figure, 
8 =: 
Required arca =2 J | (а — x) dy 


ы I D. 
(18-18) 
anpi yy „оу 
2302-1) qui. 
^3 [a] 36 
ы алай 
(3 [a] 3 [а 
Area is the greatest when [a] is least, i.e. 1. 
Area is the greatest when [а] =1 
Hence, ає[1,2) 


у = [а] у =1 а 
2 


Sol. As we know, [x] + [у] =п => 1х]= п [0] 
Wheny =0, [х] еп епа хєл 
When y =1, [x]J=n-1=9n-1Sx<n-2 
When у =2, [x] n -2 
> n-2£x<n-3....and so on. 
When y =n, [3] 20 => 05x «1 
which could be shown as 


nei-- "Ба 
ІШ 


345 
From the above figure, 


=(л + 1)area of square ABCD = (п + 1):1 
Required area = (n + 1) sq units 


1. A Point P(x, y) moves such that [x + у + 1]= [x]. (where 
[. denotes greatest integer function) and хє (0,2), then 
the arca represented by all the possible positions of Р, is 


(a) v2 (9242 
(Л (02 
ало 3] fa meta 


Wes к< жөні 


90 
НТ (©) 


If the length of latusrectum of ellipse 
Ey: езу ва (= y*3) =в 


(a) i loge 


14,6 
(©) = log* 
(9 1065 


е 


апдЕ;: шалы (0< р<1)аге equal, then area of 


ellipse Ez, is 


x л 
(97 9-5 
л л 
О © 
4. The area of bounded by the curve 
4|x - 2017?" | +5] y 2017?" |< 20, is 
(a) 60 (b) 50 
(940 (d) 30 
5. If the area bounded by the corve у = х? +1, у = x and 


the pair of lines x? + y? +2ху - 4x - 4y +3=0is К 
then the area of the region bounded by the curve 
+1,y = ух — 1 and the pair of lines 


unit 
у= 
(x+y-1)(x+y-3)=Gis 

өк (D2K 

өк (d) None of these 


Suppose y = f(x) and y = д(х) аге two functions whose 
graphs intersect at the three points (0, 4), (2, 2) and (4, 0) 
with f(x)» g(x) for0« x «2and f(x)« g(x) for 


2« x «4.1 UG) glx) =10 


and | [g(x)- f(2)] de =5 then the area between two 


curves for0< x «2,is 
(95 (b) 10 
(015 (d) 20 


га Area of Bounded Regions Exercise 1: 
8 Single Option Correct Type Questions 


7. Let ‘a’ be a positive constant number. Consider two 
curves C,:y =e", Cz:y = е7". Let Sbe the area of the 


part surrounding by Cy, C and the Y-axis, then lim = 
m. 


equals 
(а)4 (b) 1/2 
(до (d) 1⁄4 

8. 3 points 0(0.0), Р(да?), Q(-5.b" )(а> 0,Ь> 0) are on the 
parabola у = x^. Let S, be the area bounded by the line 
РО and the parabola and let 5; be the area of the AOPQ, 
the minimum value of 5, /5 is 
(а) 4/3. (b) 5/3 
(92 (d) 7/3 

9. Area enclosed by the graph of the function y = In? х-1 


lying in the 4th quadrant is 
өз СЕ 


° z 
өг 1) (4 (-) 


10. The area bounded by y=2—|2—x|and у => 


is 
Ixl 
со 29302 010-302 
3 
(5+ Ins СЕ +103 
11, Suppose КЕТ +4х +5апа 


A(x) = (ор) (х). The area enclosed by the graph of the 
function y = f(x) and the pair of tangents drawn to it 
from the origin, is 
(a) 8/3 (5 16/3 
(с) 32/3 (d) None of these 

12. The area bounded by the curves у = —/—x and 
х--үгу where ху<0 

(а) cannot be determined 

(b) is 1/3 

(c) is 2/3 

(d) is same as that of the figure bounded by the curves 


у= Ух; x $0and x 2 Ј-угу S0 
13. у= f(x) is a function which satisfies 
@ /(00)=0 (і) /*(х) = F(x) and (89 /(0)-1 
Then, the area bounded by the graph of y = f(x), the 


lines x =0,x-1=Oand y+1= 
We be-2 
(ent (фе+1 
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14. Area of the region enclosed between the curves 
xz y! -1and x =|у| П-у? is 
(уі Qua 
(923 (2 
15. The area bounded by the curve у = хе 7“; ху -0and 


x = с where cis the x-coordinate of the curve's 
inflection point, is 
(a) 1-367 

(1-е 


(91-267 

(4)1 

16. 1Ё(а,0);а > 015 the point where the curve 
y = sin 2x уЗ sin x cuts the X-axis first, A is the area 
bounded by this part of the curve, the origin and thc 
positive X-axis, then 
(а) 4A 8 соз 
(c) 4A-8sina = 


(b 4A+8sina=7 
(d) 4А -8 cosa =7 


17. The curve у = ax? + bx + с passes through the point (1,2) 
and its tangent at origin is the line y = x. The area. 
bounded by the curve, the ordinate of the curve at 
minima and the tangent line is 

1 1 :) H 
4, 29 4, "B 
9% (b) 12 ©; K ЈА 

18. A function у = f(x) satisfies the differential equation 
gy = cos x sin x, with initial condition that y is 

bounded when x — ге, The area enclosed by 

у= f(x).y = cos x and the Y-axis in the Ist 


quadrant 
(2) 2-1 (542 
©: (a) и 


19. If the area bounded between X-axis and the graph of 
y 6x - 3x? between the ordinates x = 1and x = ais 19 
sq units, then ‘a’ can take the value 
(а) 4 or-2 
(b) two values are in (2,3) and one in (-1,0) 

(c) two values one in (3,4) and one in (72,1) 
(d) None of the above 

20. Area bounded by у = f ^ (x) and tangent and normal 
drawn to it at the points with abscissae л and 2л, where 
f(x)=sin х-хіз 


21, 1f f(x) = x-1 and g(x) = | (| х]) - 2, then the area 
bounded by у = g(x) and the curve x? —4у+8= 
equal to 


(b) ай -3) 


^i -5 
ORGA ) 


СЕЕ) «зи -9 


NN У8х-1) 
22. tas [у AES «р 


5' = (кује AXBi- 1$ AS 1-18 BSI}, 
then the area of the region enclosed by all points іп 
SAS" is 
(ауа (b)2 
©з (44 

23, "The area of the region bounded between the curves 
у= elxiInix|| x^ +y? -Al x| | y|) 12 0 and X-axis 
where | x |S 1, if. is the x-coordinate of the point of 
intersection of curves in 1st quadrant, is 


7) [rese ffi mes] 
b) Afros Га- Моа] 
© 4[-ffecinxae+ fiie] 
af пан Гоа] 
24, А point P lying inside the curve у = ах — x is moving 
such that its shortest distance from the curve at апу 


position is greater than its distance from X-axis. The 
point P enclose a region whose area is equal to 


та? a 
e өз 
at 
© = Ф (==) a 
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Area of Bounded Regions Exercise 2 : 
More than One Option Correct Type Questions 


25, The triangle formed by the normal to the curve 
fi ax +2а at the point (2, 4) and the coordinate 


s lies in second quadrant, if its area is 2 sq units, then 
acan be 


(92 
из 
(95 
121 


26. Let fand g be continuous function on a< x < band set 
р(х) = max (/(х), g(x)} and q(x) = mintfa), go}, 
then the area bounded by the curves y = p(x), y = q(x) 
and the ordinates x = a and x = bis given by 


(а) fro gs) dx 
© Јо ao dx 


® [род at] de 


(а) [' te) - o9] ax 


27. The area bounded by the parabola y = x? —7х+10ап4 
X-axis equals 
(а) area bounded by у = —x? +7х — 10 and X-axis 


Statement | and Il Type Questions 


* Direction (0. No. 30-34) For the following questions, 
choose the correct answers from the codes (a), (5), (с) and 
d) defined as follows : 

(а) Statement 1 is true, Statement II is also true; Statement IT 
is the correct explanation of Statement 1 
(b) Statement 1 is true, Statement II is also true; Statement IT 
is not the correct explanation of Statement I 
(c) Statement I is true, Statement 11 is false 
(d) Statement I is false, Statement П is true 
2 


30. Statement The area of the curve у x from 0 to 
T will be more than that of the curve у = сіп x from 0 to 
L3 
Statement П x* > x,if x51. 

31, Statement I The area bounded by the curves y= x? -3 
and y = kx +2is least if k =0. 
Statement II. The area bounded by the curves 
yzx'-3 and ys kx2is Vk? +20. 


(b) 1/6 sq units 
(с) 5/6 sq units 
(4) 9/2 sq units 


155 equal to 


2 
28, Area bounded by the ellipse 2 ex 


(8) 67 sq units 
(b) зл sq units 
(c) 121 sq units 


2 
(d) area bounded by the ellipse г 


29. There is a curve in which the length of the perpendicular 
from the origin to tangent at any point is equal to abscissa 
of that point. Then, 

(а) x? + y* =2is one such curve 

(b) y? = 4х В one such curve 

(c) x? + y? =2ex (c parameters) are such curves 
(8) there are no such curves 


Area of Bounded Regions Exercise 3 : 


32. Statement I The area of region bounded parabola 
y! =4x and x? =4yis 2 sq units. 
Statement IE The area of region bounded by parabola 
y'-4ax and x? = 4by is Cab 

33. Statement The area by region |x-+y|+|x—y|<2is 8 
sq units. 


Statement П Area enclosed by region 
іхзу||х-у|<218 symmetric about X-axis, 


34, Statement I Area bounded by У-х(х-1)ала 
хи 
2x(1-x)is =. 
у= хї-хуїв 1 
Statement П Area bounded by y = f(x) and y= g(x)is 
| J, 60-869) dx lis true when f(x) and g(x) lies 


above X-axis. (Where a and b are intersection of 
у= f(x)and y = g(x). 


210 Textbook of Integral Calculus 


Passage Based Questions 


Passage I 
(0. Nos. 35 to 37) 


2 
Let f(x) шы 
х. 


curve y= f(x) The curve y= f(x)is symmetric about Y-axis 


and its maximum values is 4. Let h (x)= f(x) g(x) where 


f(x) = sin* zx and g(x)= log, x Let xy, xi ,ху,....х„ +1 be the 


roots of f(x) = g(x) in increasing order. 
35. Then, the absolute area enclosed by y = f(x) and 
y = &(x)is given by 


жм 


ә» | ов 
A 


0) Y [77 ay onde 


СЭУ еро 
ors 125 (1) ade 


36. In above inquestion the value of n, is 


(1 (2 
©з (04 
37. The whole area bounded by у = f(x),y = g(x) x =0is 
(а) 11/8 (b) 8/3 
(92 (d) 13/3 
Passage II 


(Q. Nos. 38 to 40) 
Consider the function f :(— ө, )—> (— е, го) defined by 


2 
fi)e 9*1 peace. 


x'*axtl 
38. Which of the following is true? 
(ча) f") —ay Г = 0 
(6) @—a)* f") 2+ а)? f*71) =0 
О) =@-а)* 
OFN =-@ + a)? 
39. Which of the following is true? 
(a) f(x) is decreasing on (-1,1) and has a local minimum at 
х=1 
(b) f(x) is increasing оп (-1,1) and has а local maximum at 
х=1 


17 such that у = 2 is an asymptote of the 


Area of Bounded Regions Exercise 4 : 


(c) f(x) is increasing on (71,1) but has neither a local 
maximum nor а local minimum at x =1 

(d) f(x) is decreasing on (71,1) but has neither a local 
maximum nor а local minimum at x =1 


„© аы — 
40, Let g(x)= J ppt dt Which of the following is true? 
(a) g'(x) is positive on (-%,0) and negative on (0,~) 
(b) g'(x) is negative on (– ге, 0) and positive on (0,29) 
(©) g'(x) change sign on both (=%,0) and (0,2) 
(d) g'(x) does not change sign on (-ө8,99) 


Passage Ш 
(О. Nos. 41 to 43) 
Computing areas with parametrically represented boundaries : 


Jf the boundary of a figure is represented by parametric 
equations ie. x = x(t), y= у (t), then the area of the figure is 
evaluated by one of the three formulas. 


5 =) x'()dt 
вауу 

1 
5-2 fee») dr 


where o. and В are the values of the parameter‘? 
corresponding, respectively to the beginning and the end of the 
traversal of the curve corresponding to increasing Ч. 


аз (уаз 
41. The area enclosed by the asteroid (2) + 0) -1is 
a 


09) ат ® та? 


Р 3 
(9 rid (4) = 


42. Тһе area of the region bounded Ьу an arc of the cycloid 
x - a(t —sint), y = a(1— cos t) and the X-axis is 
(а) вла? (зла? 
(c) 4ла? (d) None of these. 


: 
43. Area of the loop described as x = $670» = (e- nis 
8 


27 24 
(a) * (b) = 
27 21 
өш ша 
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Area of Bounded Regions Exercise 5 : 


Matching Type Questions 


44. 


Match the statements of Column I with values of 
Column П. 


Column! 

The area bounded by the curve 
y=x+ sinx and its inverse function 
between the ordinates x = Oto x = 2x is 
4з. Then, the value of s is. 

The area bounded by у = хе" and lies 
83222-47. ЖШ 

The area bounded by the curves 
and |y|- 2x is 

The smaller are included between the у 
curves x] + Jy] = Land [x] [y] = Lis 


Column И 


©) 2 


w 


(B) @ 1 


© 


© 
Ф) 


Area of Bounded Regions Exercise 6 


45. 


(А) 


(8 


(C) 


Ф) 


Single Integer Answer Type Questions 


46. Consider (х) = x^ —3x +2. The area bounded by 
11-17 (ху. х > 1is A, then find the value of3A +2. 

47. The value of c +2 for which the area of the figure 
bounded by the curve у —8x? — x*;the straight lines 


х =1апд x = cand X-axis is equal to = 


3. k-3ln3 
48. The area bounded by y=2—|2— xh y= ris 2” 


then kis equal to ....... 

49. The area of the ДАВС, coordinates of whose vertices are 
A(2, 0), B(4, 5) and C(6, 3) is à 

50. A point P moves in XY-plane іп such a way that 
Пх|]+ 5] = 1, where [-] denotes the greatest integer 
function. Area of the region representing all possible of 
the point Pis equal о... 


51. Let f: зэ i be a function such that f (x)is a 


52. 


в 


53. 


Match the following : 


атп Column И 
Area enclosed by y=ļx], МЕТ and (p 2 
угов алып 
Area enclosed by the curve у а 
хебх=лалду=05 й 2 
Ifthe area of the region bounded by — (0 27 
x! $ yand yx 2is T then k is 
Lo ——— X Е 
‘Area of the quadrilateral formedby (у 18 


tangents at the ends of latusrectum of 
2 


ellipse of ellipse + s -18 


polynomial of 2nd degree, satisfy the following 
condition : 
@) А0) =0 


(b) has а maximum value СЕ ах=1 


If Ais the area bounded Ьу у = f(x); у = f" (x)and the 


line 2x + 2y 3-0 in 1st quadrant, then the value of 24A 
is equal to ........ 


Let fe) nisl in^ x, cos"! x, BI xe [0.1] If area. 


bounded by у = f(x) and X-axis, between the lines x =0 
andx-iis - Then, (a — b)is 


A43 +1) 

Let f be a real valued function satisfying 

(2) о-о іш Ata 
5 ш 


T =3 Find the area 
x 
bounded by the curve y = f(x), the Y-axis and the line 

y73 where x, ye Ж. 
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Area of Bounded Regions Exercise 7 : 


Subjective Type Questions 


54. Find a continuous function ' f" 
(x* -4х?)< f(x)< (2x? — x?) such that the area 
bounded Бу y = f(x), y = x* — 4x’, the Y-axis and the 
line x = t, (05 t $2) is К times the area bounded by 
у= f(x). y 22 x* — x^, Y-axis and line x=t,(0 < t < 2). 


55. Let (В) -|t -1]- | t| 4| t£ 1], V te Rand 
g(x) = тах (f(t): х+1515х+2}; V хе R Find g(x) 
and the area bounded by the curve y — g(x), the X-axis 


and the lines x = 3/2and x - 5. 


56. Let f(x) = minimum (e*,3/2,1-- e^ * 0€ x < 1 Find the 
area bounded by у = f(x), X-axis, Y-axis and the line 
хээ. 


57. Find the area bounded by у = f(x) and the curve 


у= —L where f is a continuous function satisfying 
іт 

the conditions f(x)- f(y) = /(ху),У x, ye R 

and f'()72 f(1)=1. 

Find out the area bounded by the curve 

м “ап” Jt) dt + * (cos^! Vi) dt (05 x < 1/2) 


and the curve satisfying the differential equation. 
y (x y!) dx = x (y? – x) dy passing through (4, — 2). 


T 


58. 


59, Let T be an acute triangle. Inscribe a рай R, S of 


rectangles in T as shown : 


5 
в 


Let A (x) denote the area of polygon X find the. 
maximum value (or show that no maximum exists), of 


iS where T ranges over all triangles and 8,5 


over all rectangles as above. 


60. Find the maximum area of the ellipse that can be 
inscribed in an isosceles triangles of area А and having 
one axis lying along the perpendicular from the vertex 


of the triangles to its base. 


6 


In the adjacent figure the graphs of two function 

y= f(x) and y = sin x are given. у = sin x intersects, 
у= f(x)at A (а, f(a)); В (п,0) and C (2n, 0). 

12,3) is the area bounded by the curves y = f(x) 
sin x. between x =Oand x za i1 


between x = a and x = л; i 22 between x = л and x 2 27; i =3. 
ША, —1—sin a+ (a — 1) cos а, determine the function 
f(x). Hence, determine a and Аз. Also, calculate A; and Аз. 
Find the area of the region bounded by curve y = 25" + 16 
andthecurvey = b. 5* + 4,whose tangentat the point 

x = 1makeanangle tan ^! (40 In 5)with the X-axis. 


62. 


If the circles of the maximum area inscribed in the 
region bounded by the curves y = x? — x – Запа 
у=3+2х — x?, then the area of region 
y-x' 42x 3X0, y +х' -2х-3<0ал45<0. 
Find limit of the ratio of the area of the triangle formed 
by the origin and intersection points of the parabola 
у= Ax? and the line y = а", to the area between the 
parabola and the line as a approaches to zero. 
65. Find the area of curve enclosed by : 
Ix*y|*Ix-ylS4Ix| St y 2 x* 2x +1. 
66. Calculate the area enclosed by the curve 
Яах ey 52 х|+|у|). 
67. Find the area enclosed by the curve [x] + [y] = 4 in 1st 
quadrant (where [.] denotes greatest integer function). 
68. Sketch the region and find the area bounded by the 
сшусв|у%х|5<1|у-х|<1 and 2х? &2y* 21. 


69. Find the area of the region bounded by the curve, 

2*1 уа 217! «1, with in the square formed by the 
lines| х|<1/2 | y| 1/2. 

Find all the values of the parameter a (a < 1) for which the 
area of the figure bounded by the pair of straight lines 
y! -3у+2 = 0and the curves y = [a] хуа] is 


70. 


the greatest, where [.] denotes greatest integer function. 
If f(x) is positive for all positive values of X and 
f'G)«0 f" (x)» QV хе R*, prove that 


is Гоа È fins" f(x) dx + f(t). 


71. 
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[а Area of Bounded Regions Exercise 8: 


(i) JEE Advanced & IIT-JEE 


72, Area of the region (х, y))e R? yz [x +3, 
SyS(x +9) 15} is equal to 


3 [Single Correct Option 2016] 
1 H E 5 
(а) 6 (b) 5 (©) 2 br 


73. Let Р(х) = [7 " • 2cos*t de for all ке Rand 


I 
hs fo d — (0 ©) be a continuous function. For 


m : 
ac [a | if F' (a) + 215 the area of ће region bounded 


by x -0,y =0, у = f(x)and x = a, then (0)is 
[Integer Answer Type 2015] 
74. The common tangents to the circle х? +y? —2 and the 


=8x touch the circle at the points РО and 
the parabola at the points R, 5. Then, the area 
(in sq units) of the quadrilateral PORS is 
[Single Correct Option 2014] 
(а) з в (99 (4) 15 
75. The area enclosed by the curves у = sin x + cos x and 


parabola у? 


улі cos x — sin x | over the interval [a HE 


[Single Correct Option 2014] 
(a) 442-1 (b) 2420/2 -1) 
(© 242 +1) (а) 242042 + 1) 
76. If S be the area of the region enclosed by 
узет" ,y=0,x=0and x=1 Then, 
[More than One Option Correct 2012] 
(а) 521 0) 521-1 
г 


€ ssi eL) sse ZI -i) 


77. Le f :[-1,2]— [0, =) be a continuous function such that 
f= fü — x) Vx e [71,2] IER, = f^, xfGx)dx and Ra 


are the area of the region bounded by у = f(x), 


х=-1,х =2апа the X-axis. Then, 
[Single Correct Optlon 2011] 


(а) А =28, (b) R=3R, (с) 28,- В, (d) 3R, = № 
78, If the straight line x = b divide the area enclosed by 
=(1- x)*, y -0and x =0 into two parts R,(0< x< Б) 
and Ra(b< x < 1) such that А, - Ra 
to [Single Correct Option 2011] 


=L, then, b equals 
4 


Questions Asked i in Previous 10 Years’ Exams _ 


3 1 1 1 
w$ 92 ©; @ 7 


79. 


ГЭ 


Area of the region bounded by the curve у = е" and 
lines x 2 0 and y = e is [More than One Option Correct 2009] 


(9) e-1 ©) | їмеэл-уу 


9 e- etd @ [вуду 


80. The area of the region between the curves 


= зақ апфу= 1750 X. and bounded by the 


cos x cos x 


л 
lines x =0 and x = —15 
i 4 [Single Correct Option 2008] 


Ji- 43-і “ 
+ (b) St 
ој, Шил Еј |. [TENE 


Jie Vier t 
dt (d) — d 
of, aa P : ај, TENES 


* Directions (Q. Nos. 81 to 83) Consider the functions 


defined implicity by the equation у? -Зу+х=0 on 
various intervals in the real line. If x є (—=, — 2) ù (2, го), 
the equation implicitly defines a unique real-valued 
differentiable function у =f (x). If x < (- 2, 2), the equation 
implicitly defines a unique real-valued differentiable 
function y = g(x), satisfying д (0) =0. 

[Passage Based Questions 2008] 


81. If f(— 10/2) = 2 42, then f” (— 10 42) is equal to 


а 68 
[ jo QAI 
4 ай 
өз oS 
82. The area of the region bounded by the curve у = f (x), 
the X-axis and the lines x = a and x = b, where 
-е<а<5<-218 
2) Lor Ropa ЛЭ af 
^x 
®- Ја dx + bf(b) – af(a) 
© Кета bf(b) + af(a) 
= | ——— ах - df (b) 
@ 15178 [fap cuj #®+/@ 
83. [| g^ (x)dx is equal to 


(ај2к-1) (50 (е) = 220) (421) 
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(ii) JEE Main & AIEEE 


84. The area (in sq. units) of the region [2017 JEE Main] 
(х,у): x 20x + у<3, x? < 4y andy 14 x] is 
59 С) 7 
3 


5 
92 = 


3 
12 ЫГ 


85. The area (in sq units) of the region (х, y): y^ 2 2x and 
x? +y? «4x, x20 y2 0 is 


[2016 JEE Main] 
4 8 
an-s 0т-5 
ЖҮЛ x MZ 
or- 92-32 


86. The area (in sq units) of the region described by 
AG y): y? S2x and у> ах - 1} is [2015 JEE Main] 


7 5 
e (b) P^ 
15 9 
да “z 


87. The area (in sq units) of the quadrilateral formed by the 
tangents at the end points of the latusrectum to the 
2 
2 


ellipse *_ =1is 
9 [2015 JEE Main] 
27 
= (b) 18 
(a) n (5) 
27 
= (4) 27 
өз @ 


BB. The area of the region described by 
Az (x y):x* жу! Stand у? <1- xJis [2014 JEE Main] 


4 

СЕМЕ 2-1 
х хү 
92-3 СЫ 


89. The area (in sq units) bounded by the curves y = Vx, 


2y — x +3 =0, X-axis and lying in the first quadrant is 
[2013 JEE Main] 


9. 


92. 


93. 


[DE ©) 36 

да o7 

The area bounded between the parabolas x? Zand 
=9y and the straight line у =2is [2012 AIEEE] 

(а) 2042 (6) une 

(9 ams (d)10/2 


The area of the region enclosed by the curves y 


1 нь ied. 
x + and the positive X-axis is 
x 


[2011 AIEEE] 


(9) 1 sq unit 0) Зэц units 


© і a unii ә i sq unit 


The area bounded by the curves у = cos x and y —sin x 


between the ordinates x =O and x = 2" is 
2 [2010 AIEEE) 

(а) (4/2 —2) sq units (b) (442 + 2) sq units 

(c) (442 –1) sq units (d) (42 + 1) sq units 

The area of the region bounded by the parabola. 

(y -2)* = x — 1 the tangent to the parabola at the point 


(2.3) and the X-axis is [2009 AIEEE] 
(8) 6 sq units (b) 9 sq units 
(c) 12 sq units (d) 3 sq units 


The area of the plane region bounded by the curves 


х+2у? =Oand х+3у? = Lis equal to [2008 AIEEE] 
(а) 5 sq units ы iun 


2 4 
с) = за unit 4) 2 за units 
© уч @ 75a 


Exercise for Session 1 


1. Psqunit 2, 436 , units 
5 
4. in units 5. Baq units 
Sa N 
BELL 


10, 316 log2 sq units 


Exercise for Session 2 


1. (4) 2.(2) 3. (©) 4. (d) 
в.) 70) $0) 9.00) 
11. @) 12.0) во во 
16. (а) 17.9 18.(а) 19.0) 
Chapter Exercises 

1.9 2%) з 40 
6. () 7.0) $a) 9.0) 
п.) 120) во 14@ 
16. а) 17. (8) 188 194е) 
21. а) 22. (b) 23. (4) 24. (c) 
26. (a,b, d) 27.(а,4) 28.(a, d) 
30. @ 3.6) 32.04) 33.0) 
35. (а) 36 37.) 380) 
40. (b 41.6) 42.060) 45.0) 


Жы 

3,2 its 
$54 units 

6. ма sq units 


D NE 
9. = sq units 
3," 


5. (a) 
10. (5) 
15. (b) 
20. (9) 


5. (b) 
10. (5) 
15. (а) 
20. (5) 
25. (b, с) 
29. (a, с) 
34. (с) 
39. (a) 


44. (А) = (р); (B) > (р); (С) > (0; (D) > (8) 


45. (A) (р); 
46. (7) 47.(1) 
50. (8) 51.(5) 


48.4) 4.) 


52. (3) 


(B) (р); (С) = (0) (D) > (9 


53. Зезашиз 54/0) іне ьа + (2k - 421 


55. 


Answers 


-х-1, — х6-5/2 
4%х,.-5/2<х5-2 
Ho 2, -2<xs-1 
I-x-lex$-1/2 
lex, х>-12 


and area = 101 sq units 


БЕЗІНЕ 


2 Р 
.(а-2) міз 
Б 3 је 


Required maximum ratio = 


_ УЗ м 


ду = за units 


. Ay 717 sinl Ay = r-l- sin 1, Ay 23x -2 


е 


А 
ý “(5 | 


т 


5 (Мел 2 
3 65. 2 sq units 
3 1 
8 sq units 67. 5 sq units 


2-5 )sq units 


E cp. A 
Две 25 122 
. ає[1,2) 72. (с) 73. (3) 74. (а) 
. (9,4) 77. (с) 78. (b) 79. (b,c,d) 80. (b) 
. (а) 39 ва.) 85. (8) 86. (d) 
. (а) 89. (с) 90.6) 91. (а) 92. (b) 


75.0) 
81.6) 
87. (а) 
93. (d) 


^ m 
ө 
Area of ellipse Е» is 
E n 
nip pan p= Ty 


4. Area of bounded region by 
4 |x = 2017" + 5 | y —2017""| $20, is same as area of the 


1. Here [x + у]=[х]-1 à 
when x € (0.1) [x + y] 2-1 region Rounded Чана 
-15х%у<0 9 = AX XAXS = 40 
when xe[u2) = [x+y]=0 
^ 05хжу<1 40) 


which сап be shown, аз 


+x 
5. Here, у =x? + Land y = ух — 1 are inverse of each other, 
The shaded area is given K units 
= Area of the region bounded by у = х + Љу = Jx — 1 and 
(Gy -1) Gc y -3) =0, is 2K units. 
x*ys-1 Y у=х2+1 
2. Required area =2 
2. Required шеа=2| Ја) dx 
Let, f(x) =t=x= f(t) 
dx = рда 
А=2 (ғой 
] 
Jr 9) - f, 22 
o 
=2| 0- f, pat А 4 4 
Er 6. Given, р foo dx- |" g(x) dx =10 
i 
Р E 2 (Ay + А, + Ay) (Az + Ау + Ay) =10 
EL 2 (ss а+г) J] ACA S10 " 
=> [w -і оа] 
11 e 
== В == 23 -1-log2-log 8| 
2 2 
(===) (===) 
3, Here, E. :S— 2 2. ЕЙ ж\з] ЈА 
12 Ray 
Again, f° g(x) de f/f) de =5 
(Ag+ A)-A =5 
А, =5 EI 
E per Adding Eqs. (i) and (ii), 


А =15 
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7. Solving, е * we get e е => xe x>1,y increasing and 0 < x < 1, y is decreasing 
2 


Е 


ӨНЕРІ 


Д etd 
y шысы | [i-e] 


ее" айл + = (eH? ар 

1 ту] 
(= ) Ч“ 1-4 
46/2 -(Q-x)ifrs22x авон 


(x-2)ifx2224-x (8-хїїхэ2 


4) 


ifx»0 


8. то V =а - b equation of PQ 


9) 


Pla а?) 


9| 


ЭР" 
a+b 
3 + x(a- 5) a! + ab 
b)xtab 

| (а– 8): + ab—x*) de 


(x-a) or y-a? -(a-b)x-a) 


> 
which simplifies о + -0 
a аға 
28 ка = Hab? + aĉo] = ab (a+b) E 
оо -Z-sin243in3—sina+2 
S a+b _2 (ағы Ма) у 
zx жағы зар Эр 11. Given, g(x) =2x+1; h(x) =(2х + 1): +4 
Sl cs Now, Hex) = fle] 
5123 {2х+1)*+4= f(2x+1) 
2Іпх 


9 у=шёх-1 ә уз но = х 
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Let 2х+1=: = /0=И+4 
Хо) = +4 

Solving, у=тх and y=x°+4 
хї-тх+4=0 

Put D-0; m'-16 = m-i4 


Tangents are y = 4x and y = 4х 
- "(o jen = * 013, 
A DAC 44)- 4x] dx. Di гуйх 


12. у--Гх әу! 


Since, 
го 
13, == 
Гед 
Integrating, In /'(х) = x С, /(0)-1-2С-0 
Y 
о х 


41-0 
E y 


Ро) =e" fle) se" +k f) -0 - k 
Идее-і 
Area [е^ -1+1) ае -е-і 


14. A-2 [bf i-y! -0°-D]dy=2 
Y, 


40) 


16. 


17. 


18. 


х-2 


For point of inflection у“ =0 => 
Ac ек =[-2 “15+ | 7 
ud 71 47% 


-289)-(693 


-30° 


26? - (e? -1 


(a, 0) lies on the given curve 
о =чпза— іла = sina =0or cosa = /3 /2 


(as a > 0 and the first point of intersection 


with positive X-axis) 
а А и [ва sin x) dx: 
(G3 
4 2 2 
=> 4A+8cosa=7 
х=цу=? 


5) 


-4) 


Now, 2 


=2ах+Ь=1 
22 


ь 


Hence, the curve is y = x? +x 


TL 


Ac [Gh xx) dx= [^i de =E sq units 
ТЕ ч 24 


IF=e* 


[бов x-sinx) dx. Put -x =t 


el(cos t+ sint) dt=—e' sin t+C 


*sinx+C 


Y 


o x 


Since, у is bounded when x> = => C=0 
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y=sinx 


Area= [7 (cosx - sin x) de = 2-1 


Р 
19. T= [exco de - S - а-ах-хӘік- 


2үзеа 
E 
A =1@)-1(1) 


зүрэй 


(2х-633-х 


[172 +2/2)-&-2 + 242 —(-2 +2420] 


8 
1 C24 2442 - (4 € 8-842) -(-84 1642) 2442 — 48] 
5 
1 [а + 245 – 72 + 4842 + 56 – 40/2] 
8 
4 
= за — 40] = VE -= 362-9) 
22. Shaded region represents 5 n3 clearly area enclosed is 2 sq 
units, 
= One value of a will lie in (3, 4). ton 
Using symmetry, other will lie in (-2, -1). 
20. Required area, А = | “(sin x—x) +27) de 
=T -24q units са | 1328 10) 


21. 500-170х1)-21-11х1-1-21-1|х1-3| 


==, ж<-3 0-1) 
3). x«-3 


OR. ДІ CX: 735340 00023 Required areais 2 Гела Јава) 
қ А Бан -(x-3. 0<х<3 » 2 
Ы а x-3 x23 


-x-3 x<-3 

х+3, -35х<0 
-х+3, 0<х<3 
x-3, x23 


24. у =Veax- = (x-ay + у? 
Let P(h,k) be а point, then ВР > РМ 
For the bounded condition BP = PN =k 


Моњ AP=a-k= аса e 


2 
> gon 
2a 


(-2+2N2, 0) 
Y 


For point of intersection, 
х-4-х%3)%8-0 


> x4 4х-4=0 
44 /16%16 
> = 


2 
2. Point of intersection is at 


м Сай) 
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Boundary of the region is y = -E 
а 
с 2 
Required area =2* (: == = E {homogeneous form] 
25. f(x) =2х-а At (2, 4), Г(х) =4-а Е БАН" 
Equation of normal at (2, 4) is (y — 4) dy .1-x. х= 1 
de y зу xy 


Let point of intersection with X and Y-axes be A and В 


respectively, then Since, option (а) is true (equation of circle) 


Tf option (а) is true (b) can't be (It is parabola) 


А=(-4а+180 B 


1Еорбоп (a) із true, option (c) is also true where с 
30. > sin? х<віпх,Ухе(0л) 


Since a > Pas 
: Therefore, area of y =sin*x will be lesser from area of y =sin x. 


(42-18) 
@-4) 


Statement IL is obviously true. 
Hence, (d) is the correct answer. 
31. Let the line y =kx+2cuts y = x^ -3at x =@ anda =f, area 


Area of triangle = Зав-ав) 


= (4a-17)(a-5)=0 


> а=5 or 17 » ^ 2 
= 4 bounded by the curves = Јону) = (62.76 -3) dx 
26. Max 09, 569 = 1769 + #0) 56] " "m эту 
Min (f G9, (2) = A+ кб 179-5091 which clearly, shows the Statement I is false but f(k) is least 
when К = 0. 
+ Area | [max (flx), кб — min (709), a] 4 Hence, (6) is the correct answer. 


27. Area bounded by parabola у = д*—7х+ 10and X-axis is given 32. As of region bounded by parabola у“ = 4x and x? =4yis 


by 
ет а= 


1-4 «7x 10 de eq units 


Hence, Statement I is false. 
=1 will be the same as 33. As the area enclosed by |x| + |y| < a is the area of square 
‚2а°). 


28. Area bounded by the ellipse 


lequired area = п (2)(3)= бл sq units 
29. ОР=х 
If slope is 2. then equation of tangent is 


Y- 


2-2 


у=-х 


Рау) 
лнь-а( хаха) = а units 

Also, the area enclosed by | «+ y| + |х = | 5218 symmetric 

about X-axis, Y-axis, y = x and y = =x. ! 


“Both the Statements are true but Statement II is not the 
correct explanation of Statement 1. 


dicular from origin to this tangent is D К 
ишкана. gt 5 24. Euro а truc for all quadrants 
de 2. Statement I is false 


The area bounded by y = х(х-1) and y = x(1 x). 


35. Since, absolute area 
-1 eee -нөас- [7 нус 
=> [Исту то ax 

36. Also, mx n2 


37. Required area= f sinf nxdx — | log, x dx 


у 
о | пр ка 52,53 вх 
х? -ах+1 
а= х? +ах+і 
For differentiation, better write f(x) as 
жиш T 
f x'eax*l 
2а(х -1) 


Now, on differentiation f(x) = су pE 


f')20- f'(-1) 
Then, the options (b) and (d) are eliminated. 
Again, for the differentiating Eq. (i) gives 
(x? + ax & 1) 2x -(x* -1) 
(x? ax 1) (2x a) 
GI rax 1) 


Combining both f^() 2-- ay + 7(-1)2-а) = 0 


(5-1) _(х-1(х+1) 
(х +ах+1) ^ Gr axi 
His easily seen that f(x) decreases on ( 


minimum at x = 1, because the derivatives changes its sign 
from negative to positive, 


39. f(x) =2а 


E 
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Је је“ 


40. +: ge 
ry __2a-(e*=1) 
Now — fent ey тыр 


Tt is seen from the above that /'(е”) and so g(x) is positive on 
(09) and negative on (799,0). 
41. Clearly, x = asin? ty = а cos! 1,(0 St S27) 


S= Га sin? t-a-3 sin'i(-sin 1) di 


an 
= Зай f sintt соё t dt 
o 


„ЈЕ 


= -3аїх 


НЭМДЭЭГ 
ЖҰТЫ 
2х3х2х1 


UN. 
md 
8 8 


[absolute value] 
42. s --| 40 -cost)a(1 cost) dt 


= -aj a =2 cos t+ cos? t) dt 


хэ (i2 cost (Etras 
. 5 


: 
ES а a ТА 
а 1) {3-4соз t+ сөзгі 


=-3ла* =зла? 
t 


[absolute value] 


43. 


десну у=!-6–)= Целе; 
(6-0) © È) у-ұ6 9-56 -0) 


ч 1 
Area Із 60-08 -138й 


Тн ханаар! 
=, (6241 = 100) dt = 


1 
E m n] 28.42 
815 5х8 


44. (A) Required area = 45 


s= хөд dx- ха 
2 


ла 
coum + cos 0-1. = 254 units 


у=х 


у=бф=х+зпх 


222 Textbook of Integral Calculus 


= =x’ atx=—landx=2 
(В) Required area -2| xe" dx=2[xe" -е-2 (C) The line y = x + intersects y = x 


The given region is shaded region area 


Y 


(С) у? = х? and|y| 2x both the curve are symmetric about 
Y-axis 


ГЭР РЭГ intercept =? 
16 2 


5 


yintercept = 3 


Required area =2] (@х - x^) dx = 


(4x + ДУ = 1 


Above curve is symmetric about X-axis 


9 
Area=4x3.x3 x =27 sq units 


46. 7 


‘Area is given by A - of? -3х + 2) dx =5 
3 
"em 
% 


47. Fore cts вх) - 


E 

= 

E 

Apis fore zl попе of the values of c satisfy the required. 
48 булавачтай fx -хуас 18 э cua 


(B) Area enclosed = |“ sin x dx =2 


Required area = PQRSP = Area PQRP + Area PRSP 


15-94 8-0-04 


КЕРІК 


+ 


sq units 
49. Equation of ABy ien 
3-5 

Equation of BCy -5 = 2-4) эу=-х+9 


Equation of CA y -3 


(х-6) әу -ie-n 


Required area 
564 3 
Ка 


[=] ez] E 
2 2 | 2 , 4 2 h 


=> po? og 13)? -(-5)*) – 3. po — 

Ре 50. (6977-21-90 
5 1 3 
214-20-25 -, 06-0] 
=s- 1f- 16]-$x16=5+8 -6 =7sq units 


50. 1(1х|] = Тапа [|y|] = 0, then 1 &|х| «20 S|y| «1 
> хе(-2,-] 9 [1,2) y € (11) 
и [ixi] = оу =1 


Then, xe(-1,1),y e(-2 -1] u [1,2] 
Area of required region = 4(2-1)(1-(-1) =8 sq units 
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51. Clearly, 


x 


EN 
M М (320) (20) 


(3/40) (1,0) 
passes through A б B and B Б ) 


"|o. 


Since, 2x + 2у 


so bounded area A 
= Area ОАВ = 2 [Area ОСМ + Area CMNA - Area ОМА] 


2.5.2 1[з та 175 Р x 
=а|1 (3 и = + 1 |= += х=-- | охх) је 
Фоа) em] 
= 244 =5 


52. f()- тінші x cos x BI xe[0.1] 


сарыны EE Р 
Анан | sin хөн 2-1 fes 008 хах 


"tinte fip В 


сов x—V1— 3") дуз 
18-1 


«тив 
2 2 


(8-32). 9-е а-л 
20% ДЕ z) B+ қазу 
a=9,b=6 => a-bz3 
53. Given, DBE 9-го d 
Putting, х=у=1, f (1) =0 


ћ 
T 
Now, P= p LEENA d ( ы, 


[from Eq. (01 


о 
в 
= 
е 
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55. 


=% f (x)=3 log xt+e 
Putting x-1-2 с=0 
> f(x) =3 log x=y [say] 


Required area - [^ хау= [^ e? ду = зе]. 
=3 (e — 0) 2 3e sq units 
According to given conditions, 
ЈГ бо – ot aetas =k f; lex? - 39) - f GOL dv 
Differentiable both the sides wart. t, we get 
f()-(* 49) -k(gi* -8)- f (0) 
or (јаке -kü 41-48, 


= f= hate ке gk) 


Hence, required f is given by; 
=l pé – be? + Qk - 4) x* 
го) тб -к +k x] 


Р === | 411411 


-5 14-1 
2%, -1<:50 
> (= 
ШИ ја, оаа 
о 
у 
2 


= пој № 1 1% 2 


1 5 
Casel х+25- 9 х5-% 


g(x) = max (/():х+1515х +2) 
с мамы 


Case I -1<х+яоә-1<х5-2 


gla flat dase к-за 


0<хХ+251=>-2<х5-1 
g(x)=2 
Сазе ТУ 1<х%253/2--1<х5-1/2 
Е(9-/(к%0)-1-х 
CaseV x 223/229 x» -1/2 
g(x)af(xt2)=24x 


Case Ш 


-x-L1 x$-5/2 
4+х -5/2<х5-2 
Hence, 890-4128 -2<х5-1 
1-х -і<х<-1/2 
24x х>-1/2 


56. 


57. 


E 
Now, required area = f `, g(x) dx 


EN да Г 1-х) 4+ Г. ездік 


Q3 3303969463 


301 ood 
UT squnits 
It is easy to see that, 
ез, o< x< log (3/2) 
Ро) = | 3/2, log (3/2) < х < log (2) 
iee, 1060) <х51 


Let A be the required area. Then, 


log? 3 
aj det log 
o 


Ы Е 
аа ag OES 


E 3 59 
= ИЦ Viog 2 

3 3 3 1 1 
=| 5- 3 tog 2 -log=]+{1--- log 2+— 
(2 1) +3 (oe 2) ( + — tog +i) 


m СЕЗЕ units 
ЭЭ fers fee 


МЭРГЭ =F) 


[si] n 
-AO yy РОН) 0) ЛО) р 
х т Aix ref 


Integrating both the sides, we get f (x) = Cx", since 
ПОВНЕТЕН 


ud fees 

2 
= пути = хэх!-1н0 
"Р же] > xażi 


58. 


59. 


у(х y) 4х = x (y? – x) dy 
= xy ах + y! dx = xy! dy – x! dy 


E E = Ht 


Hence, 
Зо, Fix) =i)” 


The second equation given is 
не a wr a 
fin за ан [77 eos VE de 
=> y’ =x- 2sin x cos x + x-2 cos х(-зіп x) = 0 


So, y is constant. 


y= 


Putsin x= cos x = 7 


Hence, у = Њу (sin! МЕ + cos"! Vi) dt 
[я аа” 3.3 and g(x 
“їл az 2 8 16" 


3x 
So, we must find the area between у = f (х),у 16 


эл 
16” 


A(R) + AG) 
A(T) 
where h=a + b + с ће altitude of T. 


‘As in the figure ЕТ 


16 
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By similar triangles = = 2, S 
ах, ex 
so A+ AS) аА 
' А(Т) һх!? 


= Fle ас + be) 


We need to maximize (ab + be + ca) subject toa + b +c =h 
One way to do this is first to fix a,so b +с=һ-а. 

Then, (ab + be + ac) e a (h — a) + be 

and be is maximized when b = c. We now wish to maximize 
2ab + b! subject toa + 2b = h. This is a straight forward 
calculus problem giving а 71/3. Hence, the maximum 
ratio is 2/3 (independent of T). 


1. Consider a coordinate system with vertex P of the isosceles 


ДРОВ at (a, 0) and О and Rat (0, b) and (0, — b) respectively. 
=ab (9 


А-Тал 
2 


Let the centre of ellipse ђе (а, 0) and the axes be of lengths, 20. 
and2[. 


So, the equation of ellipse 


Now, the line PQis tangent to the ellipse. To apply condition 
of tangency, let us take a new system x’ y’ whose origin is at 
(о, 0). 
Then, xx +@апду=у. 

2 


So, the ellipse becomes a 


and the line PQ becomes 


: 
So, (1-2) =a 


а 
= Ци 09 
Now, area of ellipse- па B. => АГ-л 8° 

Using Eq. (8), siesta (1-2 іне (say) 


ай 
=) 

©» аа oye 
Но 


remet (ns 
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63. By the symmetry of the figure eircle(s) of maximum area will 


о ( 3 ant? eC ve) Hove the end point of diameter at the vertex of the two 


(ata =a/3) parabola. i 
2 Ju Қ i =-хАВ=- ХВ = 4units 
S. f ( а ) табы ( 1-2 ) ТА using Eq, 001 = Radius of circle = > 
3 9 3 27 
А кА 
Hexe (А) = А = T 
(4), 38 y Stunts 


61. А EN {sin x — f (x)) dx=- [cos xf e fG)de 


==(cosa-1)- [^ f(x)dx sina + (а – 1) cosa (given) 


* з С. 
=> -сова- Л) 4 =-зта+ (a — 1) соза So, the aren of shaded region e 4 f +2 
= -| Ло) de=-sina + a cosa aren of irele = a ( 2$ = am ) sq units 


> IN f (x) dx = sina -а cosa 
Differentiating w.r.t. a. 
f (a) = cos a (cosa — asina) =a sin a 
fG)-xsinx 
Now, y =sin xand у = f (x) intersects at 


= — asina=sina (a -1)sina- 0 
> а=1 [assina = 0] 
Hence, A 71-sinl 


А-Г (xsin x —sin x) dx =x -1-зїп1 


AL |xsin x -sin x |dx =37 -2 дас бада 19 тээл», 

62. Еогх-1,у-5:5144-5844 M Нэг ~ 5 
and Ses log5 => 56 1055 = 401055 => b=8 ipu ма between the line and parabola 
The two curves intersects at points where = dim 5 3-3 


8:5' + 4 =25"' + 16 : 1 
NONE m 65. Required area= 12222 sq units 
Hence, the area of the given region: Y 
= юм 48-57 + 4 — (Q5 416) de (1.2) 


= fett gest –25' = 12) de 
м. 


jog, 6 (1.0) (1.0) 


ба) (1,-2) 


— 12 (log 5 6 - log 5 2) 


| 1 
get aget 66. Required area = 4x HN -(x-2) E sq units 
Tog, 25 _ log, 5 


-36 48 4 16 
= + =12 [logs 3] + - 
Zlg,5 ` 18,5 Това 31+ дон) dog 5) 
16 


— 12 logs 3 = 4 logs e* – 4 logs 25 
log, 5 


е 3 
= 4 logs | 5 за чийе 
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67. Ssqunits Now: sarey eb andy а 


6 
: 
3-1 
2 


g 1 2 3 4 
Bounded area=a[ je ] 


41:(8-8)1 


== m уел" 
=| Ve 372 Ve 372 


Tug ny ieu D- 


68. Area of the square ABCD =2 sq units 


Area will be maximum when b = [a] is least. 
Аза >2 => [айың 71 => 15a «2 
71. Since, f (х) < 0 = f (x) is a decreasing function and also 


F” (x) > 0 = f (x) is concave upwards. 
Hence, the graph of the function у = f (x)is as follows 


Ares ofthe circle =m x} Z sq units. 
2 


Required area =( 2-5) sq units 


69. 2!*!.|у|+2!*!-1<1 К 
Clearly, this region is symmetrical about X and Y-axes. 
Let x < 0, Eq. (i) gives, 

2*-у+2*7!<1 
1-2! 


Clearly, bounded region in the first quadrant із OABC. The 
required area is 4 times the area of the region OABC. 


Required area =4 [ (7-3 sa|- sd 
Р > Й Let S, denotes the shaded area in figure (i). 


е ә й=г@+/®+.+/(бу= У лол 
A 


From the figure (i) it is clear that, S, < |" f (x) dx 


- X г-га roa 
д 
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= > гө (хак + fU) E 
Let S, Шыны) he area of the shaded region in figure (ii). 
= (лозе) иоле 
000+ fo» 
-(F0) fe) лб) + /(п-л)+ 100 


1 
_* " 1 -300* fe» 
=X f0-i/0-:f0 


From figure (ii) it is clear that; 
МЕТІ 


> È гө-щуш+ sons" reads 


= 
= Eros” одак + SF) + F0) 

о >" убдакња БЕЈ -Gi) 
From Eqs. (i) and (ii), we get 

Lan ЈУ rods Ло «ју fecero 


72. Here, (x y) e R° : y 2 |х +3), Sy <(х +9) 515) 
л y 2 Jara] 


= а 
У 


= [Fx 3, when х<-3 
2, [5+3 when 2-8 
ші #|-з-х,жһепх5-3 
Shown as 
у 
= у?=х+З 
xe у | x 
Y 
Also, Sy S(x +9) 515 
- (x +9) 25y and x 56 
Shown as 
(4 
(0.9/5) [—— Fr 
- x 
E р 
х=6 


д y)e В?: у> [х + %,5у S(x +9) 515) 


2. Required area = Area of trapezium ABCD 
— Arca of ABE under parabola 


— Area of CDE under parabola 


БО Ян е, (х +3) ах 


гз 


з jes-9^| [enm 
7а RU 3 
2 lg 2 Із 
15 2 2 15 2 16 15 
2% Жы ды 2 (роба за 2.16.15. 
2*3 1 3! 4 a 353 2 
73. Since, F (a) + 2 is the area bounded by x = 0, y = 0, y = f(x) 


апах=а 
Гуда Ft) «2 


Using Newton-Leibnitz formula, 
а) = Е"(а) and f(0)- Е"(0) E 
Given, F(x)= Г ШЕГІ 
Оп differentiating, 
РРС ae tte 
Again differentiating, 


ғ-да Б) о) B 


+ [4 cos x-sin x} 


een) 21) 


Р(9-4 Ч e + 2sinax 


Хо) =з 


74. Let equation of tangent to parabola be у = mx + = 
m 


Tt also touches the circle х? + у! 
2 
ТЕ 
=> тт =2 => т' + т -2=0 
= (т? - 1) (m* +2)=0 
= т=1,т®=—2 


=й 


[rejected m* 2-2] 
So, tangents are y = x +2,y e -x-2. 
They intersect at (2, 0). 


ы 5 
Equation of chord PQis-2x 22 => х=-1 
Equation of chord [550 = (х-2) => x=2 
2. Coordinates of P, Q, R, 5 аге 
P(-1, 1), Q(-1, -1), R@ 4), S(2, —4) 


2 Area of quadrilateral = gm. 15 sq units 


75. To find the bounded area between y = f(x) and y = g(x) 
between x =a to x => 
T 


5 
2. Area bounded = нээ - fonds + (60 — ato 
= [Life - воа 


Here, f(x) = y -sinx + coss when 0S r7. 


cosx -sinx 05х57 
and Дх-уз|созх-зіпхі- x 4 
sinx—cosx, 55257 
could be shown as 5 
=sinx+ cosx 
45 қ) у 
е b 
= ап, 2) 


ГО 
2. Area bounded = [7 ““(ыпх + cosx) — (cosx — sin x)}dx 
+ Ганя сова) - Gina - сова 
= (P'asin xdr + [7 2eosxdx 
А m" 
= -2[cos x]]* + 2[sinx]z 6 


— 25 = 2442 — 1) sq units 
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Since, x*<x when x e [0,1] 
= -X'3-x ете 
Дев [атак 
- зачете К 
Also, Ге < Area of two rectangles 
Р (2912 1 је: 
алсада 
s x) NT 
TA ЖЛ 
А О-Б) >8>1 ЯН [from Eqs. (i) and (i)] 
Е 
77. R = ало) И) 
Using Гло а= | fatb- 3) ae 
R= 


к= а-а 2) 


Шо) = fü – x), given] 
Given, R, is area bounded by f(x), x = — 1nd x =2. 


ње дах ш) 
Оп adding Eqs. (i) and (ii), we get 
28,7 [* fe) de 
From Eqs. (iii) and (iv), we get 
28-8, 
78. Here, area between 0 to bis R and b to 1 is Ry. 


раа а-а 


= [==] a-o] 
=a Ке к= 


30-00 fü - 0 dx 


0) 


o 


1 
э-10 -8 10+ [0-0 =b) 


2 1 
= -f£0-p=-1 
30 d 3 
= 1-b} =} 
а-ы 5 
- ü-b)=} = b=} 
2 2 


79. Shaded area = e— (Ь еә) = 


Also, fIn(e+1-y)dy [pute+1—y =:=> -dy cdi] 


= [а (740 = тай» Јуду = 
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80. веша [7^ ETT 
| cos x 


2 
al € аа 
«о зп 
As | pistei 
9 (1-8) 8 
81. Given, y -3y*4x-0 
= зу! ал =о К 
d'y (2) dy. 
ај ЧУ |у) -3 =0 di) 
төзу (2 у dé 


Atx =—10 V2, y 2242 
On substituting in Eq. (i) we get 
p.d но ® 
ars а dx 


Again, substituting in Eq. (ii), we get 
I . -4|- у 
хау D seh a^ 


d 
= му, 2 

dé (ау 

du -xw2 -ай 
=> 


гэнэ 
82. Required area = [^y dx = J? f(x) dx e (ftx) xÈ = Шек 
=) - afi) - [Года 


00) - ага) + [уоп 


-1 
ин: ГЕ 2-2) 


83. 


84. 


85. 


іші E а= цо) =Е0)-&(С0 
Since, y!-3y*x-0 E 
and FLIIOI 


[from Eq. (0) 
i) 


(е0)? -3g(x) + x70 
{вр -340 17 
-14g DP -34-0- 
On adding Eqs. (i) and (ii), we get 

ШОГ + (s DI -3 lg) + a7 DE =0 

— [gt gi- Ще + e DI = 80-3] = 


А 


> a(t) + g(-1)=0 
=> 40) --4(-0 
^ afl) - 4-1) = gl) -t-s = 280) 


Given equations of curves are y? e 2x, 


which is a parabola with vertex (0, 0) and axis parallel to 
Xaxis. 
And 
which is a circle with centre (2, 0) and radius =2 
On substituting y? 
x +2х=4х => x? =2х 

E хебогх=2 

> у=00гу=+2 [using Eq. (i)] 
Now, the required area is the area of shaded region, 1. 


x+y’ sar 


Required area = шингэн Таға 
ма 


„хай Саргчих [E | 


3/2 
sr- oyi- ol- (х- чинь 


Given region is (x, y): y* $2x and y 2 4x —1} 
y! S2x represents a region inside the parabola 


E 
and у > 4x – 1 represents a region to the left of the line 
y-4x-1 Ail) 
‘The point of intersection of the curve (i) and (ii) is 
(ax -1y* 


- 16x? + 1-8x 52x 
> 16x? -10х+1=0 
> 


2. The points where these curves intersect, are (ы) and 


t 


5 
+. Extremities of one of latusrectum are e B and id =) 


2. Equation of tangent at d 3) в, 


ж, убіз) 
9 5 

ог 2х+3у=9 „(йу 

Eq ii) intersects X and Y-axes at G 0) and (0,3), respectively. 


2 Area of quadrilateral = 4 x Area of APOQ 
= хїхэри за units 
22 
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87. Given, А = (x y): x + у? $1and y! <1- x} 


last s affa сууу Тавра 
Required area = 25? аа’) = лай +3] у 


п. 4 
=245 
23 

88. Given curves are y = Vx E 


and  2y-x43-0 


Ол solving Eqs. (i) and (ii), we get 
24x -(Уху «320 
(xy -2/x-3-20 
(x -3) (Vx +) = 
Ух 

7 

^. Required area = ІК line - curve) dy = | (ay +3) y") dy 


1is not possible] 


414114 


89. Given Two parabolas x' 


То find The area bounded between the parabolas and the 
straight line y =2. 

The required area is equal to the shaded region in the drawn 
figure. 


The area of the shaded region (which can be very easily found 
by using integration) is twice the area shaded in first quadrant. 
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an зн 
= [P cosx sin) dx- | (sinx—cosx)de 
Required area «2 [ic y- £) dy=2 ЕЕ 5) dy Required area =, (со + f, ын 
8 +} (cosx—sinx)dx 
(Ғыл жет 2042 ший" 
Ига - ein сов + [cosx вах" 
ЖЕ Нех сова 
90. Given,y =x,x=eandy=1,x20 РЕ" 
Since y= oan 20. у? 92. The equation of tangent at (2, 3) to the given parabola is 
+. Area to be calculated in T quadrant shown as х=2у-4 
у 
ух 
х у-% yl у-2#-к-1) 


D (1, OIC (е. 0) 
хэв 


М $ Required area =f (у - 2 41-29 + у 
Area = Area of AODA + Area of DABCD 


1 с EC RR 
== х1) + | а= + (ов х Е! -y Md 
2 эх 2 В 
1 с> log je] 
ұнағаны ши =1-9415+ 82959 units 
; 93. Given, equations of curves are х+3у? =1 


and x*2y!-0 


On solving Eqs. (i) and (ii), we get 


y-7tlandx 
Зл/2, 1 
. Required area =| (а 
1 
Р 
2л 
z 
2 
"|a roo] 
z m2 „ју 3* [№ 
С от “ e-a 1-2 -р 
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A differential equation can simply be said to be an 
equation involving derivatives of an unknown function. 
For example, consider the equation 


dy 2 
Ф үху- 
up et 


‘This is a differential equation since it involves the 
derivative of the funtion y(x) which we may wish to 
determine. We must first understand why and how 
differnetial equations arise and why we need them at all. In 
general, we can say that a differential equation describes 
the behaviour of some continuously varying quantity, 


Scenario 1 : A Freely Falling Body 

A body is release at rest from a heigh h. How do we 

described the motion of this body? 

The height x of the body is a function of time. Since the 
2 


acceleration of the body is g, we have © = g 
аг 


This is the differential equation describing the motion of 
the body. Along with the initial condition x(0) =h, it 
completely describes the motion of the body at all instants 
after the body starts falling. 


Scenario 2 : Radioactive disintegration 
Experimental evidence shows that the rate of decay of any 
ratioactive substance is proportional to the amount of the 
substance present, 


Session 1 


ie. Se hm 


where m is the mass of the radioactive substance and a 
function of t. If we know m(0), the initial mass, we can use 
this differential equation to determine the mass of the 
substance remaining at any later time instant. 


Scenario 3: Population Growth 
The growth of population (of say, a biological culture) in a 
аха ИЕ is dependent on the birth and death 
rates, The birth rate will contribute to increaseing the 
population while the death rate will contribute to its 
decrease. It has been found that for low populations, the 
birth rate is the dominant influence in population growth 
and the growth rate is linearly dependent on the current 
population. For high populations, there is а competition 
among the population for the limited resources available, 
and thus death rate becomes dominant. Also, the death rate 
shows a quadratic dependence on the current population. 
Thus, if N(t) represents the population at time t, the 
different equation describing the population variation is оҒ 
the form 

dN 


<~=2,N-A,N? 
doc 5 


where A, and Ay are constants. 
Along with the initial population N(0), this equation can 
tell us the population at any later time instant. 


Solution ofa Differential Equation 


These three examples should be sufficient for you to realise 
why and how differential equations arise and why they are 
important. 
In all the three equations mentioned above, there is only 
independent variable (the time t in all the three cases). 
Such equations are termed ordinary differential 
equations. We might have equations involving more than 
one independent variable : 

af Lar 


Эх ay 


where the notation -> stands for the partial derivative, i.e. 


the term 2f would imply that we differentiate the function 


f with respect to the independent variable x as the 


variable (while treating the other independent variable y as 
a constant). A similar interpretation can be attached to ©. 


Such equations are termed partial differential 
equations but we shall not be concerned with them in 
this chapter. 


Consider the ordinary differnetial equation 


The order of the highest derivative present in this 
equation is two; thus we shall call it a second order 
differential equation (DE, for convenience), 


The order of a DE is the order of the highest derivative 
that occurs in the equation 


Again, consider the DE 

dy dy аа 

ФУ ЗУ 2 

do dx Y 
The degree of the highest order derivative in this DE is 
two, so this is а DE of degree two (and order threc). 
The degree of а DE is the degree of the highest order 
derivative that occurs in the equation, when all the 


derivatives in the equation are made of free of 
fractional powers. 


2 2. 
(2) eres 
dx а? 


is not of degree two. When we make this equation free of 
fractional powers, by the following rearrangement, 


2 "OH 
(2) -1+ een 
dx ах! 


we see that the degree of the highest order derivative will 
become four. Thus, this is a DE of degree four (and order 
two). 
Finally, an n™ linear DE (degree one) is an equation of 
the form 
d'y 
de 
where the а{з and b are functions of x. 
Solving an n™ order DE to evaluate the unknown function 
will essentially consists of doing n integrations on the DE. 
Each integration step will introduce an arbitrary constant. 
Thus, you can expect in general that the solution of an 
п" order DE will contain n independnet arbitrary 
constants. 


q^ 


4 бүсээ, 
ах" 


+ tatan Z tany 


By n independent constants, we mean to say that the most 
general solution of the DE cannot be expressed in fewer 
that n constants. As an example, the second order DE 

а 

за +y=0 
has its most general solution of the form 

y =Acos x + Bsin x. 

(verify that this is a solution by explicit substitution). 
‘Thus, two arbitrary and independent constants must be 
included in the general solution. We cannot reduce (1) to а 
relation containing only one arbitrary constant. On the 


other hand, it can be verified that the function 


у=ае**'® 
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is a solution to the second-order DE 

ау 

ах? 
but even through it (seems to) contain two arbitrary 
constants, it is not the general solution to this DE. This is 
because it can be reduced to a relation involving only one 
arbitrary constant 


уа” 


=ае*.е” =сє* (wherec=a-e) 
Let us summarise what we have seen till now : the most 
general solution of an n™ order DE will consist of n 
orbitrary constants; conversely, from a functional relation 
involving n arbitrary constants, ап n™ order DE can be 
generated (we shall soon see how to do this). We are 
generally interested in solutions of the DE satisfying some 
particular constraints (say, some initial values). Since the 
most general solution of the DE involves n arbitrary 
constant, we see that the maximum member of 
independent conditions which can be imposed on a 
solution of the DE is n. As a first example, consider the 
functional relation 


y=x? cce + се?" 1) 
This curve's equation contains two arbitrary constants; as 
we vary c, and cz, we obtain different curves; those curves 
constitute a family of curves. All members of this family 
will satisfy the DE that we can generate from this general 
relation; this DE will be second order since the relation 
contains two arbitrary constants. 


We now see how to generate the DE. Differentiate the 
given relation twice to obtain 


y’ =2x Ф2сүе?Х 3c,e?* (2) 
y" =2 +4сүе?* + 9637 443) 
From (1), (2) and (3), e, and с, can be eliminated to obtain 
gg 
БЭРТ" 
дет 9r 


х®-у 

2х-у' 

2-у” 
11 хі-у 

> 2 3 2х-у/ 
4 9 2-у” 


=> 6-3" - 18x +9у' +8x - Ay - A 2y" 47. 


-бу=о 
у" —Sy’ +6y =6x° - 10x +2 444) 


This is the required DE; it corresponds to the family of 
curves given by (1). Differently put, the most general 
solution of this DE is given by (1). 
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Asan exercise for the reader, show that the DE 
corrersponding to the general equation 

у= Ae" + Ве +С 
where A, В, C are arbitrary constants, is 

y" зу” +2у' -0 
By expected, the three arbitrary constants cause the DE to 
the third order. 


1 Example 1 Find the order and degree (if defined) of 
the following differential equations : 


"TER (4) „1 (ФУ а фу 
а»-«(%),1(%) Ч + 


_ diy dy 
СУ 
ur (2) 


Sol. (i) Тһе given differential equation can be rewritten as 


y= ettii 
dy 
Deny. 

= a 


Hence, its order is 1 and degree 1. 
(8) The given differential equation can be rewritten аз 


Hence, its order is 3 and degree 2. 
(iii) Its order is obviously 2. 
Since, the given differential equation cannot be 
written as a polynomial in all the differential 
coefficients, the degree of the equation is not defined. 


1 Example 2 Find the order and degree (if defined) of 
the following differential equations : 


а?у [ау NAM (5 
Y 4.3 Ді) — = 
9 dx? dx o dx? dx 
Sol. (i) The given differential equation can be rewritten as 


(iii) ж = fzx +5 
yy -(% Dj 
dx? dx 


Hence, order is 2 and degree is 3. 

(ii) The given differential equation has the order 2. Since, 
the given differential equation cannot be written as a 
polynomial in the differential coefficients, the degree 
of the equation is not defined. 

(ii) Its order is obviously 1 and degree 1. 


Linear and Non-linear 
Differential Equation 


A differential equation is a linear differential equation if it 
is expressible in the form 


dy 
+апу = 
ж 4-0 


where ао, 44, 4; a, and О are either constants or 
functions of independent variable x. 

Thus, if a differential equation when expressed in the form 
of a polynomial involves the derivatives and dependent 
variable in the first power and there ae no product of 
these, and also the coefficient of the various terms are 
either constants or functions of the independent variable, 
then it is said to be linear differential equation. otherwise, 
it i a non-linear differential equation. 


3. 2 2. 
Тһе differentiable equation (22) 27 (2) =4y=0,is 


be 
а non-linear differential equation, because its degree is 2, 
more than one. 


dx 


is non-linear differential equation, because differential 


" 2 
e.g. The differential equation, ЧУ | ДӘ coy zx, 
dx? 


coefficient 2 has exponent 2. 


e.g. The differential equation (x? + у“) dx —2хуйу =0 is a 
non-linear differential equation, because the exponent of 
dependent variable y is 2 and it involves the product of y 


d 
and p4 e.g. Consider the differential equation 
к 


Фу 4у 5 
ЕРКЕ 


This is a linear differential equation of order 2 and degree. 


Formation of Differential Equations 


If an equation in independent and dependent variables 
involving some arbitrary constants is given, then a 
differential equation is obtained as follows : 

(i) Differentiate the given equation w.r.t. the 
independent variable (say x) as many times as the 
number of arbitrary constants in it, 

(ii) Eliminate the arbitrary constants. 

(iii) The eliminant is the required differential equation. 
ie. If we have an equation /(х,у,сі,с:,....с,)-0 


Containing n arbitrary constants су, су, сз,..., су, then by 
differentiating this n times, we shall get n-equations. 


Now, among these n-equations and the given equation, in 
all (n + 1) equations, if the n arbitrary constants 

Ci, са, 65... Ca are eliminated, we shall evidently get a 
differential equation of the nth order. For there being n 
differentiation, the resulting equation must contain a 
derivative of the nth order. 


Algorithm for Formation 
of Differential Equations 


Step I Write the given equation involving independent 
variable x (say), dependent variable y (say) and the 
arbitrary constant. 

Step П Obtain the number of arbitrary constants in Step 
1. Let there be n arbitrary constants. 

Step Ш Differentiate the relation in step I, n times with 
respect to x. 

Step IV Eliminate arbitrary consstants with the help of n 
equations involving differential coefficients obtained in 
step III and an equation in step I. 

The equation so obtained is the desired differential 
equation. The following examples will illustrate the above 
procedure. 


Џ Ехатрје 3 Form the differential equation, if 
у? =4a(x-+b), where a,b are arbitrary constants. 


Sol. Differentiating у? = 4a(x + b) wa 


d) 
— =2а 
Уа 


Again, differentiating w.r-t. x, we get 


ы 2 
ze =0 

Уа? ax 

which is the required differential equation. Thus, the 


elimination of arbitrary leads to the formation of a 
differential equation. 


dy А 
2у----4а іс 
У ах 


1 Example 4 Find the differential equation whose 
solution represents the family xy = ae* +be~* 


Sol. ху=ае кы" Ж 
Differentiating Eq. (i) w.r.t. x, we get 

х К] 

Differentiating Eq. (ii) w.r.t. x, we get 


fy dy Lu dy 
"a dx 


dy ë 
ЗУ y zae* - 
x фу вас“ - be 


е (ш) 


4У aet + ће“ 
dx 
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Using Eqs. (i) and (iii), we get 


Which is the required differential equation. 


1 Example 5 Find the differential equation whose 
solution represents the family c (y +c}? = x^. 


Sol. Differentiating с (y + c) = x? 440 
Wegete [2 +19 = = 3x? but from Eq. (i), we have 


РЕЈ 


gro Best 
(уже)? 

E 2x? dy изда a. 425 299 
yte dx y*c dx 
2x [dy 2х [dy 
Бара mm 

Е ӨЗ ytt 67. Lax 


Substituting c in Eq. (i), we get 


Ве) 


Which is the required differential equation. 


1Ехатріе 6 Find the differential equation whose 
solution represents the family y = ae™ + ђе“. 
Sol. y = ae? + be” 249 
Differentiating the given equation twice, we get 
d'y 


ФУ зас Ae 


dx 
From the three equations by eliminating a and b, we obtain 
d'y ад 
53 AY уу 
dé de 


*be* and + бе“ 


Remark 


Тһе order of the differential equation will be equal to number of 
independent parameters and is not equal to the number of all the 
parameters in the family of curves. 


I Example 7 Find the order of the family of curves 
= (1 + ез) с" es et 
Sol. Here, the number of arbitrary parameters is 4 but the 
order of the corresponding differential equation will not 
be 4 as it can be rewritten as, у = (с) + сз + суе) е", 


which is of the form у = Ае". Hence, the corresponding 
differential equation will be of order 1. 


1 Example 8 Тһе differential equation of all 
non-horizontal lines in a plane is given by 
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Sol. The equation of the family of all non-horizontal lines in a 
plane is given by, 


ax +by=1 (where a 20) ...(i) 
Differentiating w.r.t. y, we get 
dx 
at bao (asa¥0andbe R) 


Again, differentiating w.r.t. y, we get 


(авая and be R) 


(asa #0) 


=. Differential equation of all non-horizontal lines in a 


d'x 
plane is = 0 Hence, (b) is the correct answer 


1 Example 9 Тһе differential equation of all 
non-vertical lines in a plane is given by 
d'y 
l)e» 
ET 


2 2 
(9 9х =оапа У =0 — (6) All ofthese 
ay! de 


: 
-о х -0 
dy? 


Sol. Тһе equation of the family of all non-vertical lines in a 
plane is given by ах + by =1, where b +0 and a€ R. 


Differentiating both the sides w.r.t. x, we get 


dy 
а+ь®=0 (asb #0апдае R) 
dx 
‘Again, differentiating both the sides wart. x, we get 
" 
У o (asb #0апдає R) 
dx? 
2, 
= d'y 0 (as b #0) 
dx? 
>. Differential equation of all non-vertical lines in a plane. 
d'y. 
> ao 


Hence, (a) is the correct answer. 


1 Example 10 Тһе differential equation of all straight 
lines which are at a constant distance p from the 
origin, is 

(a) (у + хул)? =p? (1+ УР) (у ху?) =p? (14 ys)? 

(0 (y - хул) =p? (1+ уё) (d) None of these 

Sol Аз, weknow xcosa+ysina=p E 

Represents the family of straight lines which are at a 
constant distance p from origin. Differentiating Eq. (i) w.r.t 
x,we get 


nat 
сова + sina -2=0 
dx 


and 


From Eqs. (i) and (ii), we get 
-I ЈЕ = 


Jey de 


=>(y- xyi)? = ра + у{)3 required differential equations. 


Hence, (c) is the correct answer. 


1 Example 11 The differential equation of all circles of 


radius r, is given by 
ај = у: 
дижу = у: 
Sol. Equation of circle of radius г, 
(xa) +(у- 0 =? 
(Here, а, b аге two arbitrary constants) 
Differentiating Eq. (i), we get 


(6) {1+ (и) 3 =г?у; 
(d) None of these 


0 


2(х-а)+2(у- у =0 oii) 
Again, differentiating Eq. (ii), we get 
1+(y-b)yz + yt =0 
> (у-ђ= ын) ЕС) 
уг 
Putting (y — b) in Eq. (ii), we get 
2. 
(к- а) ЧУ iv) 
y 


From Eqs. (i), (8) and (iv), we get 
а ЕН XC њу cos 
зі у 
ао) = еуі 
Hence, (c) is the correct answer. 


= 


I Example 12 Тһе differential equations of all circles 
touching the x-axis at origin is 


ta? == ay (9) 
dx 
ууф 
шо? -yZ cag 


ow -yn- ay (9) 
ах. 
(d) None of ће above 


Sol. The equation of circle touches x-axis at origin. 
= (x -0f +(у- а)! =a? 
ог x! y! -2ау-0 


E 


Differentiating w.r.t. x, we get 


dy _, dy 
2x +2у Z- 2259 0 
TT de Ма 


= S а-у)=х 
"oU 
ах 


(à E 
dx 


Е 
x? «yt -ay| — 451 | = 
“(е 
(2) 
3 yn dY 
- = => 
er уу 


Hence, (b) is the correct answer. 
1 Example 13 Тһе differential equation of all circles in 
the first quadrant which touch the coordinate axes is 
@)(х- у)? Qe) ee y? 
(b) (x+y)? (1+ YP) = (књ y? 
Ox- y)? (1+ y’) = (х+ yy’)? 
(d) None of these 


Sol. Equation of circles touching coordinate axes is 
(x - ay +(у - a =a? BI 
Differentiating, we get 
2(х-а)+2(у-а)у'=0 
БЕ 
НА 


522 
" POM 
= а where y = 77 ш) 


From Eqs. (i) and (ii), 
На 
1%у 1%у 1%у 


Је] 


> 
= (к-у (У) +y- х) = (x + yy’? 
= (ху +P) = (+ 


Hence, (а) is the correct answer. 
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1 Example 14 The differential equation satisfying the 
y 

ath PA 
unknown, is 

(a) (x + уул) (хуз — у) =(0" – Б?) yi 

(b) (x+ уул) (х ууз) = у 

(с) (к уул) бу, + у) =(а* – Б?) у 

(d) None of these 


curve = where А. being arbitrary 


Sol. Here, сақ E 
Differentiating both the sides, we get 
BR AE MC. 
dX DFA dx 
= х(Ы кА) + y(à + Хју =0 
ыз; ы xb? + a! yy, 
хуу 
9 
a tang жазу 
x*yn 
ы 
- gays @ В) ИТ] 
х + уу, 
lp 
Also, паде y ыш) 
х + уу, 


From Eqs. (i), (ii) and (iii), we get 
Llety), y! Gk yu) _ i 
(а -)х (aè = b°) yy, 

= (x + yy (ху - у 

Hence, (а) is the correct answer. 


= (а? 5?) у, 


1 Example 15 Тһе differential equation of all conics 
whose centre lies at origin, is given by 


(0) бху, + х?уз) (у — x) =3хуз (у – ху, -х2у,) 
(0) бху, +x? ya) yi — хуу) =3ху (у — хуз -жіу;) 
(9) бху» + x7y 5) (уу – ху) 933, (у — ху -ху,) 
(d) None of the above 
Sol. Equation of all conics whose centre lies at origin, is 
ах? + 2hxy + by? =1 -0) 
Differentiating Eq. (i) w.r.t. x, we get 
2ах + 2hxy, + 2hy + 2byy, =0 
= ах + h (y + xy) + Буу =0 
Multiplying by x equation becomes, 
ax? + h (xy  x5y) + хуу =0 
Subtracting Eqs. (i) and (ii), we get 
h (ay = x*y) + bly? - хуу)-і 


BO] 
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= (hx + by) у – xy (hx + by) =1 

= (hx + by) (у – ху)=1 

= het by=— 
y= 


Again, differentiating w.r.t. x, we get 
f+ by, o 02020) 
(у – ху) 
ог h+by = 2 
(у – ху) 
From Eqs. (iii) and (iv), we get 


Exercise for Session 1 


(iv) 


y-xn- уз 
(у - xY 
3-3h- 3». „ә 
о-у? 
‘Again, differentiating both the sides w.r. x, we get 
у = у =3хуз = х°уз ү 3(у = ху) = ху) хуз 
(уху) (у – ху)* 


= (Зхуу + хуз) (у= ху) = 320 ( 7 ху = ху) 


Му-ху)- 


o 


Hence, (a) is the correct answer. 


1. The differential equation of all parabolas whose axis of symmetry is along X-axis is of order. 


(2 ыз 


(91 (d) None of these 


2. The order and degree of the differential equation of all tangent lines to the parabola x? =4у is 


(а)1.2 (2.2 


(93.1 (04,1 


9 2 2 
3. The degree of the differential equation p +з (%) = x*log Е У ) в 


(а)1 ы? 


dx* 
(93 (d) Not defined 


4. The degree of the defferential equation satisfying the relation Je x? + 1+ y? = Ax А+ y? - ys x*)is 


(а)1 (5)2 


(а)1 (5)2 


d'y 


5. The degree of the differential equation Е 


x? 


©з (94 


(өз (d) Not defined 


6. The differential equation of all circles touching the y-axis at origin, is 


wor-r = әу 


(Буу? – х2 = By 00 
dy 


(x! - y! = 2ху Y 
dx 


7. The differential equation of all parabolas having their axes of symmetry coincident with the axes of x, is 


(а) уу; + Yt = Уу + 


(б)ууг + у: =0 


(југ * yt = у, (d) None of these 


8. The differential equation of all conics whose axes coincide with the coordinate axes, is 


(а) хуу, + ху? -m 0 
(с) хуу; + (x-y) = 0 


(6) ууг + yt – уу, = 0 
(d) None of these 


9. The differential equation having y = (in^! х)? + A (cos ' x) + B, where A and B are arbitrary constant, is 


(а) (1- х2) y2 - ху, =2 
(©) (1- х) уг + жу =0 


(b) (1- x?) y; + yy =0 
(d) None of these. 


10. The differential equation of circles passing through the points of intersection of unit circle with centre at the 


origin and the line bisecting the first quadrant, is 


(а) у (хЁ + у“ – 1) + (х + у) 20 
(Qo + у? – D+ уу; =0 


(0) (и - 1) (02 + у“ – 1) + (х + yy) B(x - y)-0 
(d) None of these 


Session 2 


Solving of Variable Seperable Form, 
Homogeneous Differential Equation 


Solving of Variable 
Seperable Form 


Solution of a Differential Equation 


The solution of the differential equation is a relation. 
between the variables of the equation not containing the 
derivatives, but satisfying the given differential equation 
(ње from which the given differential equation can be 
derived). 


Thus, the solution of & = е could be obtained by simply 


+ Cand that of, 


dy У 
-pxqisy- 
dx 

constant. 

(0 A general solution or an integral of a differential 
equation is a relation between the variables (not 
involving the derivatives) which contains the same 
number of the arbitrary constants as the order of the 
differential equation. For exampl general solution 


of the differential equation гэ захи 
dt 
x = Acos2t + Ввіп 24, where А and В are the 
arbitrary constants. 

(ii) Particular solution or particular integral is that 
solution of the differential equation obtained from the 
general solution by assigning particular values to the 
arbitrary constant in the general solution. 


=10cot 2t +5 sin 2t is a particular 


For example, x 


solution of differential equation 


Differential Equations of the 
First Order and First Degree 


In this section we shall discuss the differential equations 
which are of first order and first degree only. 


A differential equation of first order and first degree is of 


озу), 


Remark 
All tho dilferential equations, oven of first onder and first цаана, 
dare 


Cannot be solved, However, il they belong fo any of tho 
forms which we are going lo discuss, in the subsequent art 
thoy can bo solved, 


Equations in Which the 
Variables are Separable 


‘The equation? aid to be in variables separable 
form, ifwe can expressit in the form f(x) dx = ду) Чу. 
By integrating this, solution of the equation is obtained 


which is, f f(x) dx = [s60dy «c 


1 Example 16 solve 


sec? x tan y dx+ sec? y tan x dy =0. 


Sol. Dividing the given equation by tan x tan y, we get 


sec? х 


d dy 20 
шах У 


шау 


This 


variable-separa 


3 
Integrating, f = 
тү 


In | tan х In| tan у] = In Су where С 

or In | tan x^ tan y[ = In €: (€ 5 0) 
[tan хап у= С 

‘This is the general solution. 


ХУ e x3 ery, 


dy 
1 Example 17 solve — 
р! оме z 
у 

eoe 


This is varlable-separable form, 


Sol. Here, => e dy=(x? ee") de 
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2. Integrating both the sides, 


Jer dy=] GP +e") de = ex жезс 


3 


Which is the general solution of the given differential 
equation, where C is an arbitrary constant. 


1 Example 18 Solve {1+ x? + y? + х?у? + xy 9 
IX 
Sol. The given differential equation can be written as 


Хауа) = хуб 


_ У1+Х de ydy 
х 


= 


This is the variable-separable form. 
©. Integrating both the sides, we get 


Mitx y 
-f cR e aru? 


цэн сан 


This is the general solution to the given differential 
equation. 


d 
1 Example 19 Solve y — ‚(у +9). 


Sol. Rewriting the given equation as 
4 
y-ay a(x +a) 
dy __« 
уа-ау) (х+а) 
This is the variable-separable form. 
Integrating both the sides, we get 


= 


Lass fa 


1,4 efte 
> Ц1н:55)941 х+а 
= Iny-2 In(1-ay)+InC = In(a+ x) 

a 
ы n (etato) о 
y 


ог Су=(а+ x)(1 – ay)is the general solution. 


| Example 20 solve e?/^* = х + 1, given that when 
x=0y=3. 
Sol. This is an Example of particular solution. 
еб) =х+1 


тіп(х 41) 


|у- fin (x +1) de (integration by parts) 


ће. y=xln(x+1)-x+ln(x+1)+C 
This is the general solution. 
To find the particular solution, put x = 0, y = 3in the 
general equation. 
3=0-0+0+C 
С=3 
Тһе required particular solution is, 
y=(x+1)ln(x+1)-x+3 


Differential Equations Reducible 
to the Separable Variable Type 


Sometimes differential equation of the first order cannot 
be solved directly by variable separation but by some 
substitution we can reduce it to a differential equation 
with separable variable. “А differential equation of the 
form 2 = f(ax + by + c) is solved by writing 


ax +by+e=t” 
LA 
1 Example 21 solve won (х+ 3y) 5. 
к 
Sol. Let x-3y t, во that 1+ 307 = 4 
dx dx 
The given differential equation becomes, 


1( dt 
HE = зп: +16 
dx 


3 \ 4х 
= [—*— 
3sin^ t +16 
2 
бес” t dt 
I ERES 
Stan" t + 16 ес" t 
tdt 
= [Sur este 
19 tan? t +16 
du 
> [RC where tant =u 
19u* +16 
= sec? t dt = 
= 


1 Example 22 Solve (x+ y)? » 


Sol. 


Put x&ystes14 Yat 
de dx 


dt 
^E duces to t? | T. - 1) 
q. (i) reduces to Б | 


iet? ES = а" + 1, separating the variable and integrating. 
а 

ак | а= | 

Га aaj ( 


канам (Тус 
а 


ie. х=к+у-аша [Ус 
4 


х+у 
а 


ћеугаћап“ ( ) - Cis the required general solution. 

l Example 23 Solve 
(2х+ 3y – 1) dx + (4х+ бу – 5) dy 20. 
Sol. (2x +3у – 1) dx + (ах +бу -5)dy = 
Substitute u 
SG El x 

2. Ед. (i) reduces to 
u + (2u -эЦ ан 


-49 
2х+3у-1 


2 1 du 
ie. = = (2u –3)+ - (2u –3)— =0 
е. на 288): (ыы 


И -u+6 1 
ie. —— 
3 


du 
*-(u-3)75 
34-30%; 


Writing this іп the variable-separable form 


(EH Jaana 

u-6 

Гар 25:34 

u-6 

2(u—6) +9 

(u-6) 
x+C=2u+9In|u-6] 
~ (2x +3у-1)+91п|2х +3у -7| 
3x +6y -2+9 In |2x +3у –7 | = C is ће general solution. 


хє ди 


х+ 


Remark 


Sometimes transformation to the polar coordinates facilitates 
separation of varibales. It is convenient to remember the 
following differentials. 


1. хх + ydysrdr 
3, x? + dy? = ar? + ao? 


? qu 
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xdx+y dy 


l Example 24 solve Xd 


Sol. Let x =r cos0, y = r sin 
So that 


=) 


ГРА (йш) 
х 


ху 
and 


From Eq. (i), we have d (x^ + y) = d (r^) 
ie xdx+ydy=rdr 


From Eq, (ii), we have 4 I ООС 


xdy-ydx 
х 
ће. x dy- y dx = х? sec? 0 d =r? cos? 0 sec? Ө d0..(iv) 


= ес? 0 dB 


Using Eqs. (ii) and (iv) in the given equation, we get 
rdr dr 


"ж 


ie si (5 ]-о+с ог г=азіп(0 + C) 
а 


ог ух? + y! =аз {С + tan"! (y/ x)) 


It is advised to remember the results (iii) and (iv). 


Homogeneous 
Differential Equation 


By definition, a homogeneouos function f(x, y) of degree 
п satisfies the property 


FAx, Ay) = fx. y) 
For example, the functions 
fiy) ex? ey? 
fiy) = x* e xy +y? 
Абу) = xe? + ху? 


are all homogeneous functions, of degrees three, two and 
three respectively (verify this assertion). 


Observe that any homogeneous function f(x, y) of degree 
п сап be equivalnetly written as follows : 


Лек" ДЕ) 


Јо Wax? ty? 


“М т”т 


For example, 
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Having seen homogeneous functions we define 
homogeneous DEs as follows : 
Any DE of the form M(x, у) dx +N (x, y)dy =0 
dy. Moxy), 
223 іу), is called homogeneous if M (x, y) and 


N(x, y) are homogeneous functions of the same degree. 


What is so special about homogeneous DEs? Well, it turns 
out that they areextremely simple to solve. To see how, 


we express both M(x, y) and N(x, у) as, say ЖЭ and 
x 
xtn(2) thi сап be done sicne M(x, y) and N(x, y) are 


both homogeneous function of degree n. Doing this 
reduces our DE to 


ду __Моу)___Дх)-—_ = (%) 
= М (2) м(> x 
x x, 
(The function P(t) stands for —. ®) 
Nit) 


Now, the simple substitution y = vx reduces this DE to a 
VS form 


= 
2) transforms to 
x 
dv 
vex t = Ру) 
dx 
dv dx 
i Pw)-v x 


This can now be integraed directly since it is in VS form. 
Let us see some examples of solving homogeneous DEs. 


Alogorithm for Solving | 
Homogeneous Differential Equation 


Step1 Put the differential equation in the form 


dy _ (xy) 
ах уљу) 


жері Put y= vr and $2 =v + x ішіне equation in 


step I and can out x from the right hand side, The 


equation reduces to the form v +x z =. 


Step Ш Shift v on ВНЗ and seperate the variables in v 
and x. 

Step IV Integrate both sides to obtain the solution in 
terms of v and x. 


Step V Replace v by 2 in the solution obtained in step IV 
x 


to obtain the solution in terms of x and y. 
Following examples illustrate the procedure. 


l Example 25 Solve y dx (2 у - x) dy =0. 


Sol. y dx + (24xy - x) dy 20 И] 
This is homogeneous type. Substitute у = их 
dy uda 
dx dx 


л, Equation ux dx (24x? u—x)(udx + x du) -0 
ie x-[udx +(2 Vu - 1) u dx + x du(2 Ми — 1) =0 


ie dx (zu? — и + u) + x du (2 Ми –1)=0 
Separating the variables, © 4 ш. Jo 
x и 


Integrating both the sides In| x | - а | u |+ 


1 x 
о In +--=С In + [= = “u= 
мэ iie ЈЕ с (vu 
Which is the general solution. 


I Example 26 solve (x? + у?) dx — 2xy dy - 0. 


Sol. Here, ЧУ 23 ty 1 хуу 
4 zy 2|у х 


4) 4 
With y = ux, Z = u + х 28 , so that the differential 
dx dx 


equation becomes. 


> 
E 

= 

= = 10] 1 – u? | = log] x|- log|C | 
= х(а1-и* 


Hence, х? — у? = xC, is the required solution. 


2 
] Example 27 аба 290. . 
dx x y 
Sol. The above equation is homogeneous so that we put у = ux. 


= ее ини шз М e uut 
dx dx 
E 
du зү 
= ate 
Гата 
- 


du- [due i 


> Поб а – 1] log] u| = Е tog] «| log] | 


= log 421 | лаје FEI 
u 

= =CVx = 
u 

E у-х-С4х-у 

Which is the required solution. 


1 Example 28 Solve 
(1+2 e )ах+2 e? (1 x / y)dy =0. 
Sol. The appearance of x / y in the equation suggests the 
substitution x = vy or dx =v dy + y dv. 
^. The given equation is 
(1+2e")(vdy фу4 у) +22" (17 v)dy-0 


ie yüe2e)dvs(ve2e)dy- 
ie. 1428 4,69 
әле У 
Integrating, | 1524 ave [ ®=о 
ань PTT y 


log| v *2e" | + log| y| = 106 | С| 


= (v+2e")y=C (-2) 
У 
= (6) е 
У 
= (x + дуг"! У) = C, is required solution. 


І Example 29 Show that any equation of the form 
y ху) dx x в(ху) ду =0 


can be converted to variable separable form by substi- 
tuting xy =v. 
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Sol. Since, xy=v,y=~ and d(xy)=dv 
x 


ie. xdy+yde=dv 
у )_xdv-vde 
ау=а| ~ === = 
and y-a( 2-55 
E 
i -dv-T dx 
ie xdysde-7 


rosse [s - Sa] o 

x 

СЕЛО 
х 


| de, 8004 
үй x УО) (9) 


Which is in variables separable form. 


Reducible to Homogeneous Form 
Type | 


Many a times, the DE specified may not be homogeneous 
but some suibtale manipulation might reduce it to a 
homogeneous form. Generally, such equations involve a 
function of a rational expression whose numerator and 
denominator are linear functions of the variable, i.e., of 


the form 
dy ,(ax*bysc 
Fo -= E 

dx dE e 


Note that the presence of the constant c and f causes this 
DE to be non-homogeneous. 
To make it homogeneous, we use the substitutions 
x>X+h 
y>Y+k 
and select h and k so that 
ah+bk+c=0 | 


dh+ek+f Б 


Е 
(1) now reduces ta = ЕН 
d(X&h)*e(Y фЕ+ f) 


эў aX +bY 
dX +еү 
This expression is clearly homogeneous! The LHS of (1) is 


dy dY ах. dy dx _ 
ix dY dX а ax ћеш 


е 
dY 
2 equals = . Thus, our equation becomes 


This can always be done (i : * “ль RHS of the DE in 


(Using (2) 


> which equals 
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209 


ах 


dX +eY 
We have thus succeeded in transforming the 


non-homogeneous DE in (1) to the homogeneous DE in (3). 
This can now be solved as described earlier. 


1 Example 30 solve the пе ® 2 7 X75. 
dx y- 3x3 


Sol. We substitute x — X +h and y >Y + where h, k need 
ылым, 
dy dY _(Ү-Х)+(К-һ-4) 
гэн Е (Y -3X) + (k -3h +3) 
hand К must be chosen so that 
2k-h-4=0 
k-3h+3=0 
This gives h = 2and k =3, Thus, 
х=Х+2 
у-Үзз 
Our DE now reduces to 
dy zr-X 
dX у-зх 


Using the substitution У = vX, and simplifying, we have 
(verify), 


ay (жағ) 


у-3 
v Бу+1 х 


We now integrate this DE which is VS; the left-hand side 
can be integraled by the techniques described in the unit of 
Indefinite Integration. 


Finally, we substitute v = Жаға 
x на 
Y-y-3 

to obtain the general solution. 


Type Il 
Suppose our DE is of the form 
dy | p| ax +by +c 
dx dx+ey+f 
We try to find h, k so that 
ah+bk+ 
dh+ek+ 
What if this system does not yield a solution? Recall that 
this will happen if = 4 


-How do we reduce the DE to a 


B 
homogeneous one in such a case? 


Thus, 
ax +by +e _ Мах tey) +e 
ах феу+ј ахжеуж/ 
This suggests the substitution @х + ое which will give. 
а+е № = 


ах = 
ду 1(d 
- 8110) 


Thus, our DE reduces to 
Avte 


1[ 4% 
ХЭЭГ 
ау _ Хеу фес 
= deo vef "wer ^ 
vef 
(ef) 
(Xe € d) v ec - df 


which is in VS form and hence can be solved. 


= dv=dx 


1 Example 31 solve the ре 9 = X*2Y 1, 
ах х+2у+1 
Sol. Note that h, К do not exist in this case which can reduce 


this DE to homogeneous form. Thus, we use the substitu- 
tion 


x*2y-v 
dy dv 
“ж 


> 14227 


Thus, our DE becomes 


Hes 1) у-1 
е vel 
dy _2v— = 
ni 594223 үүл 30-1 
de vai vel 
+1 
= Ytl dy dy 
ЕТЕН 


= + 


Integrating, we have 


1 
2 


Substituting v = x + 2y, we have 


4 
уа In (x бу =з +C, 


2 
yo e+ (3х +бу-1)=С 


1 Example 32 Тһе solution of the differential equation 
dy siny+x 
——— — —_ is 
dx sin2y -xcosy 
2 
(a) sin? yexsiny + с 
2 
(b) яп? y = xsin y == +С 
(c) sin? y шал дад 


3 
(d) sin? у =x-sny+ ас 


Sol. Hee = 
dx 
а: putsin y= 
E сн 
dx 
xdv a, Xx y+ 
dx к 29-1 
kdo vtl Y*1-2v! & v 
dx 2-1 ъ-1 
o 27-74 
Тамбжаыж1 х 


On solving, we get 
„2 xt 
sin? y=xsiny+ oC 
Hence, (a) is the correct answer. 


1 Example 33 Тһе equation of curve passing through 
(1, 0) and satisfying 


ду = een фу) PO 
(+) =(y?+2x*) "(2 ,is given by 
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PEE AEDEM 
У 


х 


Ц 2 Ж 
луға Xt t» 


(d) None of the above 


Sol. The given differential equation can be written as 


4 
ШЕ 


2 4 ‘ay 
жах? у (уй e | 


dy 1 (уў 5 
22 A(X) +1 . 
5% dx 2 % 
let узах 
- vex io e dy 

dx dx 


ужх ух ут 
а 
dy dx 
ог a= 
Је 
Бан 


- VB log|v + ЈУ += log] xc | 


+ yy? £x 
ЭНЭ | а 
x 

putting x = 1and у =0 
с=з 


+.Сшуев are given by 


Hence, (a) is the correct answer. 
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Exercise for Session 2 


dy. (x+y? 


, is given by 
(2) -2) 


1. The solution “= 


(a) (x + 28 ( 1+ > per 


20-2) 
ке #72 


ЕЈ 
x42 


2y-2) 
2-2 тт 
coer af |в SUD m 2022). ке 


(d) None of these 


2. (уз -2x*y) dx + (2xy? – x?) dy =0, then the value of xy „ју“ - x°, is 


ју + х 


(с) апу constant 


(6) ху? 
(d) None of these 


3. The solution of dy / dx = cos (x + y) + sin (x + у) is given by 


x*y)l. 
ee] Е 5 вес 
Opel ee не 


4. The solution азу =(х+у-1)+ 


но 

log (x + y: 
(а) (1+ а син log (x + у) = а 
(с) (14 log (x + y)? — log(1 log (x + у)}=х +С 

5. The solution of (2x? + 3y? – 
(а) (2 +? 1) = (02 «y! - 3} С 
(0) (x2 + y? –3)= (х2 + у®-1)%С 


(5) log] 1+ tan (x + у) |=Х + С 


(d) None of these 


„is given by 


(b) [17 log (x + y)} 
(d) None of these 


т) хах – (3x? + 2y? –8) ydy =0,15 given by 


(b) (x? + y? – 1)? = (х2 + y? - ap c. 
(d) None of these 


= 109(1- log (x + у) - x C 


(x - 3 + (у - 2) tan (=) 


6. Тһе solution а - , is equal to 


(xy -2x -y +2 (123) 
(ax - 1)? + y- 73 t (228 )- 26-7 пр -2=20 -17 one or 9 


(бух – P + (у – 95 – 2 (x - 1) (у - 2) tan (5 D 2(<-1У loge 


owp v-r ar Үс 2%- 1)- 2) log (x-1) 
(d) None of the above 
2 
оду ( хээу-ЗҮ, 
7. The solution ог з) is 
(а) (х + 3? - (y - 3)? =C (x - y + 6) (b) (x + 3} – (у - 3} =C 


(с) (x + 3° (y – 3f =C (d) None of these 


8: Thesokton of Z «609 X Bove утех —3) . 
dx siny (sinx -7cos y +7) 


(а) (cos y – sin x - 1)? (sin x + сову - 15 = 
(с) (cos y – sin x – 1)? (sin x + cos y - 1 =C 


(b) (cos y - sin x – 1)? (sin x + cosy - 1)3 = 
(d) None of these 
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9. А curve C has the property that if the tangent drawn at any point P on C meets. The coordinate axes at A and B, 
then P is the mid point of AB. The curve passes through the point (1 1). Then the equation of curve is 
(а) xy - 1 (X-1 
y 


(Ә2х-ху-1 (d) None of the above 


10. 


The family of curves whose tangent form an angle НС the hyperbola ху = 1 is 
(a)y=x-2 tan" (x)+ K 
(c) у = 2х - (ат! (x) + К 


(b) y=x + 2 tan” (x)+K 
(d)y = 2х + (ап) + К 
11. 


Aand B аге two separate reservoires of mater capacity of reservoir are filled completely with water their inlets 
are closed and then the water is released simultaneously from both the reservoirs. The rate of flow of water out 


of each reservoir at any instant of time is proportional to the quantity of waler in the reservoir at that time. One 
hour after the water is released, the quantity of water in the reservoir Ais 5 times the quantity of the water in 


reservoir B. The time after which do both the reservoirs have the same quantity of water, is 
(2) ова 2) ЕТЕ) 


(©) tes (2) (d) None of the above 


12. Acurve passes through (2, 1) and is such that the square of the ordinate is twice the rectangle contained by the 
abscissa and the intercept of the normal. Then the equation of curve is 


(а) x? + у? = 9x (b) 4x? + y? = 9x 
(c) 4x? + 2y* = 9х (d) None of the above 
2 
13. Anormal at P (х,у) оп а curve nets the X-axis at Q and N is the foot of the ordinate at P. ИМО = ашау) a 4 
+х 

Then the equation of curve passing through (3, 1) is 

(a) 5(1+ у?) = (1+ х2) (b) (1+ у?) = 5(1+ x?) 

(с) (1+ x?) = (1+ yx (d) None of the above 


14. The curve for which the ratio of the length of the segment intercepted by any tangent on the Y-axis to the length 
of the radius vector is constant (k), is 


(a) (y+ у? w^? = 6 (ужег «уде uc 
(9 (y - фра - с (9) ty - x + ус 


15. A point Р(х,у) nores on the curve x^? + у?! =a?!°,a > 0 for each position (x, y) of p, perpendiculars are drawn 
from origin upon the tangent and normal at P, the length (absolute valve) of them being Р(х) and Р(х) 
brespectively, then do; d 

dp, dp; p) 921.922 < 0 
e ( E di 

dp. di a) 2.922 > 0 
(Pi > 0 Ене 


Session 3 


Solving of Linear Differential Equations, 
Bernoulli's Equation, Orthogonal Trajectory 


Solving of Linear 
Differential Equations 


First Order Linear 
Differential Equations 


A differential equation is said to be linear if an unknown 
variable and its derivative occur only in the first degree. 
An equation of the form 


4) 

Z +P) =O(x) 

dx 
Where Р(х) and Q(x) are functions of x only or constant 
is called a linear equation of the first order. 


To get the general solution of the above equation we 
proceeds as follows. By multiplying both the sides of the 


above equation bye!" we get 
ој Hy yp el o ын 
dx 
pe. elt Bayt del) BP d 
ie. ын )=о.еЁ®* 
ах 


^ Integrating we get yo -|о «Тас 


Here, the term e!" which converts the left hand 
expression of the equation into a perfect differential is 
called an Integrating factor. In short it is written as IF. 
Thus, we remember the solution of the above equation as 


y (IF) = JQ (IF) dx +C. 


Algoritm for Solving A Linear 
Differential Equation 


Step I Write the differential equation in the form 
dy / dx + Py =Q and obtain P and Q. 


Step II Find integrating factor (LF) given by LF. =. 


Step Ш Multiply both sides of equation in Step I by LF. 
Step IV Integrate both sides of the equation obtained in 
step Ш. w.r.t x to obtain y (LE) = f Q.(LF.) dx +С 


This gives the required solution following examples 


illustrate the procedure. 


] Example 34 solve 9.» = с05 x. 


Sol. It is a linear equation of the form 
4 
D+ Py=O(x) 
dx 
where P =2and 0 = cos x 
Then r= elt aufm ue 
Hence, the general solution is y (IF) = Ї Q (IF) dx 


ie уте = e® cos cde C 


2x 


ye m [2 cos x + sin x] -C 


5 
d) 
I Example 35 solve.” = log x. 
dx x 
Sol. It is a linear differential equation of the form 
Bs r= ota 
1 


Here, Р 


= log x 
Then ip = lM euin clogs ү 
Hence, the general solution 15 
AE) = f QUE) dx «c 
ће. па калады 
2 
ie. ух = (ој x IG c 
pus 


іе. уке орн) Sac 


1Ехатріе 36 оће 9. У 
dc "зупузусх 
Sol. The equation can be written as 
dx зупуфу-х 


НЭЭХ 
У 


dy 

+ dx 1 

ie. S44-x=@Iny +1) 
dy у 


In this equation it is clear that Р = 


andQ = (21n y +1), 


Ж 
Which аге function of y only because equation contains 


derivatives of x with 
respect to y. 


EL У уау 


++ The solution is; x (IF) = [(21п у + 1) (IF) dy 


ie. ху= J(21ny +1)-удугу nyc 
ie. х=ушу+© 
У 


Note |п some cases a linear differential equation may be of the 
form + Rx =Q,where А and Q are function of y alone. In 
y 


such a case the integrating factor is e^ ^', 


dy 


1 Example 37 Solve cos? ха 
n) 343. 

6) 8 

Sol. The given equation сап be written as 


AY ec! x tan 2x -y = cos? х 
dx 


y tan2x =<05" x, 


where] < and y( 


mm 


ГР 


‚ where t = tan! x - 1 
= ем || [tan* х-1| 

It is given that| x |< Zand for this region tan? x <1. 
IF = (1 – tan? x) 


7. The solution is 
y(1- tan? x)= соз? x (1 - tan? x) de 


= [соз? x = sin? x) dx 


in 2: 
= кок de === +C 
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ЗЕКЕН 
С aZ у 3 
Now, when жез yer 
$5(, 1) 1:38.65 2 Сао 
8 Зу 3-2 
ЖЕСІН 
> 2(1— tan? x) 


1 Example 38 Solve duy ФУ (x) = ф(х)- 9 (x), where 
(x) is a given function. 
Sol Неге, P= ф(х) and Q= x) ф (x) 
"EL 
2. The solution is 
y e* = fax) ф(х) e дах = | t-e" dt, 
where (x) e t 
ye se (t-1)+C 
ie. ye = (х) 1) e* + С 


Bernoulli's Equation 


Sometimes a differential equation is not linear but it can 
be converted into a linear differential equation by a 
suitable substitution. An equation of the form 
dy 
T. Py=Oy". 
a. У“ ду 
Where P and Q are functions of x only, is known as 
Bernoulli's equation (for n =0 the equation is linear.) 


(л #0,1) 


It is easy to reduce the above equation into linear form as 
below : 


Dividing both the sides by у", we get 


-n dy 1-һ 
Dep 
y KR 


Putting y'=" == and hence, (1-0) y^" 2 - the 
ix dx 

equation becomes x (17 n) Pz - (1 — n) Q which is linear 

inz. 

Here, TF ae ин 

^. The solution is, 


ЕШ 


=f 079.9. ах 
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I Example 39 solve (y log x – 1) y dx = x dy. 
Sol. The given differential equation can be written as 


dy А ; 
D'.yoylegx 246 
xu yy eer i) 


Dividing by xy” , hence 


Which is the standard linear differential equations, with 


pan Lona tog 
panne 


‘The solution is given by 
k 
Уа iesja-- Ех y 
x их x 


- вх [1.1 Ех, 1 үс 
х ји 


ог 


1 Example 40 solve Day =ху?. 


Sol. Dividing by у“, we get 


-zdy 1 
БЭЗРЭР 
yt 
Let 12. 
у 
So that – у de 
жаса 


2. The given equation reduces to 


E az=- 


E 
Pettai 
2 The solution is 


zer [ке ас ус 


ће. recen 


4, 
У 


dy y У“ wher oi 
TET а 90055 
1 Example 41 Solve ға FT) 

a given function. 
Sol. The equation can be written as 


dy [63] » 


dc К 
dy O(x 
ie - cbe ) 
Let — So that, --; — = 
- 
de^ x) 
ты 
=e 99 шел =фх) 


А The solution isz: = ао ак =x +C 


ie. M zr4C te, ——— 


ж) x) 
x+C 


Remark 
Another type of equation which is reducible to the linear form is. 
17002 + Род Ку) = 009 
dx 


of this type сап be easily reduced the linear form by 
У). 


4) 
l Example 42 solve sec? у FILS tan y 2x). 


Sol. Let tan y =z so that sec? у. 2 = dz 
dx dx 
Thus, the given equation reduces to 


tan у-е" ie -еӘжс 


tan у= Се түг (2—1) 
2 


тап у= Се" 42 (524) 
2 


d 
1 Example A3 solve Pu х(хку)-х (x+y) -1 
Sol. The given equation can be written as 


БОЛ 


іш m 
ie (ety? ET кура сда 


Let(x +y)? = = sothat -2(x yy? 4040) 
di 


The given equation reduces to 


ie. 


2. The solution is 


ze хл. е 4х (х eie +С 
1 sce уха 
(x+y) 


1 Example 44 Solve sin y- — =cos у(1- xcos y). 


dx 
Sol. The given differential equation is 


nyt 
ФУ = cos y (17 x cos 
sin y SE = cos y( » 


or sin у © cos y=~ x cos? у 


Dividing by cos? y, we get 


— — 


dy dv 
Let secy=v = seytny =o 


So that 


= еее" 


The solution is given by 


узет а ексе аке хет ket 
БЫА 


ог У 


1 + x) + Ce" 


ог зесу=(1 + x) + Ce” 
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Orthogonal Trajectory 


Any curve, which cuts every member of a given family of 
curves at right angles, is called an orthogonal trajectory of 
the family. For example, each straight line passing through 
the origin, ie, у = kx is an orthogonal trajectory of the 


family of the circles x? + у =a". 


Procedure for Finding the 
Orthogonal Trajectory 
(i) Let f(x, y, c) =0 be the equation of the given family of 
curves, where c is an arbitrary parameter. 
(ii) Differentiate f =0; w.r.t. ‘x’ and eliminate “с, ie. form 
a differential equation. 


(8) Substitute — ® бог 2 in the above differential 
dy dx 


equation. This will give the differential equation of 
the orthogonal trajectories. 


(iv) By solving this differential equation, we get the 
required orthogonal trajectories. 
1 Example 45 Find the orthogonal trajectories of the 
hyperbola xy = С. 
Sol. The equation of the given family of curves is xy 
Differentiating Eq. (i) w.r.t. x, we get 


Ai) 


xdy 
D " 
ae ty ~ü) 
‘tute — 2 for Фу 
Substitute — © for 27 i 
e ау OF та Eq. (0, we get 
Ес ТЭМ" Ч 
a y- (ii) 


This is the differential equation for the orthogonal. 
trajectory of given family of hyperbola. Eq, (iii) can be 
rewritten as x dx = y dy, which on integration gives 


x-y =C. 
This is the family of required orthogonal trajectories. 


1 Example 46 Find the orthogonal trajectories of the 
curves у = сх?. 


Sol. Here, у= сх? E 
Differentiating w.r.t. x, we get 
2 ээх EZ 


zi 


254 Textbook of Integral Calculus 


dy - 
> зу=х 2 „(ш 

yx (8) 
This is the differential equation of the family of curves 
given in Eq. (i). 


Now, to obtain orthogonal trajectory replace 2 by- = іш 
94 


- у= х 
dy 
or 2ydy =- x dx 
Integrating both the sides, we get 
2 
х 
С, 
У 29 
=> хі +2у' » is the required family of orthogonal 
trajectory. 


1 Example 47 Find the equation of all possible curves 
that will cut each member of the family of circles 
x? + y? — 2сх = 0 at right angle. 
Sol. Here, 
Differentiating w.r.t. x, we get 
2x + 2yy, - 2c =0 


x? ty" - 2x20 sali) 


2 сех+уу 0 
From Eqs. (i) and (ii), we eliminate с 
= x? +y? -2(x & yy) x =0 
d 
or -x+y -2y =0 


This is the differential equation representing the given 
family of circles. To find differential equation of the 


d) 
orthogonal trajectories, we replace T b= Fi 
dx 
wE 
= 527 
= y! dy = x! dy - 2xy dx 
MEE 
> = dy = 9-4 
y 


Я 
Р saved =) 
уза 


Integrating both the sides, we get 


2 
-у=®-+С = xt + у' +Су=0 
> 
Represents family of orthogonal trajectory. 


]Example 48 Find the orthogonal trajectory of the 
circles 
хізуі-ау-о 
Sol. Here, x! c y! - ay z0 К] 
Differentiating, we get 
2х +2уу - ay, =0 


= PRECES) NT 
» 
Substituting ‘a’ in Eq. (i), we get 
xta yi - 206080, о 
» 
= (х2 уб) -2ху=0 


This is the differential equation of the family of circles 
given in Eq. (i). 


+. The differential representing the orthogonal trajectory is 


Е ine D y 4 
obtained lacing by – Z., 
by replacing 2 by - 92 
ie -(x?- 2xy-0 
> 2xy dy - y! dx = 
2 
=> х4(у а, 


ЭР 


Integrating both the sides, we get 
у? + х? = Cx, is required family of orthogonal trajectories. 


Exercise for Session 3 


10. 


The solution of (1+ 9 + y - e! * is given by 


(a) 2ye"""* оних С 
(c) 2уе®т y 2 gw v + С 


x 


The solution of zx 4 у =x Jy, is given by 


-х2 
(а) 3 Jy + (1- x?) =C (1- х2)“ 

(с) 3 VY - (1- x?) =C (1- х2)у2 

The solution of + X Sin 2y = x? cos? y, is 
(а)е** = (х2 - ђе“ tany +C 


(де tany- (х2 - 9tanysC 
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(Ы уе" = өг" +С 


(d) None of these 


ыз» а-ху-с(1- xy? 


(d) None of these 


)е** пу – ђе +C 


(d) None of these 


The solution of 3x (1— x?) y? dy /dx + (2x? —1) y? - ax? is 


(а) у? =ах + C f1-x? 
(с) y? sax +С 1- x? 
y 


The solution of ® + Ў tog y = У, (log yÈ, is 
d x Ж 


(b) у? = ах + Cx 1-х° 


(d) None of these 


(а)х = фу «C (b) x? + logy =C Oey pete (4) None of these 
The solution ot Za уга) rro ey #f(xjis 
(a)y = f(x) 1+ co") (b) y - cef 


(оу =f(x)- 1+ ce? (d) None of these. 


. The solution of (x?) dy / dx -sin y -2x cos у = 2x -2x?, is 


(a)(x*-1) cos y - - -x* «C (b) (x? - 1) siny = 


(©) - cs y e © (d) (x? - 1) siny = 


. The Curve possessing the property text the intercept made by the tangent at any point of the curve on the 


y-axis is equal to square of the abscissa of the point of tangency, is given by 
(в) у? =х+С (b) y = 2x? + сх 
(c) y = -x* +сх (d) None of these 


The tangent at a point P of a curve meets the y-axis at A, and the line parallel to y-axis at A, and the line 
parallel to y-axis through P meets the x-axis at B. If area of AOAB is constant (O being the origin), Then the 
curve is 

(а) сх? -xy +k 2 0 (b) x? + y? = cx 
(c) 3x? + 4y? =k (d) xy -x^y* + kx = 0 

The value of k such that the family of parabolas y = сх? + К is the orthogonal trajectory of the family of ellipse 
x? «2y* -y =C, is 
(а) уҙ 


(b) уз (су 


(d) ys 
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Session 4 


Exact Differential Equations 


Exact Differential Equations 


A differential equation of the form 

M (x, y) dx + N (x. y) dy =0 is said to be exact (or total) if 
its left hand expression is the exact differential of some 
function u (x, y). 


ie. du=M-dx+N-dy 
Hence, its solution is u (x, у) = с (where c is an arbitrary 
constant). But then there is a question that how do we 
confirm whether the above mentioned equation is exact. 
The answer to this question is the following theorem. 
Theorem The necessary and sufficient condition for the 
differential equation M dx + М dy =0 to be exact is 
эм _ aN | 
ду ox 
The solution of M dx + N dy =0is, 

1 M dx + {(terms of N not containing x) ду = С 

constant 


| Example 49 Solve (x? – ay) dx (y? – ax) dy =0. 
Sol. Here, we have M = х! – ay and N = y! фах 


Thus, the equation 15 exact. 


^. The solution is 19 (x? - ay) dx +f угау= C 


constant. 


3 
x y 
Е -ayy+=c 
= 5-9 +5 


2 
1 Example 50 Solve (2x eiaa [+ 2 dy =0. 


2 
Sol Here, we have M =2x log y and N = 5 +зу? 


ам 2x 
ду y 

and 2N = 2% and hence the equation is exact. 
Әх У 


7. The solution is, 
Í (2х log y) dx +f зугду-с 
const 


> x’ lgy*y =C 


Equations Reducible 
to the Exact Form 


Sometimes a differential equation of the form 

M dx + N dy =0 which is not exact can be reduced to an 
exact form by multiplying by a suitable function f(x, y) 
which is not identically zero. This function f(x, y) which 
then multiplied to a non-exact differential equation makes 
it exact is known as integrating factor. 

One can find integrating factors by inspection but for that 
some experience and practice is required. 

For finding the integrating factors by inspection, the 
following identities must be remembered. 


1. xdy +y dx =d (xy) 
2. х& жуду = та (из ey!) 


з. soe -4(2) 


x 
4. zed а) 
У 3 


7 14/2 
x = 
dx + dy 
s, Ey Lg 
ту арену) 
9, d(n(xy) - 3 ty ee 


xy 
10. (Jim +у2)| Ede-ty dy 
2 х? +y? 


xdy*ydx 


yi 
схе dy -e dx 


x? 


E (5) ена 


у 
14. d(x" y") o x^^! ул"! (ту dx nx dy) 
15, AUG _ fiy) 

inn у)" 
l Example 51 Solve (x? — ay) dx (у? —ax)dy - 0. 


Sol. The given differential equation is 
x'dx + y'dy - a(y dx + x dy)-0 


Б > 
> Ї (am 


Integrating, we get = -аху-Е 


= x^ y!-3axy-3k- C 


2 
1 Example 52 Solve (2xlog y)dx+ (А + 22 50 
Sol. The given differential equation is 
2 
бов y)ax dx +Š- dy +3y* dy=0 


= (log y)d (x?) + х? d (log y) + d(y*)=0 


= d(x? log y)+d(y*)=0 
= x'!lgyty'-C 
(integrating both the sides) 


1 Example 53 Solve x dx y dy = x dy - y dx. 


Sol. The given equation can be written as 


lag љубе а 2] 
2 х 


d(x? ey), 24(у/х) 
1+(у/ху 


> oe ну ааа (7 + 


х фу 
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] Example 54 solve 
йн 2 
aw 5 (91 gy — «sin y |dy =0. 
cos* (xy) cos* (ху) 
Sol. ‘The given differential equation can be written as 


ye et dy аи ike pain dy <0 


cos? (xy) 
> sec? (ху) d (ху) + sin x dx + sin y dy =0 
d (tan (xy)) + d (7 cos x)  d(- cos y)=0 
= tan (xy) – cos х — cos y= С 
х+у 
1 Example 55 Solve ay 
Yak. 


dx 


Sol. The given equation can be written as 


(ау?) 


y х 
E JUE aef ES 
уу xy Vy 
Integrating both the sides, we get 
Ба Ме 
(у) (x/y) 
> к Ене мен 
x х у 


1 Example 56 Тһе solution of 
-) 


е У (y! ду+у?ах}+ (ydx – xdy} = 0, is 
(ае? +e +с=0 (е? -е% +с=0 
(Qe? +e” сай (фе” -e* +с=0 

,9Ut-» 
Sol. Here, с ” 


Y dy + уйх} + {уйх – xdy}=0 
= e? y! „аду + ydx) е”? {уйх – xdy}=0 


ог е9 ау + ydx} еч dx ху) 

ог ТЕЛЕ 
y 

ы 4(е9)жа(е“7)-о 


Integrating both the sides, we get 
e? ee + С=0 


Hence, (a) is the correct answer. 
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І Example 57 The solution of 
х?ду – y*dx xy? (x - y)dy =0, is 


Hence, (a) is the correct answer. 


1 Example 58 The solution of the differential equation 


ydx — xdy + xy? dx =0, is 


2 
(а) х +x? =a (by X +X an 
y у 2 


(d) None of these 


4 
Sol. Given equation is, ydx — xdy + ху! dx =0 
Which could be converted into exact form 


x 
(2) зу? 


0—05 yde =0 
У 


- Шен 


Integrating both the sides, we get 


M 
x 
5. = = constant 


Ж 
2 
or хха 
у 2 


Hence, (b) is the correct answer. 


I Example 59 The solution of differential equation 
xdy (y "e" же//)- ydx (e? — y*e') ,is 


(a) xy = log (e* +A) (b) x? / y «log e" +) 


(©) xy =log (e +A) (d) xy? - log (e +) 


Sol. The given equation is 
(aye?) dy + (хе! У) dy = Qe") dx = (e?) dx. 
= ye" (xdy + ydx)= е (ydx — xdy) 

ydx — х 


= E (tpe e (ren 


у 


ЕЕ =] 
мо Ё 


= d(e?)- d (277) 


Integrating both the sides, we get 
г еу +» 


> xy = іе”, + 2) 


Hence, (c) is the correct answer. 


1 Example 60 The solution of the differential equation 


(у +x уху (x+ y))dx+ (y уху (x+ у)- x) dy =0, is 
х? +y? 
2 


эү? 
oF наш Fac 
2 y 


х2 +у? ЭХ. 
[2] 2 + 2 ап y^ 


(d) None of these 


(а) 


халааг! |X =С 
2у 


Sol. The given equation can be written as 
(dx – xdy) + x [ху (x + y) dx + y [ху (x + y dy =0 
> (ydx – xdy) + (x + у) зу (хіх + уду) - 0 


=> жегі (жа) БИ СОҒАН 
У > 2 
2 


1 


8 


MEC 


Integrating both the sides, we get 


= ES ЈЕ 
2 У 


Hence, (b) is the correct answer. 
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Exercise for Session 4 


The solution of хау + ydx + 2х3ах =0,is 


A 


-С (d) None of these. 


Жы LENS p 
(а) ху + x* =C САО ©з» 


4 
2. Тһе solution of, ydx – хау + (1+ x?) dx + x? іп y dy =0, is given by 
(а)х + 1- у? + созу+С=0 (b) y+ 1-x? + хсозу+С=0 
(Xs i-yscosysC-0 (У + 1-х+ соѕу+С=0 
FS? хх 
3. The solution of (1+ x x? + у?) ах + (-1+ x? + y?) ydy =0,is 
(y2x- y + Зүй + yy ас ()2c-y о + уз -с 
()2у-х + 2 wysc (d) None of these 


4. The solution ot, —®/ =| __У___- 1 | ax, is given b 
а а) ei given by 


ent (ЕЈ, хес t) tat (И )+х-с өрөг (esc (а) а (У J+ ес 


5. The solution of ye*'” dx = (хех! + y? sin y) dy, is given by 
(a)e"" 2-cosy«C — (b)e""" + 2cosy C (с)е*!У 2xcosy + С 


6. The solution of x sin ( 5 Jay =f ysin( Z ) -x | ais given by 


(а) јод – св (7) вас (b)logx – за(2) -с © «(| -cos(Y)-iogC (а) None of these 
x 
7. The solution of ХОХ + YOY „is given by 
хау – ydx 
(а) sin (x? + у?) =a лат! HE (b) si! (fx у) = tan! ( У үе 
х а х 
буг 
(c) sin! ( Қылық Ам }- таг! ( y ) m (d) None of the above. 
a x 

8. The solution of (1+ ©” )dx + e” ( -5) dy - 0,is given by 

(a)x - ye" =C (b)x + уе" =C Фу -С (d) None of these 

"T 
9. The solution of + У 7/9 _ x sim GC + Y^) is given by 
y - x dy [dx y 
2 
воре + (1) «с (b) tan (x? + y?) = xy? + С 
y 
(c) cot (x? + y?) 2 X +C (d) None of these 
y 
10. The solution of % + У. = —Á— „в given by 
dx * x ^ (vlog x + log y) 


(а) ху (1+ log (ху) -C (Ы) xy? (1+ log (xy) =C (с) xy (1+ log (xy))? =C 


(9) ху (1+ (log ху?) C 
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(d)e*'" 22cosye""" «C 


Session 5 


Solving of First Order and Higher Degrees, Application of 
Differential Equations, Application of First Order 
Differential Equations 


Solving of First Order Hence, the general solution is given by 
and Higher Degrees Фоо Gs a(n. ye) =0 

" " б 4 Here, the arbitrary constant сү, c; c, are replaced by a 
Differential Equation of First Order single arbitrary constant c because every first order 
and Higher Degrees equation has only one arbitrary constant in its solution. 
A differential equation of first order is of the form. l Example 61 Solve (p – x)(p - e*)(p - 1/y)- 0; 
f(x, y, P) where P = dy / dx. If in the equation degree of P dy 


is greater than one, then the equation is of first order and МЕР" 


higher degree. Sol. The component linear equations are p = x, p 1 
The differential equation of first order and higher degree : y 
can be written in the form и Bas, thendy=xde => y=% +C, 
P^ F(x, y) P^^! ж.Ц.Б, (хуу) P + Falay) 50 D 2 
и =.“ then dy-e* wer 
The differential equations of these category can be solved = tuli ede ev узе КО 
by one or more of the following methods : к 1 5 
(i) Equations solvable for P. gery ten уулах ә Жас, 
(ii) Equations solvable for y. ^. The required solution is 
(iii) Equations solvable for x. P í 
-5 + С |(у-е“ м. = 
(iv) Clairaut's equations. 7-> 0-е» zi па: 2 = 


Now, we shall discuss these cases. 
I Example 62 solve xp? + хур - 6y? - 0. 


(i) Equations Solvable For P Sol. The given equation is 
х?р? + хур -6y! =0 
Solving аз a quadratic in p, we get 


ИССИ 
EE n 


ГЭРЭГЭ" 
dé x у x 


If the equation 
P" F (x, y) P^! € FL G5 y) РЕ (х,у) =0, 
is solvable for P, then LHS expression can be resolved 
into n linear factors and hence can be put in the form " 
(P - ff И Р = fix y) (P= fal yn oo р 5, 
Equating each of these factors to zero, we get n differential 
equations of the first order and first degree. 


а; 
ФУ = х,у). = fabs Уу-у = fa) 


Let the solutions of these obtained equations аге d 4 ху x 
& G5 y су) =0,4:(х, у, 02) =0,..., d Gy са) =O > Әуес, 
respectively. 2 The required solution is (y — Cx?) (xy - C) =@ 


1 Example 65 Solve xy? (p? +2) - 2py? + хз. 
Sol. The given equation can be written as 
Go? p? – x3) +2(ху? – py!) -0 


= x (ур? - х?) +292 (x - ру)=0 

= (py – x) x (py + x) -2?] =0 

If py- x =0, then y dy - x dx =0 5 у? - x? = С, 

2 

Ifxyp + x? - 2y? 20 then2y Z – 35 эс 
“хх 

E 

where t = у? 

Its solution is t 


ie. 


Hence, the required solution is 
(y? х? - cy! - x? - cx*) =0 


(ii) Equations Solvable For у 


Equation that comes under this category, can be expressed 
in the form 
у= a(x, p) 

(ке. an explicit function y in term of x and p) ...(i) 
Differentiating Eq. (i) w.r.t. x, we get 

dy 2) 

Bapor xp © 

ж”? E us 
Which is a differential equation of the first order 
containing x and p. Let us suppose that its solution is 

Ф(х, р,с) 70 E 

Then, the solution is obtained by eliminating p between 
У = в(х, p) and ф(х, р, c) =0. However, if eliminating of p is 
difficult express x and y as a function of the parameter p. 


1 Example 64 Solve xp? – 2ур+ ах - 0. 


Sol. The given equation can be written as, 


xp ах i 
БЕ үг wai) 
Ул гр 
dy рх, уа а dp 
dx 2 2 dx 2p әрі dx 
4 
> p(p -a)= x(p? ca) E 
ix 
= PaP р=бк 
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(The equation p* — a =0 gives us singular solution in 
which we are not interested). 
The substitute p in Eq. (i), we get the required solution. 


DEI +E 
У © 


ТЕхатріе 65 solve у =2рх –р?. 
Sol. Differentiating the given equation w.r.t. x, we get 


dy ар, dp 
— =2р+2х — -2p —— 
ue а ав 


x- 5 e pep 
ог 2(x-p) 


or аха? 
рор 
Tt is a linear equation in x and р 
2 
22 
"T 52%? р? 


2 The solution is эр? = | “зар = 


Thus, the solution of the given equation is 


2 


жа E р + Ср"? where р is parameter. 


(ii) Equations Solvable For x 


This type of equation can be put in the form 


Бан 12) - 
Differentiating ух. y, we get 


which is a differential equation of 151 order containing y 
and p and its solution is 


у, p.c) =0 
Then, the solution is obtained by eliminating p between. 
x = g(y, p) and фу, p. c) =0. However, if eliminating of p із 
difficult express x and y as a function of the parameter p. 


l Example 66 solve y = 2рх + y?p?. 
Sol. Solving for x, we get 


ы 
x vet 0 


Differentiating Eq. (i) wart, y, we get 
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1 dp 
or = »|% 
р | dy 
В зуу. 
ог (1 + 2ур?)р= – у(1+2р?у): -7 
dy 
dp йу с 
ог ЖУ где ругСер=— 
Р у РУ 
Substituting this in the Eq. (i), we get 
аре 
хеј C „ yoga ct 
22 2 


(iv) Clairaut's Equation 


The differential equation у = px + f(p) is known аз 
Clairaut's equation. The solution of equation of this type 
is given by y = x + f(c). 

Which is obtained by replacing p by c in the given 
equation. 


Remark 


Some equations can be reduced to Clairaut's form by suitable 
substitution. 


| Example 67 Solve y =рх+ 


Sol. Its solution is, y = cx + 


1 Example 68 solve + p? = tan (px - у). 
Sol. The given equation is 


ET = ап (px - y) 
ог px-y=tan" (1697) 
er y= px - tan! (Q1 p^) 


y-e-un (disc) 


1 Example 69 Solve y? log у =рху +p”. 


Its solution is, 


14у а 
L Let log y =t 19,2 
Sol, Let log y =t. Then ~ Gy 
dt Р 


= pihen ар 
у 


Substituting these іп the given equation, we have 
yisypxy*p'y or te pee p! 
Which is in Clairaut's form. 
Thus, the required solution is 
1 =сх + or Пору = <х +" 


(c being an arbitrary constant.) 


Ap 


plication of Differential 


Equations 


Differential Equation of First Order 
But not of First Degree 


1 


Ар 


“Тһе most general form of a first order and higher 


degree differential equation is 

pe P, p"! + Pa р" +... ФР, =0 where Py, Р. 
сла P, are function of x, y and p = dy/dx. If a Ist 
order any degree equation can be resolved into 
differential equation (involving p) of first degree and 
1st order, in such case we say that the equation із 
solvable for p. 

Let their solution be 

тілу а) X Ge У, са) X «X n Gn y Cn) 70. 
(where с, с; Син are arbitrary constant) we 
take с 2 „ = € because the differential 
equation of Ist order Ist degree contain only one 
arbitrary constant. So solution is 


gi (x, y, с) x gio y, €) x «x gu G6 yc) =O 


. The most general form of a first order and higher 


degree differential equation is 

p^ € P, p"! + P, p"? +... + P, 20, where Py, Pj. 
‚ P, are function of x, y and p = dy/dx. If 
differential equation is expressible in the form 

y = f(x, p) then 


Step 1 Differentiate мид. x, we get р 2- A= n £ ) 
іс r 


Step2 Solving this we obtain (x, p, c) =0. 
Step3 The solution of differential equation is 
obtained by eliminating p. 


lication of First Order 


Differential Equations 


Growth and Decay Problems 


Let N(t) denotes the amount of substance (or population) 
that is either growing or decaying. If we assume that 

dN (dt, the time rate of change of this amount of 
substance, is proportional to the amount of substance 
present, then 


Where k is the constant of proportionality. We are 
assuming that М(1) is a differentiable, hence continuous, 
function of time. 


lExample 70 Тһе population of a certain country is 
known to increase at a rate proportional to the 
number of people presently living in the country. If 
after two years the population has doubled and after 
three years the population is 20000, estimate the 
number of people initially living in the country. 
Sol. Let N denotes the number of people living in the country 
at any time t, and let М denote the number of people 
initially living in the country. Then, from Eq. (i) 


kN 20 


dt 
Which has the solution N = Се“ 2-0) 


Att =0, N = No; hence, it follows from Eq. (i) that 
No = Ce* or that C = No. 


Thus, 


N= ме“ 40) 


Att ==, М = 2N,. Substituting these values into Eq. (ii), we 
have 


2№ = Noe" from which = i In2=0347 


Substituting this value into Eq. (i) gives 
мм, ба ш) 
Att —3, М = 20000. Substituting these values into Eq. (iii), 
we obtain 
20000 = Nge 


1 Example 71 A certain radioactive material is known 
to decay at a rate proportional to the amount present. 
If initially there is 50 mg of the material present and 
after two hours it is observed that the material has 
lost 10% of its original mass, find (a) and expression 
for the mass of the material remaining at any time t, 
(b) the mass of the material after four hours, and (c) 
the time at which the material has decayed to one half 
of its initial mass. 

Sol (a) Let N denotes the amount of material present at time 

1. Then, from Eq. (i) 
aN м =o 
dt 
This differential equation is separable and linear, its 
solution is 
М=се“ 24) 
0, we are given that N = 50. Therefore, from 
50 = Се“) or С =50. 


Thus, 


Att =2, 10% of the original mass of 50 mg or 5 mg has 
decayed. Hence, at t = 2, М = 50 — 5 = 45. Substituting 
these values into Eq. (ii) and solving for К, we һауе 
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45-2507 or k=—In— 


‘Substituting this value into Eq. (ii), we obtain the 
amount of mass present at any time t as 


N = 50е 90537 4480) 
Where t is measured іп hours. 
(b) We require N at = 4. Substituting t = 4 into Eq, (iii) 
and then solving for N, we find N = 502. 2059) (#) 
(c) We require t when М = 50/2 = 25. Substituting М = 25 
into Eq, (iii) and solving for t, we find 25 = 50270055: 


or -шөзі- dal or t=13h 


1 Example 72 Five mice in a stable population of 500 


are intentionally infected with a contagious disease to 
test a theory of epidemic spread that postulates the 
rate of change in the infected population is 
proportional to the product of the number of mice who 
have the disease with the number that are disease. 
free. Assuming the theory is correct, how long will it 
take half the population to contract the disease? 


Sol. Let N(t) denotes the number of mice with the disease at 


time t. We are given that N(0) — 5, and it follows that 
500 — N(t) 15 the number of mice without the disease at. 
time t. The theory predicts that 
N 
dt 
Where k is a constant of proportionality. This equation is 
different from Eq. (i) because the rate of change is no longer 
proportional to just the number of mice who have the 
disease. Eq. (i) has the differential form 
НЕ ИЕН 
М(500- №) 


Which is separable. Using partial fraction decomposition, 
we have 


= KN (500 – М) 249 


-kdt =0 fii) 


1 n 1/500 
N(500 – N) N 
Hence, Eq. (ii) may be rewritten as 


= (4+—1 _)an-kar=0 
S00! М 500- № Y 


1/500 
500-М 


ил. 1 1 
It solution is — [| + - [kate 
solution is 2 Kasse) Рас 
1 
ог so; INI- 500 – ND) - kt = С 
Which may be rewritten аз 
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NE 480 
500-М 
But eC +) — „500 of Setting Сү = e, we can write Eq. 
(8) as 
C, (м) 


500 – № 


Att = 0, N =5. Substituting these values into Eq. (iv), we 
find 


4 ce = С, 


495 
So, C, = 1/99 and Eq. (iv) becomes 
М 1 „шн 
500-N 99° 9 


We could solve Eq. (v) for М, but this is not necessary. We 
seek a value of t when М = 250, one half the population. 
Substituting М = 250 into Eq. (v) and solving for £, we 
obtain 
1= 10909; 99 =so0kt 
99 


or t = 0.0091 /Е time units. Without additional 
information, we cannot obtain a numerical value for the 
constant of proportionality k or be more definitive about t. 


Geometrical Applications 
Let P(x, yi) be any point on the curve у = f(x), then 


) and 
22) 


slope of the tangent at P (= tan v) ( 


hence we find the following facts. 
(yn 


y-te) 


Fig. 42 


G) The equation of the tangent at Р is, 
у-у = D (x — xi) when it cuts x-axis, y =0. 


d 
~ x-intercept of the tangent = x, — y (5) 


4 
y-intercept of the tangent = у; — ха a 
(ii) The equation of normal at Pis, 


3 ” 
Ly, (к = xı) x and y-intercepts of 
УТУ 7 yid) у 


а; dx 
normal аге; xy * ys = and y; * xi E 


(iii) Length of tangent = PT =|у | 1 +(4х / ау) sa 
(iv) Length of normal = PN =| y: | 02у sae)? s, 


" ( dx ) 
[2 
dY ау) 


а; 
у ( 2) 
X / (ту) 


(vii) Length of radius vector = 4 * у: 


(v) Length of subtangent = ST 


(vi) Length of subnormal -5М = 


1 Example 73 Find the curve for which the area of the 


triangle formed by the x-axis tangent drawn at any 
point on the curve and radius vector of the point of 
tangency is constant equal to a^. 


Sol. Tangent drawn at any point (x, y) is 


үҮ-у-®(Хх-эх) 


When regrat- yE 
dy 


Area of A = 2" (given) 


ie. |е =? 
2 


+ The solution is х 


ay 2 
УС, љех=су+ 
=> > 


1 Example 74 Find the curve for which the intercept 
cut off by any tangent on y-axis is proportional to the 
square of the ordinate of the point of tangency. 

Sol. The equation of tangent at any point (x, y) is 


Ү-у= ®(х-х) 
dx 
When X =0:¥ =y- x = усен 


Itis givenY œ y?, ie. Y = ky? 


(k being constant of proportionality) 


> Х=кюх+с 

= x = kxy + Су 

> х-бу=юу ә ү. x 

= &,€., (where? = sana = С. 
х у k k 


1 Example 75 For any differential function y = f(x), 
2 з а 
the value Ша! 4 ) к is equal to 


dx dy 
tay әу % 


2 
TEAM х (d) None of these. 
dx "(y 
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E 
Sol. We know, =| 4* | „differentiating both the sides 
de^ dy 
T ae dy) “dy dy ) dx 
Ни? dy! dx 


E 1-2 
ay (ду || Оёх 
« 98 E 
Hence, (d) is the correct answer. 
| lution of y = x Ф + оу 
1 Ехатр е 76 The solution of y= x 4^ gg 
is 

@у=(х-1)? (b) ду 2 (ce ? 
(9-1 =4х (d) None of these. 


Sol. The given equation can be written as 
у=хр+р-р% where 2-2 d) 


Differentiating both the sides w.r.t. x, we get 
жїр dp _ pp dp 


РЕР ак ae 


Bex +1- ар) но 


7. Either 


E 


or x41-2p-0 ie, pen iii) 


Eliminating р between Eqs. (i) and (ii), we get 
у= Сх+с-с? 


As the complete solution and eliminating p between Eqs. (i) 
and (iii) 


(енор 


2 
іг, Ay =(х +1)? as the singular solution. 
Hence, (b) is the correct answer. 


1 Ехатрје 77 Тһе solution of 
(2) хуу зах =0,6 
(a) (y +x? –су(к нову + y? +С;)=0 
(b) (y + x? – Су (x -log y - c3) =0 
(oy +x? – Су) (x +log y –С;)=0 

(d) None of the above 
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Sol. The given equation can be written as 


P? + (2x y) p+ 2ay=owhere p = 2 

ie. (р+2х)(р+у)=0 
р +2х = 0 otherwise p +у=0 

= СЭРЭЭ Bryno 
dx dx 

> јеу +2 јас, ог [2 « fac - с, 

У 

> yt+x?=C, ог Ішду%х-С; 
(y*a*-c)-0 

or (x + log y-C,)=0 

= (у + x? – С) (x + log y -C:)=0 


is the required solution. 
Hence, (c) is the correct answer. 


I Example 78 А curve у = f(x) passes through the 
origin. Through any point (x, y) on the curve, lines are 
drawn parallel to the coordinate axes. If the curve 
divides the area formed by these lines and coordinate 
axes in the ratio m:n. Then the equation of curve is 

(a) y = cx" (b) my? = cx"/^ 

(Oy? = cx" (d) None of these 

Area of ОВРО =m 


Sol, 
Area of ОРАО n 
y 
2 х 
-Ѓ уф " 
= пору т => му =(т+1) уй 
fr o | 


Differentiating w.r.L x, we get 


Le 
afete) 


dy 
= d. 
nx dx my 
d 
ЭР п. _ dy integrating both the sides 
nx у 


y- em 


Hence, (a) is the correct answer. 


1 Example 79 The equation of the curve passing 
through the points (3a, a) (a > 0) in the form x = Ду) 
which satisfy the differential equation; 


"m 
) о] 


| (d) None of these 


Integrating both the sides, we get 


у + log| У а | ас 
2 “| уха| 
> = 
2 х 
> у+с= юз | = Ч) 
a 25932 ЕС! 
It passes through (За, а) 
> а+с= = log( 1 
2 * 3 
= –а + 2 log( 1 
2 Е 3 
= «(ағыз 
2 
у = 4251043) log| 5 
2 5 B| ута 
- aer- _а 
рат where ke 2(2+ 063) 
жау xt 
а те 


Ж Еды 
> emen IER wher tesog 
- 2 


Which is required equation of curve, 
Hence, (b) is the correct answer. 


1 Example 80 The family of curves, the subtangent at 
any point of which is the arithmetic mean of the 
coordinates of the point of tangency, is given by 


(@(х-у)* -су (90-9 =c 
oix- y)? -oy (d) None of these 
Sol. Let the family of curves be y = f(x) 


10р) 


в LP) 
ТР) 
1(subtangent) = 2 Is 
X LX *Y Given) 
y 2 
(22 
У ey 
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dx хау 


SE. у. „Ж à 
e de x+y фу £x 
It is a homogeneous differential equation. 
^ Рих-уу 
Differentiating w.r.t. у, we get 
a pay 27) 
Фу dy 


In Eq. (i) replacing жау Eq. (ii), we get 


dv _vy+y_1+v 
tyč ty іт 
dy y 


=log|y|+ log C, (C, >0) 


-2log| y – х | + 2108 | y| = log| у | + log С, 
> Jog | у – х = log | у | log C 
- log|y x|? = log| y| + log C, 
where log С = – log С, 
= log|y - x |? = log| УС| 


=(x – у)? = Cy, is the required equation of family of 
curves, 


Hence, (a) is the correct answer. 
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Exercise for Session 5 


~ 


~ 


> 


The equation of curve for which the normal at every point passes through a fixed point, is 
(a) a circle. (b) ап ellipse 
(c) a hyperbola (d) None of these 
If the tangent а! any point of a curve meets the axis of x in Т. Then the curve for which OP = PT, О being the 
origin is 
(a) x =Cy? 
(c) x =Cy orx =С/ у 
According to Newton's law, the rate of cooling is proportional to the difference between the temperature of the 
body and the temperature of the air. If the temperature of the air is 20°C and body cools for 20 min from 100°C 
to 60°C, then the time it will take for it temperature to drop to 30°C, is 
(а) 30 min (b) 40 min 
(c) 60 min (d) 80 min 
Let F(x, y) be a curve in the x-y plane having the property that distance from the origin of any tangent to the 
curve is equal to distance of point of contact from the y-axis. If f (12) =0, then all such possible curves are 

(b) x? – 5х 
(d) All of these. 


(b) x =Cy? or x =C/y? 
(d) None of these 


(а) x? + у? = 5х 
(с) x?y? = 5x 


Given the curves у = f(x) passing through the point (0, 1) and у = f". f(t) passing through the point 03 ) The 


tangents drawn to both the curves at the points with equal abscissae intersect on the x-axis. Then the curve 


y-f(x)is 

2 
(аб) = + + 1 oros% 
Ori) = 0% (d) F(x) = x -e* 
A curve passing through (1, 0) is such that the ratio of the square of the intercept cut by any tangent on the 
y-axis to the Sub-normal is equal to the ratio of the product of the Coordinates of the point of tangency to the 
product of square of the slope of the tangent and the subtangent at the same point, is given by 


(a) x =е2207* (ж-е 
ТЕ a (y o"* -1-0 


(дуге 
Consider a curve у =f(x)in xy-plane. The curve passes through (0, 0) and has the property that a segment of 
tangent drawn at any point P(x,/(x)) and the line y =3 gets bisected by the line x + y = 1 then the equation of 
curve, is 
(a)y? = 9(х-у) 
(с) (у+3)? = 9(1-х-у) 
Consider the curved mirror у = f(x) passing through (0, 6) having the property that all light rays emerging from 
origin, after getting reflected from the mirror becomes parallel to x-axis, then the equation of curve, is 

(b) y? = 4(1- x) ory? = 36(9- x) 
(d) None of these 


(b)(y-3* = 9(1- x- y) 
(9) (y 3) –9(1+ x + y) 


(а) y? = 4(x - y)ory? = 36(9+ x) 
(с) y? = 4(1+ x)or y? = 36(9- x) 


JEE Type Solved Examples : 
Single Option Correct Type Questions 
9 Ex. 1 The order of the differential equation of family of 
curves y = C, sin 'х + С, cos"! х+Су tan x + Су cot x 
(where Cy, C2, C and C, are arbitrary constants) is 

(a) 2 (ыз 

(94 (d) None of these. 
Sol. Here, y = Cisin x + С, cos! x + C, tan! x + C cot x 


—y Gin xe of Bsn *) РРА Е x) 


= (©, - Суви x + (C, — Сума" x + (C, - C, ЈЕ 
There are only two independent arbitrary constant order of the 
differential equation is 2. 
Hence, (с) is the correct answer. 


9 Ex. 2 The solution of the differential equation 
ть 
dx xy(x? siny? +1) 


E 
(a) х (cosy? — siny? – 2ce У 


(b) y Ginx* = cosy! = 267^) e 2 
(с) x (cosy? — siny? — 277) = ас 
(d) None of the above 


Sol. Here, ® = xy(x*siny? +1) 
dy 
1 dx 
25 ey =учпу? 
i pay EL МЕ 
Б E жау dy 
E LAT d 
dy 


So, required solution is 


te” = fay siny? хе“ dy= (епу? - сову) + C 


2 
=> 2t = (пу? – cosy") + 2C e” 


= 2- - x (siny! - cosy! 2e? ) 


> x'(cosy" – siny? -2ас”” 


9 Ex. 3 The curve satisfying the differential equation 
E 

dy _ YOAV") and passing through (4, — 2) is 

dx х(у?- х) 

у= -2х 

(d) None of these. 
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Sol. Here, (ху? - x*)dy e (xy + у" у 
— уу - ydo) - ходу + уік-0) 


= ЕЕ) = xd(xy)=0 
х 

dividing by х7у?, we get. 

E 

> 


It passes through (4, —2) 
= £ 
8 


2x is required curve. 


9 Ex. 4 Spherical rain drop evaporates at a rate propor- 
tional to its surface area. The differential equation corre- 
sponding to the rate of change of the radius of the rain drop, 
if the constant of proportionality is К >0, is 


Sol. 9 


44) 


Therefore, 


Hence, (a) is the correct answer, 


9 Ex. 5. A functiony = f(x) satisfies the differential equa- 
tionf(x)- sin 2x — cos x +(1+ sin? x) f*(x) 20 with initial 


condition y (0) =0. The value of f(1/6) is equal to 
(а)1/5 (b) 3/5 
(045 (925 


Sol. у яаах – cosx + (1 + sin? x) % =0 where у = f(x) 
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ЭРЭ 
me pM 


=1 + sin* x (by putting 1 + sin" x =t) 
y (1 sin*x) = f cosx dx 


y *sin'x)-sinx + Су(0)=0= C=0 


Therefore, 


Hence, (d) is the correct answer. 


ч Ех. 6 The general solution of the differential equation 
ly 1-x 


is a family of curves which looks most like which 


ој the following? 


Sol. ] уйу = fa = х) dx 
2 2 
У =х- ес 
2 2 
х®+у*-2х=С 
(x-1) +y’=C+1=C 
Hence, (b) is the correct answer. 
Remark 


Family of concentric circles with (1, 0) as the centre and 
variable radius. 


© Ex. 7 Water is drained from a vertical cylindrical tank 
by opening a valve at the base of the tank. It is known that 
the rate at which the water level drops is proportional to the 
square root of water depth y, where the constant of propor- 
tionality k >0 depends on the acceleration due to gravity and 
the geometry of the hole. Ift is measured in minutes and 


k=—, then the time to drain the tank, if the water is 4 m 


15 
deep to start with is 
(а) 30 тіп (5) 45 тіп 


(0) 60 min (9) 80 тіп 


sol. 9 =- Ky when t=0;y=4 


ГЕЧЕ 


[2777 = 


0-4--2 
15 
> 1 = бо min 


Hence, (c) is the correct answer. 


© Ex. 8 Number of straight lines which satisfy the differ- 
2 


d 4 у 
ential equation ^ * «(2 -y-0is 
Q1 (2 ©з (d)4 
dy 
= Ук 
Sol. ycke b 
= kee + bak + xk? => k=Kandb=k 


k=0 or k=1 


Hence, (b) is the correct answer. 


9 Ex. 9 Consider the two statements : 
Statement I y = sin kt satisfy the differential equation 
y" +9у =0. 
Statement И у 
у” жу” -бу =0. 
The value of k for which both the statements are correct is 
@)-3 о (92 (93 
Sol. Statement I у —sinkt, y = К cos kt; у” = — K^sinkt 


e"! satisfy the differential equation 


—K'sinkt + 9 sinkt = 0 
sinkt[9-K*]=0 => k=0,k=3, 


Statement П улс уе y" = 
Ke + ke — ве“ =0 


eik + k-6]20 
(k+3)(k-2)=0 
k=-3 or 2 


Common value is k = —3. 
Hence, (a) is the correct answer. 


ө Ex. 10 у= T (where c is an arbitrary constant) is 
the general solution of the differential equation 

dy у, х 

pe у]. then the function 45 is 


a 
2) EI (b) 


Je x 
(©) E (d) T 


Sol. Inc + Injxj=~ 
У 


Differentiating wart. x, 


Hence, (d) is the correct answer, 


© Ех. 11 / [Ý y(t) dt =x? +y(x), then y as a function of 


xis 


@у=2-(2+а%)е 3 
rg 
(©у=2-(1+а®%уе 2 


@у=1-(2+а?)е 


(d) None of these 
Sol. Differentiating both the sides, we get 
xy (x) 22x - y'(x) 


dy 


Hence, Z- xy =-2 
ж 957% 


сас 


Ifx=a = а+у=0 = у--а (from the given equation) 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


ә Ex. 13 Acurvey = f(x) has the property that the 

perpendicular distance of the origin from the normal at any 

point P of the curve is equal to the distance of the point P 

from the x-axis. Then the differential equation of the curve 
(a) is homogeneous 


(b) can be converted into linear differential equation with 
some suitable substitution 


(c) is the family of circles touching the x-axis at the origin 
(d) the family of circles touching the y-axis at the origin 
Sol. Equation of normal 
Y-ye-l(x-3 => -ту+ту=х-х 
Xemy-(*my-o " 


Р. y) 


XA MY) у => х*+2хут=у* 
lem 


Perpendicular from (0, 0) = 


5222 
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=24 Cet; Се! 


Hence, - -Q а) 
с=-@+а%уе Tiy=2-(2+a?)e 5 


Hence, (а) is the correct answer. 


deter- 


= 
ә Ех. 12 The differential equation 2 ua cy 
ай у 
mines a family of circles with 
(a) variable га. ind a fixed centre at (0, 1) 
(b) variable radii and fixed centre at (0, —1) 
(c) fixed radius 1 and variable centres along the x-axis 
(d) fixed radius 1 and variable centres along the y-axis 


ТИТ JEE 2007] 


= с+сјљфу 


Therefore, the differential equation represents а circle of fixed. 


radius 1 and variable centres along the x-axis. Hence, (c) is the 
correct answer. 


— homogeneous 


dt 


1 
de z T Which is linear differential equation. 


Hence, (а), (5) and (d) are the correct answers. 


© Ex. 14 А differentiable function satisfies 
f= Ї (6) соз! — cos (t — x)} dt. Which is of the follow- 
ing hold good? 

(а) f(x) has a minimum value 1-е 

(b) f(x) has a maximum value 1— е^! 


СЕЈ 


Sol. f(x) = 


(9 700) =т 


к) cost = cos(t – x)) dx 


MIO) cost dt — ficos- 9 «| хоё Їлв-х) “| 
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Год = [/f( cos t dt -sinx 


Differentiating both the sides, we get 
f'(x) = f(x) cosx- cosx 


d) 
Let =у;/'(х)= 7 
Јо) => Гб) 
© _y сову == сх (LDE) 
ELT 


Therefore, y-e*^* = — [е^%®* cosx dx; 


ye aCe ey сойх +1 
Ifx=0; у= (from the given relation) 
= с 4 
Therefore, — f(x) 


Now, minimum value 
Maximum value = 1 — 
(x) 
Therefore, — f'(0) 
Г” = 


i 


Hence, (a), (b) and (c) are the correct answers. 


(when x = 1/2) 
(when x=- л/2) 


[сове ебе 6995 in x] 


ө Ех. 15 ш +y = Дә) where y is a continuous func- 
m 
tion of x with y(0) =1 апа f(x) 1 e 
е 
is of the following hold(s) good? 


(а) у(1) = 26 (Бут) 
(Юу(з)--267 (d) уз; 
Sol. Эуе) or 


ye = fe fix) de+ C 


Now, if0 < x <2, then yet = |е ехахас 


= ус =х+С 
2220 


у= 
As y is continuous, 


Hence, (a), (b) and (d) are the correct answers. 


ө Ex. 16 А сигу = f(x) passes through (1, 1) and 
tangent at P(x, y) cuts the x-axis and y-axis at А and B 
respectively such that BP: AP —3:1, then [IT JEE 2006] 


(8) equation of curve is ху”  3y =0 
(b) normal at (1, 1) is +Зу = 4 
(©) curve passes through Е 2 
(d) equation of curve is ху” + Зу =0 
Sol. Equation of the tangent to the curve y = f(x) at (x, y) is 
Y-y- > (х-х) 


= logy --3logx- logC 
g 
= == 
уза 


+: Curve passes through (1,1): С=1 
2 Curve is x'y = 1 which also passes through (2 8 А 
Hence, (c) and (d) are the correct answers. қ 
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JEE Type Solved Examples : 
Statement I and II Type Questions 


ә Ех. 17 Leta solution y = y(x) of the differential equa- Integration yields, f de 
ШӘП 
tion xfx? 1 dy -y у? —1 dx =0 satisfy y(2) =>. m 
48 = г ety tC 
5 z) | 5 вес (2) = вест (273) + С 


Statement | уд =see[ sec x-E|. 
6 


Statement Il y(x) is given Бу 2 = 23 — 
y x 


(а) Statement I 15 true, Statement II is also true; Statement 
1118 the correct explanation of Statement І. 


(b) Statement 1 is true, Statement II is also true; Statement 
II is not the correct explanation of Statement 1. 

(c) Statement I is true, Statement II is false. 

(d) Statement I is false, Statement Il is true. 


Sol. хх? -1dy -y Jy! -1dx-0 


Which can be rewritten as — = — 2 " M a 
EB урут lence, (c) is the correct answer. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage Sol. (Q. Nos. 18 to 20) 
(Q. Nos. 18 to 20) ay (os | 
А curve у = f (x)satisfies the differential equation de ТЕТІ 


(1+? э + 2ух = 4х? and passes through the origin. 


18 The function у = f(x) оние NY 
(a) is strictly increasing, V x € R 
(b) is such that it has a minima but no maxima 
(c) is such that it has а maxima but no minima Passing through (0, 0) C = 0 


уй +х)= [at ce Sec 


(d) has no inflection point > 
19 The area enclosed by у = f '(x), the x-axis and the ^ ШЕГЕРУ) 
ordinate at x = 2/3 is € 
()202 (m2 (92m2  (lm2 2-1 аху | 
: > E : 4|зхїжх ЕС +27) 
20 For the function у = f(x) which one of the following = | 5 | Serie 


does not hold good? 
(a) f(x) is a rational function 
(b) f(x) has the same domain and same rage and it does not change sign => x = 0 is the point of inflection 


(c) f(x) is a transcendental function y = f(x) is increasing for all x € R. 
(d) y = f(x) is a bijective mapping 


Неше, P sov xao ох то 
dr de 
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Xe yey xy yon 

31. x? 

(Л 

Put 1%хі-і => 2xdx-dt 

23 да2-2(8-316 
gh 1 


-$te- 2-1 


Area enclosed by y = f(x), x-axis and ordinate at x 34 ЕСЕ 2 p- шаі 22 
3 


JEE Type Solved Examples : 
Single Integer Answer Type Questions. 


ө Ex. 21 Lety = f(x) be a curve passing through (4, 3) 
such that slope of normal at any point lying in the first 
quadrant is negative and the normal and tangent at any 
point P cuts the Y-axis at A and B respectively such that the 
mid-point of AB is origin, then the number of solutions of 


y = f(x) andy =$ |х|| is 

Sol. Equation of tangent at any point (x, уп) of curve y = f(x) is 
rad for ue Bc PIRE ^ number of solutions for y = f(x) and y =15 —|х]| 
Equation of normal at (x, уп) is (y, yi) = —7 (%, xi) so, 7 number of solutions аге 2. 


Fa 1) 
л (хэн Te Зу mt tn of AB is origin, so ө Ех. 22 А real valued function, f(x), Қы >R 


n-ae- ТОГ 


Thus differential equation of curve y = f(x), is 


satisfies the differential equation xf (x)-1-- f (x)(x? д?) 


Sol. Неге, xf'(x)=1 + x*f*()- f(x) 


«| 4у i 
42 -2y -х=0 = ху) + fü). 
dx. dx 1 xf) 1 
Да dy уау xP + у? Integrating both sides 
> dx x [ees fes _ 
In frst quadrant, хэ 0, y > 0, Z > 0, 1+ (x f(x)? 
e > Gf) see Gas (3) 23. 
" тозы Ға uus ax 
х ЕЕ 
de vet xev > ин 
> vt xe N = с-о 
dx x 
А сенер хх) = tanx 
TE = да ns 
a 
on solving we get. уе2--1 


and lim f(x) = lim 22% = 1 
E сон" 
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© Ex. 23 Ifthe area bounded byy = f(x), x = IX > z 
жекен ийнине A уе age 
ES CU x! seem | | <1,Твел the value of[ 4A] is (мһеге(:) 
is D = УИ oin х + Cas f(0) - 0-9 C =0 
2152) : Ри b 
Sol. Here, pr nin E y dez 
=1+ 209) Ва sin x ор, | 
de ГЕ qexec [га = 
=> отв ро) Дх] 
= 01-х) f(x) =1 + xf(x) 5 44]=1 


9 Ех. 24 For a certain curve y = f(x) satisfying ә Ex. 25 If (x) isa differentiable d. | function 
б isfying 6 (х) +2 ф(х) $1, prove that ф(х) — isa 
ФУ 6х4 f(x) has а local minimum value 5 when x satisfying (x) +2 (x) S1 pt “4-; 
dx non-increasing function of x. 
Find the equation of the curve and also the global maximum ој, Ф) 249) 51 
and global тетип values of f(x) given thatü < x «2. E la) +2 ola) set 
МИ. 4 
Sol. Integrating, T% = 6x = & we get = x axe С P (иода о 
=e («о - B is a non-increasing function of x. 
4) ” 
Непсе, = (i) = Ox) 1 is a non-increasing function of x. 
Integrating, we get. 
yox -2x + х + С, whenx-Ly-5 ә Ex. 26 Determine all curve for which the ratios of the 
so that, =5 length of the segment intercepted by any tangent on the 
Thus, we have yer 2х +х+5 y-axis to the length of the radius vector is a constant. 


Sol. Let y = f(x) be the equation of the required curve. 


Form Eq. (i), we get the critical points == 


4 

At the critical point x =, p is (-ve). Әкені kie cani] 

Therefore, at x = $ у Баз a local maximum. T dy Pk zem 
dr x х 


9 
At E is(+ ve). 


Lety ave theny + х шу k ТЭ 
Therefore, at х = 1, y has a local minimum. 


E Ф mt k integrating we get 
Also, Лоза и ово ЕН 
Doi 
E 15) UL = КЕТЕ 
о) =5, А2) =7 > ов аас 
Hence, the global maximum value = 7, the global minimum. ж 
value =5. 


Which are the equations of the required curves. 
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© Ex. 27 Letu(x) andv(x) satisfy the differential equa- 
Е. 
tions t + pix) u= f(x) 223 + p(x) v = g(x), where 


р(х), f(x) and g(x) are continuous functions. 
Ifu (хл) >v (x) for some x, and f(x) > g(x), for all x > xy, 
prove that any point (x, y), where x > ху, does not satisfy the 
equation у = u(x) and y - v(x). ТИТ ЈЕЕ 1997] 
Sol. Given that 

LE pix) и = f(x) and ze ГОЛЖ 


Subtracting, we get 


а 
іне + Ax) (и = у) = Л) a(x) 
Multiplying by «Р 2”, we get 
dri LUTY y u-v), gg) dtm 
= (Fle) = ao) Pr 
e Euv eby- go е 


Since, exponential function takes only positive values and 
fx) > g(x) for ай x > x, RHS is + ve; x> x, 
i Ku - v) аг 


m (и - v) +l is increasing function. 


Hence, е? = 9x), then for x > x, 

Wehave, _ (ux) - х) $ (x) > fai) = Y) 69) 

ies ari s BED А0 oe) > л 

Thus, wx)» vx) V х> x 

ie. ux) v(x), Y x> Xi 

Hence, no point (x, у) such that x > x, can satisfy the equations 

y = u(x)and y = x). 
e Ex. 28 А normal is drawn at a point P(x, y) of a curve. It 
meets the x-axis at Q. If PQ is of constant length k, then 
show that the differential equation describing such curves is, 


ind the equation of such a curve pass- 


[UT JEE 1994] 


ing through (0, k). 
Sol. Let y = f(x) be the curve such that the normal at P(x, y) to this 


curve meets x-axis at Q. Then, 
РО = length of the normal at P 


n dy Y 
is (2) 


But PQ=k 


Integrating both the sides, we get 
y! = + x + C, since it passes through (0, k) — C = 0, 


-4e-y-ix 


> x? + y! =k?, is required equation of the curve. 


© Ex. 29 A curve passing through the point (1, 1) has the 

property that the perpendicular distance of the normal at 

any point P on the curve from the origin is equal to the 

distance of P from x-axis. Determine the equation of the 

curve. ТТ JEE 1999) 

Sol. Let P (x, y) be any point on the curve y = f(x). Then, the 
equation of the normal at P is, 


1 
Orga 
or xev (у х) к. 


Tt is given that distance of Eq. (i) from origin = Distance from 
axis (i.e. y) 


$ 


ог 


which is homogeneous differential equation and we сап solve 
by homogencous or by total differential. 
Here, using total differential, 


E 
4 

= (=)--« 
х 


> ахас К) 
х 


И passes through (1, 1) => С «2 
à 
аьзо аса 
= Зуй нах 


ыы x! y! -2х = 0 ls required equation af curve- 


9 Ex. 30 А country has a food deficit of 10%. Its population 
grows continuously at a rate of 3% per year. Its annual food 
production every year is 4% more than that of the last year. 
Assuming that the average food requirement per person 
remains constant, prove that the country will become 
self-sufficient in food after n years, wheren is the smallest 
integer bigger than or equal to 108 10-1089 рр ур 2000) 
(log, 1.04) – 0.03 


Sol. Let Р, be the initial population, 0) be its initial food produc- 
tion, 
Let P be the population of the country in year t and Q be its 
food production in year t. Шана 
= ЯР „Зе ар 
a 100 р 
Integrating, we get 


-8-ар 
100 
log P= tac 

100 


Att 0 we have P = Ry 
E 


> 


i) 


It is given that the annual food production every year is 4% 
more than that of last year. 


РЕТ 
-0(1-4- 
- e-a(1« d] 
Let the average consumption per person be k units. 
50 
тар, = 09 кв, 
= % ( 100 ) 5 


Q= 09 ЕР, (1.04) 

This gives quantity of food available in year ¢. The population 
in year tis, 

P= Redo! 

m 


[from Eq. ()] 
^. Consumption in year, t = КВ“ Eo 


The country will be self sufficient, if 


QzP 

- 0.9K в, (104) 2 кб 
9 му 2,099 
— (1.04) 2e 

> no 

= (1.04) £993! аш 


= —— Пор(14)-093121о (2) 


> t flog (1.04) - 0.03) 2 log (2) 


log 10— log 9 
Tog (1.04) - 0.03 


> 


Thus, the least number of year in which country becomes self 
sufficient. 

log 10- log 9 
log (1.04) = 0.03 


= m 
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э Ех. 31 A right circular cone with radius R and height H 
contains a liquid which evaporates at a rate proportional to 
its surface area in contact with air (proportionality constant 
=k>0), find the time after which the cone is empty. 
ШТ JEE 2003] 
Sol. Let the semi-vertical angle of the cone be Ө and let the height 
of the liquid at time '' be ‘A’ from the vertex V and radius of 
the liquid cone be r. Let V be the volume at time t. Then, 


г 
“stan O= Я 
= ( ћ 
Let S be the surface area of the liquid in contact with air at те t. 
Then, 5шле 
dV 
> 52-25 
23 


KS, kis constant of proportionality. 


ке БЕНЕН 
(in мэн knr’ 


= ar cot 6 = = knr? = cot Bdr c - k de 


On integrating, we get cot 0 [ dr =—k |М а 


= Reot 8 
= T 


KT, where T is required time. 
Ik (as tan 8= R/ Н) 


9 Ех. 32 Solve the equation 
х| удха [ ty(t dt, x>0. 
Sol. Differentiating the equation wart. x, we get 
зубу 1: "ди +1) хуб) + ШАТ 
ie [xmas ys Года 
Again, differentiating w.r.t. x, we get 


у(х) = х? у(х) + 2ху(х) + ху(х) 
ie. (1=3x) yx) = БИЛЛ 
ж 
ie (аза) de а) 
х Уб) 


Integrating, we get у = С еи 
x 
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ә Ex. 33 (у, y2) are two solutions of the differential 


equation 


4 

қау = Q(x) 
је 

Then prove that y = y, +С (у, 


—ya) is the general solution 


of the equation where C is any constant. For what relation 


between the constant ct, В will the linear combination 
ау, «Ву; also be a solution. 


Sol. As y, y; are the solutions of the differential equation; 


d; 

Et Ply = Oa) 

dy, 

Be + Po) = 009 

а; 

and Trt PO) ya = Qu) 

From Bas (and i (Z – ЗЕТЕ -»)-0 
dO у) + 20) у –у) -0 


From Eqs. (i) and Gi), Dy =y) + Ро) 


= tv- у) 
From Eqs. (iv) and [x 
y) ^75 


Žo- 


4 
= 2 vn) E 2 
y-» »-» 

Integrating both the sides, we get 


log (у – y1) = log — y2) 
уу + COn уз) 
Мом у = ... Буг will be a solutions, if 


ien + Вуз) + P(x) (аза + Вуз) = Ох) 
ог «(2 + P(x) ») ЕЗ + тд») =Qx) 


or a Ax) + B Ax) = Ax) 
y (а: + B) Ax) = Ax) 
Hence, (31:53! 


© Ех. 34 Find a pair ој curves such that 


(a) the tangents drawn at points with equal abscissae 


intersect on the y-axis. 


(6) the normal drawn at points with equal abscissae 


intersect on x-axis. 


(c) one curve passes through (1, 1) and other passes 


through (2, 3). 


туд-0 


EO 
di) 
E 


iv) 


7] 


[using Eqs. (i) and 00) 


Sol. Let the curve be у = f(x) and у = f,(x) equation of tangents 


with equal abscissa, x are 

(у - Лед) = f AG) – x) 
and Y - falx) = f GY(X - x) 
These tangent intersect at y-axis, 


mi =x fl) + Ло) =-х fx) + fila) 
> Ло) - Ах) = x ( '(х)- 770) 
Integrating both the sides, we get 
= In| f(x) - fale) | = In] x| + C 
= A- fix) = £6 x 
Now, equations of normal with өші abscissa x, are 
у-Мд-- тас Ра“ “> 
and ол) 
Аз these normal intersect оп the x-axis, 
x file) f AG) = х + ЛО) f ^0 
ж Ло) fi (x) = FAX) fa (х) Integrating 
= го-о) = С 
e ан 
=> fix) fied ros 66 Fie) EZ + 


[using Eq. ()] 


From Eqs. (i) and (ii), we get 


afi es (3 x јаје) = s( de 

x x 

We have, fiay= and f,(2)=3 

= Мд-2-х ma Мд-2жх 
х x 


5) 


Ai) 


Ail) 


9 Ex. 35 Given two curves y = f(x) passing through (0, 1) 
andy - p F(t) dt passing through (0, | n). The tangents 


drawn to both the curves at the points with equal abscissae 


intersect on the x-axis find the curve у = f(x). 
Sol. Equation of the tangent to the curve; у = f(x) is 
Q-y-f'G)Xx-») 


Equation of tangent to the curve g(x) = y, = І * f()dris 


(Ү-у)=к'(х)(Х 


=[(х)(Х-х) 


Given that tangent with equal abscissas intersect on the x-axis. 


ә x- 

ni ey = fool 

5 fi) f'&) _ x. Lw 
кю Дх) 

> = дх)-Сё 

- g(x) =kCe = Дх)-ксё 


(x) passes through 
(1/n) әС= 1 kan 
л 


= Јо) =“ 


(x) passes through (0,1) => КС =1 


© Ех. 36 A normal is drawn at a point P(x, y) of a curve. It 


meets the x-axis and the y-axis in point A and B, respec- 
tively, such that +. 

OA 08 
equation of such а curve passing through (5, 4). 


Sol. The equation of the normal at (x, y) is 


where О is the origin, find the 


«-ә+ет-›)® 


= x 
dy 
х+у® 
uu 
> ОА =х + у 59 ов 
Llais 
" ОА ово ах 


“ 
= (9-02 +(«-1)=0 
Integrating, we get 
(y-0 «(x-1)'-c 
Since, the curve passes through (5, 4), C «25. 
Hence, the curve is (x — 1)? + (у – 1) 225. 


© Ex. 37 A line is drawn from a point P (x, у) on curve 
у = f(x), making an angle with the x-axis which is supple- 
mentary to the one made by the tangent to the curve а! 
P(x, y). The line meets the x-axis at A. Another line perpen- 
dicular to the first, is drawn from P(x, у) meeting the y-axis 
at B. If OA = OB, where O is origin, find all curve which 
passes through (1, 1). 
Sol. The equation of the line through P(x, y) making an angle 
with the x-axis which is supplementary to the angle made by 
the tangent at P(x, y) 2 
у н 
CS EO 


Y- 


where it meets the x-axis. 


Y=0 Х=х+ = од=х у E 
Фу 


dyldx 
The line through P (x, y) and perpendicular to Eq, (i) is 


dx 
Taye i 


where it meets the y-axis. 


308) 


х-оү-у-х э Ов- 
dy 


Since, OA = OB. 


E х+у®=у-х® 
2 y 


ог 679-6 әш 
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or 


- 
E 

=> log (1 + 2v — У") + log x = С, 
= x!e2xy - y'2C 


where С, = log УС 

Since, curve passes through (1, 1) >С =2 
2. Required curve, x! -y! e 2xy =2 

ә Ex. 38 The tangent and a normal to a curve at any point 
P meet the x and y axes at A, B, C and D respectively. Find 
the equation of the curve passing through (1, 0) if the centre. 
of circle through О, C, P and B lies on the line y = x (where О 
is origin). 

Sol. Let P (x y) be a point on the curve, 


ы m 
2 


2) 
в=[ my 
(о Хак 


Circle passing through О, C, P and В has its centre at 
mid-point of BC. 


Let the centre of the circle be (о, f). 


dy dy 
and since B = БА 
ау-х ахау 


= dy y-x 
dy ytx 
Let 1555) 
de ty 
ley 
> и =- ft 
vel x 
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Integrating both the sides, we get 
ity dx 
ie =f 
peru 
НЭЭ dv dx 
E Е dv == 
iu Ген х 
E НОМОО 


= log (у + 1) x] + tan 
= log (х + y! + ап У--с 
x 


Asx=landy = 0, 
log 1+ tan’ 0=C=C=0 


=- Required curve, (og ХҮ Уй eta [ 7- )=0 
х 


с 


© Ex. 39 |f f(x) be a positive, continuous and differentia- 
ble on the interval(a, b). f lim, f(x) =1 and 


1 

: сан наада аң 
Im. 10) =3 . Also, f(x) 2 f *(х) 700 еп. 

()-агл/4 (bb-a&sn/4 

(95-а<л/24 (d) None of these 
Sol. Since, 

Fa) = fx) + A 
ә fei ft 
20 м, 
1+ Ға) 


On integrating w.r.t. ‘x’ from x =a to x = b. 


gan! (Г Қау = 6 в) 


т 0-5 ша ба ЧА) im art кој) 


ог (6-а) <п/24 


Hence, (c) is the correct answer. 


1 


If the differential equation of the family of curve given 
by у = Ах + Be®*, where A and Bare arbitrary 
constants, is of the form 


а [4 
(а-а) (2+ рх + v) =0, then the ordered 


pair (k, I) is 
(9), -2) (2,2) 
(0 2,2) (c2. -2) 


ы 


. A curve passes through the point 0 B and its slope at 


any point is given by 2 — «e(2. Then, the curve has 
x x 

the equation 

(b) y = xtan™ (12) 


Фу (d) None of these 

3. The x-intercept of the tangent to a curve is equal to the 
ordinate of the point of contact. The equation of the 
curve through the point (1, 1) is 


(b) xe” =e 


(a) ye 
А E 
(Qxe* =e Qe =e 


4. A function у = f(x) satisfies the condition 
f (x)sin x f(x) cos x = 1, f(x) being bounded when 


холе = | f(x)dx, then 
Rook хорол 

Giu ®т<1< 5 

өвөг (40<1<1 


5. A curve is such that the area of the region bounded by 
the coordinate axes, the curve and the ordinate of any 
point on it is equal to the cube of that ordinate. The 
curve represents 
(8) a pair of straight lines 
(c) а parabola 


(b) a circle 
(d) an ellipse 


6. The value of the constant ‘т’ and ‘с’ for which 
у = тх + c is а solution of the differential equation 
Dy -3Dy - Ay =~ Ax. 
(a) іѕт = – 1;с = 3/4 
(c) no such real т, с 


(Міте-це--3/4 
(d) ism 


fi 


1 


Differential Equations Exercise 1 : 
Single Op on Correct Type Questions 


7, The real value of m for which the substitution, 
у= и" will transform the differential equation, 


2x*y 2 +у* = ах into a homogeneous equation is 
x 


(b) m=1 
(4) No value of m 


(дт-о 
(с)т=з/2 


The solution of the differential equation, 
dy 


= 


1 1 
x12 cos - ysin 2-1. 
x 


x 


where у — -1as x => ois 


+1 
(Әу =] -cost = 
ж ж xsin— 
x 
+1 
(y ein + cost (у= 
= * xcos — 


A wet porous substance in the open air loses its 
moisture at a rate proportional to the moisture content. 
Ifa sheet hung in the wind loses half its moisture during 
the first hour, then the time when it would have lost 
99.9% of its moisture is (weather conditions remaining 
same) 

(a) more than 100 h 

(b) more than 10 h 

(©) approximately 10 h 

(d) approximately 9 h 


0. А curve C passes through origin and has the 
property that at each point (x, y) on it, the normal line at 
that point passes through (1, 0). The equation of a 
common tangent to the curve C and the parabola 
y! =4xis 


(a) (Бу=о 
(Фуехал (х+у+1=0 
1. А function у = f(x) satisfies 
2 


(x41) fG) X6 +х) fie vx i. 
(х +1) 


If f(0) = 5 then f(x)is 
3x45 
(225). 
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12. The curve, with the property that the projection of the 
ordinate on the normal is constant and has a length. 
equal to “ 


(@) хауа + уј=С 
(уха а -y-c 

«6-а 
(d) ay = tan! (x + C) 


х 


13. The differential equation corresponding to the family оГ 
curves y = e" (ах + b)is 


Фу | y dy a 
по ауто [D 
d'y d 


d'y „d 
+= I a ya 
On сты. Gir ЖШ 


14. Тһе equation to the orthogonal trajectories of the 
system of parabolas у = ах? is 


жы? 
ы ШЕТ 


15. A function f(x) satisfying | f(tx)dt = n f(x), where 
x>0,is 


W faca 


()f()- Cx 


3 
(у Ла) = с: @ f) e cx 


19. The differential equation x 2 + 5 
de 


Ф) is of degree 2 
(d) is non-linear 


(a) is of order 1 

(c) is linear. 
20. The function f(x) satisfying the equation 

ууж 4а) Го +f CO =. 

(а) fx) РРА 

(9 ft) e cett» 

(e) fo) = ce 

@ ft) e cet?» 

where C is an arbitrary constant. 


16. The substitution y — z^ transforms the differential 
equation (x? y* — 1) dy +2ху' dx = 0 into a homogeneous 
differential equation for 


(o 
(d) No value of o 


17. A curve passing through (2, 3) and satisfying the 
differential equation Ї ty(t) dt = х'убод(х > 0)is 


Цэ 
Фу = 


(а) x? + у =13 


(0 xy =6 


18. Which one of the following curves represents the 
solution of the initial value problem Dy = 100 – у, where 
y(0)- 50 


(b) 
q-N xx 5 +x 
7 У 
100) 100) 


Differential Equations Exercise 2: 
More than One Option Correct Type Questions 


21. Which of the following pair(s) is/are orthogonal? 
(a) 16x? + y? = Cand у" = kx 

(b) y =x + Ce" and x + 

2 


yt ke? 
(e) y = Cx? and х? + ay 
(d) x? - y? =Cand xy =k 


22. Family of curves whose tangent at a point with its 
intersection with the curve xy = c? form an angle of =is 
(a) y! -2xy -x* =k " 
(уз + 20у - x? = 
(ју = х- зала“ (2) +k 


23. The general solution of the differential equation, 
4 хээ)» 
@фу=хе © 

(уусах! 

Өу-есе 

фу = xe 

where С із an arbitrary constant. 


24. Which of the following equation(s) is/are linear? 
(a) ЗУ Poms 
de x 


су (82) ао 
(дах +dy=0 


2 
(4) E = совх 


25. The equation of the curve passing through (3, 4) and 
satisfying the differential equation, 


Фү Фу 
ЗУ -у - х=о 
Л ) +(х-у) х 


can be 
@)х-у+1=0 
(xy 

(с)х + y! -5x-1020 
(@х+у-7=0 


26. Identify the statement(s) which is/are true? 
теуі + tan? is homogeneous of degree zero. 
(à) fx y) =e" + tan? is homog. 
a 
slog 7 dx + J-sin^! 7 dy = 0 is homogeneous 
0) x-log © ёр елер: 
differential equation. 
(9 оу) = x! + sinx cosy is not homogeneous. 


(0) (x? + у?) dx = (y — у") dy = 015 a homogeneous 
differential equation. 
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27. The graph of the function y = f(x) passing through the 
р! У ig throug! 
point (0, — 1) and satisfying the differential equation 
EY | y cos x = cos xis such that 
dx 
(a) itis a constant function 
(b) it is periodic. 
(6) itis neither an even nor an odd function. 
(d) it is continuous and differentiable for all x 


28. 


А function y = f(x) satisfying the differential equation 


ЭР 
Ф gin x - ycos Л Х 
dx x 


=0 
is such that, у 0а x — ге, then the statement which is 
correct? 

ar: 
@) im, f) =1 wf * f(x) dx is less шат 
© fono dx is greater than unity 


(d) f(x) is an odd function. 
29. 


Identify the statement(s) which is/are true? 


di 
(8) The order of differential equation (1 + 13 =xis1. 


(b) Solution of the differential equation 


curves y = e (Acosx + Bsinx). 


(d) The solution of differential equation 


(1 y) (x - ze v) 6 ов xe Уй уу, 
dx 
30. Let y = (A + Bx) e* is a solution of the differential 


a 
equation 2^. +m 224 ny 6 mne I, then 
dx? а 


()т- 
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Directions 
(Q. Nos. 31 to 40) 
For the follawing questions, choase the correct answers from 
the codes (a), (b), (с) and (d) defined as follows : 
(a) Statement I is true, Statement П is true and Statement II is 
the correct explanation for Statement 1. 
(b) Statement I is true, Statement II is true and Statement II is 
not the correct explanation for Statement I. 
(c) Statement Т is true, Statement I is false, 
(d) Statement I is false, Statement Ш is true 


31. A curve C has the property that its initial ordinate of 
any tangent drawn is less than the abscissa of the point. 
of tangency by unity. 

StatementI Differential equation satisfying the curve 
is linear. 
Statement П Degree of differential equation is one. 


32. Statement Differential equation corresponding to all 
lines, ax + by + с =0 has the order 3. 


Statement Ш General solution of a differential 
equation of nth order contains n independent arbitrary 
constants. 


33, Statement I Integral curves denoted by the first order 

linear differential equation 2 —1 у = – хате family of 
к x 

parabolas passing through the origin. 
Statement П Every differential equation geometrically 
represents а family of curve having some common 
property. 

34. Statement I The solution of (y dx — x dy) cot (3 
= ny! dx issin (- се“ 

ў; 


Statement II Such type of differential equations сап 
only be solved by the substitution x = vy. 


Differential Equations Exercise 3 : 
Statement | and II Type Questions = 


35. Statement I The order of the differential equation 
whose general solution is 
y = асоз2х + casin? x + ce" t сус 


Statement П Total number of arbitrary parameters in 
the given general solution in the Statement I is 6. 


arte 163, 


4 
36. Consider differential equation (x^ + 942 
к 


Statement I For any member of this family y — œas 
хэ. 

Statement II Апу solution of this differential equation 
is a polynomial of odd degree with positive coefficient of 
maximum power. 


37. Statement 1 Order of differential equation of family of 
parallel whose axis is parallel to Y-axis and latusrectum 
is fixed is 2. 
Statement П Order of first equation is same as actual 
number of arbitrary constant present in differential 
equation. 


38. StatementI The differential equation of all 
2 
non-vertical lines in a plane is 4-3 
dy* 
Statement П The general equation of all non-vertical 
lines in а plane is ax + by = 1, where b #0. 


39. Statement I The order of differential equation of all 
conics whose centre lies at origin is, 2. 


Statement П The order of differential equation is same 
as number of arbitrary unknowns in the given curve. 


40. Statement T у = asin x + bcos x is general solution of 
y+ yao 
Statement II y 
function. 


asin x + b cos x is a trigonometric 
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(3 Differential Equations Exercise 4 : 


Passage Based Questions 


Passage I 
(Q. Nos. 41 to 43) 
Let y= f(x) satisfies the equation 
Го) = (e + e усозх-2х- х-0)/ (at. 


41. y satisfies the differential equation 
СЕ + y =e" (cosx —sinx) —e™(cosx + sinx) 
ы > -y =e" (cosx —sinx) + e*(cosx + sinx) 
(e) > + y =e” (cosx + sinx) — е "(cosx - sinx) 
(4) -y =e" (coss ~sinx) си = 
2-9 sinx) + e*(cosx — sinx) 


42. The value of f" (0) + f ”(0) equals to 
(а) -1 (92 
о (djo 


43. f(x) as a function of x equals to 
(a) (cosx -sin x) + © сш» +sinx) + fe 


(b) e" (cosx + sinx) + “псих -sinp -že 


: ay 
(6) "(cosx sinx) + © (coss -sinx) +e 


А 3x 
(d) e*(cosx + sinx) + PL апо) = ie 


Passage II 
(Q. Nos. 44 to 46) 
2 
For certain curves y = f(x) satisfying = =@с-4, f(x) has 


local minimum value 5 when x = 1 


44, Number of critical point for y = f(x) for x € [0,2] 


(0 (1 
©? (d)3 

45, Global minimum value of y = f(x) Гог x € [0,2] is 
(95 ®т 
(522 шө» 

46. Global maximum value of y = f(x) Гог x € [0,2]іѕ 
()5 7 


(9s (99 


Passage Ш 
(О. Nos. 47 to 49) 


Талу differential equation in the form 

AAG MAKE уђу HAE MARE y)... 0 
then each term can be integrated separately. 

For example, 


нн еее е 


47. The solution of ће differential equation 
xdy - y dx = үх? -y? dxis 


E" 


(фск-є х 


азу 
(aes *-C 


aci 
(дхње“ тес (4) None of these. 


48. The solution of the differential equation 
(ху! + y) dx – xdy =0is 


л 2 4 
өТӨ “6 О) 
ES Y 2 ix 
oga эт 


49. Solution of differential equation 
(2x cos y + y* cos x) dx + (2ysin x — x? sin y)dy =0is 
(a) х cosy + y*sinx 2 C. 
(b) xcosy — ysinx = C 
(с) x? cos? y + y'sin'x =C 
(d) None of the above 


Passage IV 
(Q. Nos. 50 to 52) 


banus Вэ: 
Differential equation % = f(x) g(x)can be solved Бу 


separating variable = f(x) de. 
809) 


50. The equation of the curve to the point (1, 0) which 
satisfies the differential equation (1 + y^) dx — xy dy - 0 
is 
(a) x! фу: =1 
(Qi + у: == 


у = 
Wax -y= 
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à 

51. Solution of the differential equation 97 + А = is 
dx А-а 

-С 


pae 


(a) tan“ y + sin’ 
(b) tan“! x + sin 
(c) tan^! уза х-С 

(d) tan! y - sin! хес 


dy 
52. х= =1+х+у+ xy and y(-1)-0 then yis equal to 


Еби [nu 


(е 2 фе 1-1 
(еп + x) -1 Шізх 
Passage V 


(Q. Nos. 53 to 55) 
Let C be the set of curves having the property that the point of 


53. FC, C2 ЕС 
С; Curve is passing through (1, 0) 
Са: Curve is passing through (1,0) 
The number of common tangents for C, and C; is 


[I (92 
(03 (d) None of these 
54. IFC, EC 


Сул passing through (2, 4). 1f = + = Lis tangent to 
а 


Су, then 

(а) 250+ 106? — ab? 

(c) 13a 4 256 -16al 
55. If common tangents of C, and C form an equilateral 

triangle, where C}, Cz € C and Сү: Curve passes through 

(2, 0), then С; may passes through. 


(b) 25а + 105 —13ab = 0 
(d) 29a- b+ 13ab = 0 


intersection of tangent with y-axis is equidistant from the point (а)(-1/31/3) (6) (-1/31) 
of tangency and origin (0, 0) (Ф(-2/3,4) (9) (-2/3,2) 
Differential Equations Exercise 5: 
Matching Type Questions 
56. Match the following : 
Column! Column 11 
(à) zdct убу 
хду- уік 
(B) solution otcos? х 2 - ап y= cos x, where С ТЕБЕН O те aun (е + tan! (3i 
(C) The equation of all possible curves that will cut each member of the family (г) 2 РА 
of circles х? + у? — 2сх = Oat right angle. y иона 
(D) solution of the equation x foo dt=(x+1) Ї» (0) di, x > 0 is 6) у= sn2x 


(1 – tan?x) 


57. Match the following : 


Column 1 


Column И 
(A) Circular plate is expanded by heat from radius 5 cm to 5.06 cm. Approximate increase з (p) 4 
area is 
(B) Side of cube increasing by 1%, then percentage increase in volume is @ (жі 
2 
x ae 
(© ifthe rate of decrease of — 2x + Sis twice the rate of decrease ofr, then xis equal to о з 


(D) Rate of increase in area of equilateral triangle of side 15 ст, when each side is increasing) — 3/3 
ги 


at the rate of 0.1 cm/s; is 


58. Match the following : 
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сынған! Column И 
(A) Тһе differential equation of the family of curves у = e (A cosx + Bsinx) where А, B (p 2! 
are arbitrary constants, has the degree n and order m. Then, the values of n and m are, 
respectively 
(B) The degree and order of the differential equation of the family of all parabolas whose шом 
axis is the x-axis, are respectively 
(С) The order and degree of the differential equations of the family of circles touching the o 22 


x-axis at the origin, are respectively 


(D) Тһе degree and order of the differential equation of the family of ellipse having the same (8) 1,2 


foci, are respectively. 


59. Find the constant of integration by the general solution 
of the differential equation (2х y — 2y*) dx 
+(2х? +3ху?)4у= 


if curve passes through (1, 1) 


60. А tank initially contains 50 gallons of fresh water. Виле 
contains 2 pounds per gallon of salt, flows into the tank 
at the rate of 2 gallons per minutes and the mixture kept 
uniform by stirring, runs out at the same rate. If it will 
take for the quantity of salt in the tank to increase from 
40 to 80 pounds (in seconds) is 206A, then find А. 

61. If f : R- {-1} апа f is differentiable function which 
satisfies : 
fx fly) + хо) = у + ДУГ (а) V x YER}, 
then find the value of 2010 [1 + /(2009)} 


Differential Equations Exercise 6 : 
Single Integer Answer Type Questions 


62. If &(x)is a differential real-valued function satisfying 
(х) € 20(x) <1, then the value of 26(x) is always less 
than or equal to .... 


63. The degree of the differential equation satisfied by the 
curves JA x — afl +y =1, is 

64. Let f(x) be a twice differentiable bounded function 
satisfayi 2f *(х). f(x) e 2(f* GO)! -f° (х) = (хи 
f(x)is bounded in between y = К, and y = kz, Then the 
number of integers between k and Ка is/are (where 
/@= f*(0)- 9. 

65. Let (x) be a function satisfying 43 у/ dx" —dy/dx 
*e?* =0,у(0) = 2and y' (0) = 1. If maximum value of Xx) 
із Қо), Then Integral part of (20) is 


Differential Equations Exercise 7 : 


Subjective Type Questions 

66. Find the time required for a cylindrical tank of radius r 
and height H to empty through a round hole of area ‘a’ 
at the bottom. The flow through a hole is according to 
the law U(t) = и ЕВЕ) where v(t) and h(t) аге 
respectively the velocity of flow through the hole and 
the height of the water level above the hole at time t and 
g is the acceleration due to gravity. 


67. The hemispherical tank of radius 2 m is initially full of 
water and has an outlet of 12 cm? cross-sectional area at 
the bottom. The outlet is opened at some instant, The 
flow through the outlet is according to the law 
v(t)=0-6 Ен where v(t)and h(t) are respectively 
velocity of the flow through the outlet and the height of 
water level above the outlet at time t and g is the 


acceleration due to gravity. Find the time it takes to 
empty the tank. 
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68. Let f : R* — В satisfies the functional equation. 
97 *-Y (e? f(x) e* fy) V x ye К. 
‚ determine f(x). 


69. Let y = f(x) be curve passing through (1, V3) such that 
tangent at any point P on the curve lying in the first 
quadrant has positive slope and the tangent and the. 
normal at the point P cut the x-axis at A and B 
respectively so that the mid-point of ABis origin. Find 
the differential equation of the curve and hence 
determine f(x). 


70. Ғу, and yz are the solution of differential equation. 
dy/dx + Py=Q, 


71. 


72. 


where Pand О are function of x alone and уг = у Z, 
-[2« 

then prove thatz=1+c-e + 

where с is an arbitrary constant. 

Let y= f(x) be a differentiable function V хе Rand 


satisfies : А 
Јоде xfi x 2 z ја: + f xz? f(z) dz. 
Determine the function. 

If f :R- [c > Rand f is differentiable function 
satisfies : 


Код + fo) x fo = у + Тод) + xf GOV х, 
‘ye R- |- 1} Find f(x). 


[8] Differential Equations Exercise 8: 


(i) JEE Advanced & IIT-JEE 


73. A solution curve of the differential equation. 
d 
[rz Л =0, x>0, passes 
through the point (1,3). Then, the solution curve 
[More than One Correct 2016] 
(a) intersects у = x + 2exactly at one point 
(b) intersects у = x + 2exactly at two points 
(c) intersects y =(x + 2)? 
(d) does not intersect у =(x + 3) 


74. Let f :(0, =) — R be a differentiable function such that 


f= 2- L forall хе (ждала ft) Then 
[More than One Correct 2016] 
(2) lim 102) = 


(5) lim х 41 )- 2 
(© lim за) =0 
(A) f()] $2 for all x c (0, 2) 
75. Let y(x) be a solution of the differential equation 
(Le )y' + уе" 2116 (0) = 2, then which of the 


following statement(s) is/are true? 
[Mora than One Correct 2015] 

(а)у (74) - 0 

(9у(-2)-0 

(© у(х) has a critical point in the interval (-1, 0) 

(d) у(х) has no critical point in the interval (1, 0) 


Questions Asked in Previous 10 Years' Exams. 


T6. 


7. 


Consider the family of all circles whose centres Не on the 

straight line y = x. If this family of circles is represented by 

the differential equation Py' “+ Qy’ + 1=0, where P, О are 
" Я dy ne 

the functions of x yand у (here У = 3" y" =), 

then which of the following statement(s) is/are true? 

[More than One correct 2015] 

@Р=у+х 

ФР-у-х 

()Р+0=1-х+у+у'+(у”)? 

(4) P-Qox«y-y'- (y 

The function y = /(х) із the solution of the differential 


dy, ху хіх, 
ka Ка е тесты а 1,1) satisfying 


F0)=0.THen, [77 дуа s 


[Only One correct 2014] 


ы 


Я ыл 5 
2 за 


&. zo 
өт 2-2 


78. Let f :[1/2,1] > К (the set of all real numbers) be а 


positive, non-constant and differentiable function such 
that f'(x) « 2/(x) and f (1/2) = 1. Then, the value of 

а 0) dx lies in the interval [Only One Correct 2013] 
(9) (ге — 1,22) 


o (he) (b) (e 1.20 - 1) 


цо 


79. А curve passes through the point (. 5) Let the slope of 


the curve at each point (x, y) be 3 + ын | хэй, Then, 
х х 

[Only One Correct 2013] 

[7] cosce (2) =logx +2 


x. 


the equation of the curve is 
@) sin (3) =logx + i 


[7] (2) еа @ «(2 = togx +4 
x x 2 
* Directions (Q. Nos. 80 to 83) Let f :{0, 1] R (the set of 


all real numbers) be a function. Suppose the function f is 
twice differentiable, f(0) = f(1) =0 and satisfies 
F(x) -2f'() + f(x)  e* , x e [0,1] 
[Passage Based Questions 2013] 


80. If the function e~* f(x) assumes its minimum in interval 
(0 1]at x 21/4, then which of the following is true? 
(уд < fl. tex 4 ® fG)» Лао х1 


Ө) < Ло) от (00) < Лә), Tenet 


81. Which of the following is true? 
(a) 0< f(x) <= 2 < fla) <= 


9-09) <1 (8) ==» < f(x) <0 


82. Which of the following is true? 
(a) g is increasing on (1, =) 
(b) gis decreasing on (1, =) 
(о) g is increasing on (1,2) and decreasing on (2, =) 
(d) gis decreasing оп (1,2) and increasing on (2, =) 
83. Consider the statements. 
L There exists some x € R such that, 
f(x) e 2x 2X0 х?) 
II. There exists some x € R such that, 
2f(x)+1=2x (1+ x) 


(ii) JEE Main & AIEEE 


88. Ifa curve у = f(x) passes through the point (1, — 1) and 
satisfies the differential equation, (1+ xy)dx = x dy, 


then 18 2 is equal to 2016 JEE Main] 


[2] 


4 2 4 
Я ©; az 


89. Let Хх) be the solution of the differential equation 


d; 
(xlog әз + y =2x log x, (x > 1). Then, y(e) is equal to 
12015 JEE Main] 


(де (o (92 (d)2e 
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(b) Lis true and II is false 
(d) Both I and II are false 


(а) Both I and II are true 
(c) Lis false and П із true 


84. If (x) satisfies the differential equation 


y’-ytanx=2 xsec x and (0) then 
[More than One Correct 2016] 
A 
п). = 
ӨБ 


ө»(9-% 
ду (3 = = 


т) ат 21 
e(-3455 
85. Let у (x) + wx) в (x) = g(x) g' (х) »(0) - 0, x€ R where 
f ' (x) denotes Ял (x) and g(x)is a given non-constant 
іс 
differentiable function on R with g(0) = g(2) = 0. Then, 
the value of (2) із [Integer Туре 2011] 


86. Let f : RO R bea continuous function, which satisfies 


-f - Then, the value of f (In5) is ... 
F(x) Ї о ыр Т 2009] 


= Direction For the following question, choose the correct 
answer from the codes (a) (b) (c) and (d) defined as 
follows 
(a) Statement I is true, Statement П is also true; Statement П is 
the correct explanation of Statement I. 
(b) Statement I is true, Statement П is also true; Statement П is 
not the correct explanation of Statement 
(c) Statement I is true; Statement П is false. 
(d) Statement I is false; Statement П is true. 


87. Let a solution y = (x) of the differential equation 
xyx* —1 dy- yJy? —1 dx = 0satisfy (2) = 


Statement I у(х) = sec (s x- B and 
6 


Statement II у(х) і given by 2 = 279 — 
У 


х 
[Statement Based Questions 2008] 


90. Let the population of rabbits surviving at a time £ Бе 
governed by the differential equation 


dp(t) 1 
жю == p(t) — 200. IF p(0) = 100, then p(t) is equal to 


2 
ж [2014 ЈЕЕ Main] 
(a) 400 — 300e? 
(b)300 – 2002 2 
: 
(с) 600 – 500e? 


: 
Г 


(d) 400 – 300e 
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91. At present, a firm is manufacturing 2000 items. It is 
estimated that the rate of change of production P with 
respect to additional number of workers x is given by 


= =100– 124 x. If the firm employees 25 more workers, 


then the new level of production of items is 


[2013 JEE Main] 

(a) 2500 (b) 3000 
(c) 3500 (d) 4500 

92. The population p(t)at time t of a certain mouse species 
satisfies the differential equation 20 =0.Xt) - 450.16 
(0) = 850, then the time at which the population 
becomes zero is [2012 AIEEE] 
(9) 210818 (5) log 9 
© іе 18 (d) log 18 


93. 12 = у +3 >0and y (0) =2, then у (log 2) is equal to 
ide (2011 4ЕЕ Main] 
ws 1з 
©-2 (07 
94. Let I be the purchase value of an equipment and V (t) be 
the value after it has been used for t years. The value 
V(t) depreciates at a rate given by differential equation 
avi) 
dt 


—k(T —t), where К > 018 a constant and T is 


Exercise for Session 1 


L() 2.6) 344)  4() 544) 
6. (а) 7. (Ы) 8. (а) 9. (а) 10. (Ы) 
Exercise for Session 2 
10) 2() 3()  4() 5800) 
6.(а) 7. (а) 8.) | 904) 10. (a) 
11.0) 1209 во во во 
Exercise for Session 3 
1.(4) 2.) 3.0 40 59 
6.© 7.0) 8.0) 9.(а) 10.6) 
Exercise for Session 4 
10) 2. 3.) 40) 544) 
80) 7.() 8.0) 9а) 10.4) 
Exercise for Session 5 
L@ (2.0) зс) 4G 59 
ва) 7.0 8. (©) 
Chapter Exercises 
L@ 2) 3.а 4G 5-0) 
66) 70 844) 909) 10.8 
1.0 12.) — 13.( мо во 
16. (а) 17.(4) 18. (b) 19. (a,b,d) 
20. (c,d) 21. (a,b,c,d) 22. (a,b,c,d) 
23. (a,b,c) 24. (a,c,d) 25. (a,b) 


the total life in years of the equipment. Then, the scrap 


value V (T) of the equipment is [2010 AIEEE] 
кт) 
()1-— у 
де“ @r-t 
95. Solution of the differential equation 
cos x dy = y(sinx —y)dx, 0« x < B is — [2010 AIEEE] 
(a) sec x = (алх+ Сју 
(b) узесх = tanx «C. 
(©) ytanx =зесх+С 
(d) tanx = (весх + С)у 
96. The differential equation which represents the family of 
curves y = ce", where c, and са are arbitrary 
constants, is [2009 AIEEE] 
@у'=у? Qy'-y'y 
(Фуу”-у! (9 »y"- oy 
97. The differential equation of the family of circles with 
fixed radius 5 units and centre on the line y= 2 is 
[AIEEE 2008] 
(a) (x-2y" =25—(у -2)* 
(Ы) (y-2)y? =25-(у-2)° 
(©) (у-2)%у? =25-(у -2* 
(d) (x-2)y* =25 -(у -2)* 
26. (a,b,c) 27. (abd) 28. (a,b,c) 
29. (b,c,d) 30. (а,4) 31. (b) 
32.(4) 33.4) — 34.() 356) 36. (a) 
37.6) 38(d 39.00) 40.0) – 41. (a) 
42.4 43.() | 44(c) 45.09) 46) 
47.() 48.5)  49.() 50.0 51.0) 
52.05) Sk(c)  54() 55.(а) 


56. (A) — (9), (B) — (5), (С) — (т), (D) (p) 

57. (А) > (a), (B) ^ (0, (С) > (р), (D) = (s) 

58. (А) — (s), (B) (8), (C) — (a), (D) — (p) 
59.01) 60.8) 61.0) 62.1) 63.0) 
64.0) 68.01) 

вв. = 27. PA 

на 
БЕДЕЛІН 


135 ЈЕ 
68. f(x) = е log x 


69. х + FOS =! + 776) and 720) = 1 + 2x 
ть £0)= 2 (а + 92) 


67.1 


72. /6)- тоо 


73. (а, d) 74. (а) 75. (а, с) 76.(в, с) 77. (b) 
78.(d) 79.(2 80%  SL(d) 82. (b) 
83.(c) 84.(4) 85. (0) 86. (0) 87. (c) 
88.(4) 89.() | 90.()  9L(c) 92. (a) 
93.(d) 94.() 95а) 96.4 97.(с) 


Solutions 


1 


---шу=шх+С 
cà -2x У 
1.у- = Ахе + В х 
Ее 5 PIE Inx+C > -®=шу+С 
езу = aye? = Де Lax e) У 
Cancelling 75 throughout х=1у=1 = С=-1 
у -2у= E 1-2-шу = уе" 
Differentiating again y; — 2y, 
E А е-е 2 yeh 
2 y 
On substituting A in Eq. (i) dy 
Ху; - 2y] y, - ya) (1 -2x) 4. Bas E ди 
2y, – 4y -2у(1-2х)-(1-2х)у) 
d (dy dy 
1-22) | Z -2y | + 2 [972 
6 x ») (2 2 
Hence, k=2andi=-2 
= Ordered pair (k, 1) =(2, -2) 
ЗУ св У yaw 
de x x 
v x ву cov 
dx 
[-®—+[®-с = лукс Jk yeot x = cosec x 
соу "x dx 
ML 
tan" + шх=С rad ны мэ 
2 а y sin х= | созес x-sinx dx 
Их=һу=т ә С=1 = ual ysinx=x+C 
=o, д C= 
yit (n) Ifx=O,yisfinite  C-0 
x 
у = x(cosecx) => 
3. Y -y = m(X – x). For X-intercept Y = 0 sinx 
жене Now, 1< and r>! 
т 4 
Therefore, х- 2 = у Непсе, 51-5 
2 4 
у 2 
5. [ f(x) dx = y”. Differentiating f(x) жауы 
42 
өй | 22 
Е " ку 
dy 
=3у? 5 =0 rejected) 
iif yay У 
= dx x-y or 3y dy = dx 
dv, v зуг 
= —=— 3; 
Put узме хе AR 
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буа am ша dy 1-x 
de ас roS 
T— OS РЫ 
Substituting in Z -3 4y =- ын 
gin 22-32 -4у--4х 4 
0-3m - 4(mx + c) - - 4x Eq. (ii) passes through (0, 0). 


Thus,C -0 
-Зт-4с-4тх--ах руске 


— Вт + 4c) = 4x(m – 1) Ai) 2 
РА 39 Now, tangent te =4; 
Eq. (i) is true for all real x, ifm = + 1 ande =—3/4. о Ја А 
т а; 1 d) у=тх+— (ш). 
7. у и“ => M = титл ЧУ 
yout Emi E m 


IFit touches the circle 


Since, 2x a ти" 8 um = ах y. 


ху -2х=0 
Jen; im*(/m) | 
h +m? 
= зайн 
> moe 


Hence, tangent is y-axis ie, x 


Шу — =1,then x> г 


11. Ро) -2n flx)= 


= =-1 > уз (xay 
9. at км => м=се“ whent 2 0; M = М 
Т 
= с-м, 
=> м=ме“ 
— 
= 2 
Therefore, M = Ме? 
=M ә ” 
“Ма Mel then t= log; 1000 12. Ordinate = PM. Let P = (x, у) 
= 10h approximately Projection of ordinate on normal = РМ 


10. Slope of the normal = = 
рэн 
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PN = PN cosü- a (given) 


E 
E 
= 
= ally Jy! ае x C 


13. угечах+ђ) 
Differentiating wart. x, we get 
Sr eae жета or 2 зужас 


‘Again, differentiating both the sides 
dy ДРВА 
dé ж 

From Ра. (iii) - Eq. (ii) 
d'y 2dy 
Sy My у=0 
а? а У 


is required differential equation. 


15. [| fex) dt =n- Јо) 
Pubx=y = 2552 


= (fon ду - nf) 


1817) dy = x-n- f(x) 
Differentiating, Дод = + xf'(9] 
Јода —п) = nx f'(x) 
Tia) iza 
Је) ах 
Integrating, In f(x) = (55) InCx=In(Cx) " ; 
п 


Дюк". 
16. (28278 —1) z^! dz + 2x2 de=0 
or ох? 297! 2257!) dz + 2x2 dx =0 


for homogeneous every term must be of the same degree, 
за+1=а-1 > a=-1 
17. Differentiate, xy (x) = ху(х) + 2 ху(х) 
or ху(х) + хіу(х)-0 
dy 


9 +у=0 
UU 


> 
50 
100 – у 
> 100 – у = 5067" 
> у =100 – 5027" 


dx. 


2)-»(%) 
. Here, x| € | —зу? | Z = 
19. ee «(8 зу +3=0 


has order 1, degree 2 and non-linear. 


20. Неге (/'(х))* 


жар) fG) + (оду =0 


rey (ғо). 
(55) ee 


Го) _~4+ 6-4 


fo 2 
Го 
= === =–2 + 4/3 
Лә > 
Integrating both the sides 
Лов | f(x) =(-2 + V3) x + С, 
E f(x) ee ћи. c 
21. (а) 32х%2у % =o 


dy 
lke) = 
[1 -ke]=1 


[using ce* =y- xl 
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dy = dv. 
1-6 2-y)2 = =x- — 
or (1-(62-У 228100 Попе“ ex-y +2} = Брно 
let log у = 
= log (t - 1) = log (x) + log С 
= 1040-10) = log (xC) 
= 151+ С 
y 
log “-ізхС 
= og? 
= 
ог 
and 
> 


d) " 
24. Clearly, (a) and (c) are of the form Z + Py = Q, which is 


linear in y. 
5 тт, =-1 ау ээ» 
Hence, (a), (b), (с) and (d) are all correct. Also, (d) is T = coss on integrating а =sinx+C 
22. Letm= 2 be the slope of tangent (x, y) to the required curve. which is also linear in y. 
m, = slope of the tangent at ху 25, 9. -0-0+ ) + 4ху 
ж 2y 


: 2 эы 
к 
т+ me 
Hence, Ж--іі or Xil E = х-у+1=0 and x?+y?=25 


26. (a) f(x, ix) = е + tan (0), independent of x. 
=> Homogeneous differential equation. 


(b) log | > | dx + 4 sin! У ду =0 
т у 
х. х х 


бау) - (3) 
x 
From Eq. (i) ) 
9 
х. 
0 
= 280 independent of x 
-ÉTY ans татыу ни 
ху = Homogeneous differential equation. 
Similarly option, (b), (с) and (4) safisfy 


(© f(x у) = х? + sinx cosy 
f(x, tx) = x? + sinx- cos (tx), not independent of x. 
= Not homogeneous differential equation, 
х + у* 
@) Лу) = 
у-у 
= f(x. tx) is not independent of x. 
=> Not homogeneous differential equation. 
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PL 


27. Integrating Factor = E (ary) razy 
а 


мэтэ 


At point (0, -1), 
-16--04С-0 


28. № -усах- 
ах 


> жен" 
зо. 2 — (А + Bx) e" = Be™ 

de 

=> Ba my -@ + ma + вое" + ве" 

э TY Lu + ny =0 + 3т + (А + Вк) ее 
Авх-ээму-э0-эС-0 PM 
E 


+ B(6+ me 


=> 3m+n+9=0 and m+6=0 
6 and n-9 


31. Equation of tangent 


Y-y-m(X-x) 


sinx 
Since, ЧВХ is decreasing, when x > 0 


x РиХ-0 Ү=у-тх 
- јод < fio) 
міл л 
Eire t 
= d Јо) «y and x <7 
л UL Poy) 
a ла» (=) = | fedi 
29. (а) Order of the differential equation is 2. 
хау — уах 9. 
Е Since, initial ordinate is 
y-mx 
тх-у- 
which is a linear differential equation. 
Hence, Statement is correct and its degree is 1. 
=> Statement II is also correct. Since, every Ist degree 
differential equation need not be linear, hence Statement I! is 
| not the correct explanation of Statement I. 
ie. 32. Statement I The order of differential equation is 2. 
© уе (Acosx + Bsinx) 7. Statement I is false, 
4 ze" (Асозх + Bsinx) + e'(-Asinx + Всовх) 33. Integral curves are y = ex — х? 
dx : Тһе differential equation does not represent all the parabolas 
= у e (-Анпх + Beosx) passing through origin but it represents all parabolas through 
И origin with axis of symmetry parallel to y-axis and coefficient 
arate (- Asinx + Всовх) of x^ аз —1, hence Statement I is false. 
Statement II is universally true, 
+ e” (7 Acosx - Bsinx) 34. gicomdy ах 


У 


- [ef a(E)- реше 


$y Ba et C Aix Веза) ту 


%,%-,-,а(Ф-) 
dr de > У de 7, 


35. 


36. 


37. 
38. 


39. 


ог foot tdx=nx+¢ 


In (sint) = nx + C; sin 


y = а cos2x + esin? x + су cos? x + сце + су 
" 1 
Өмч шини СС ARIS 
2 2 
жае + eget + 
2 2 2 


= № соз2х + Ае" + Ay 


нө terse 


= Total number of independent parameters in the given 
general solution is 3. 


Тһе given differential equation is 
«(2) 
ах 2х 
dy хар 
ах 
E (9) слабе +) лаб С» о 
dy a 
==C (x 
> се) 
= 


›=<[#+»]+сусєв 
Obviously у — e9, as x —» os; as C > 0. 


(x – h)? = 4b (y — k) here b is constant and h, k are parameters, 
( 


Тһе general equation of all non-vertical lines in a plane is 
ах by =1, whereb #0. 


Now, ax b 
- ath (differentiating wart. x) 
= (differentiating wars. x) 
з 
- 4% (asb #0) 
ж 
d 
Hence, the differential equation is то 
The equation ах? + 2hxy + by? =1 represents the family of all 


conics whose centre lies at the origin for different values of a, 
hb. 


7. Order is 3. 

Thus, Statement I is false and Statement П is true. 
Hence, option (d) is the correct answer. 

y - asinx + b cosx 


2. - 
Ta 70008x = bsinx 


= zy 
du = -авовх bsinxe-y 
Н 
> раа 


But Statement П із not the correct explanation of the Statement I 


41. 


42. 
43. 
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Јо) == 
feme et) soe [rina - ro ај 


i 


Di 


о) (еч е7") совх-ах-144109-/(0)-18 f) -[ fedem 
fix) e (e ее cosx - 2x хх) + 2x 4% se) fera) а) 


i) 


fix) m e" + 677) cosx = (ода 
On differentiating Eq. (i) 
Гбх) + Дх) = созх(е* – e") - ("+ е") sinx 


Hence, 2 + y =e (cosx -sinx) е" (cosx + sinx) 
к 
Го)» (0) =0-2-0=0 
IF of Eq. (i) is e* 
уге“ = fe” (cosx - sin) dx - [(созх + sinx) dx 
ye = fe™ (cosx -sinx) dx – (sinx – cosx) + C. 
Let I = fe*(cosx—sinx) dx 2 e" (Acosx + Bsinx) 
Solving, А =3/5 апі В = - 1/5and C - 2/5 


e ($ cosx sinx) (sinx – cosx) e^* + 2 e7* 
MP (Заме Хай | Stine 2 
цаас 5 5 


Solutions (Q. Nos. 44 to 46) 


ine, D. 
Integrating, у 6x = 4, 


dy got 
we get Z зэх ду 
E x 4x*A 


4 
When PEL TES 
dy 
Hence, ж x? ах +1 0) 
Integrating, we get y = x? — 2x? + x + B. 
When x 21,y =5, so that В =5 


Thus, we have у 


0-21 х+5 
From Eq. (i), we get the critical points x = } x «1 


3 


1 


At the critical point x = 1, 49: 
point x = 7-7 is negative, 


1 
Therefore, at x = y has a local maximum. 
а 


Atx= p is positive. Therefore, at x = 1, y has a local 


minimum. 
Also, Ја) =5, 49-1, СЕНІ 


Hence, the global maximum value = 7. 
and the global minimum value = 5, 
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47. хау - ук = fx? - y! ах 
y). 1-07) dyix) (4 
МЫН мады ны жі 


= sin™ У = In x= In Cor Cx =e их 
x 


48. (xy! + y)dx- x dy =0 
> xy*dx + y dx - x dy =0 


- ОРЧ 


А м 
= zx T 


o 


4 3ly 

49. 2x cos ydx – х? siny dy + y? cosx dx 2y sin x dy =0 
= [ас созу) + [doin ) = o 
= x'cosy + y*sinx e C 


52. Z-a +): + y)givesy =e 


53. Tangent at point P(x,y), is y —y = (0-х) 
Ооу - x f(x) 
Then, Р0-00 
= xi /ҚА = у + х ГОР -2xy0 09) 
8 аху f'(a) 


PA] 


=x 


dy/de= 

or dy de 

= 

= БЕ 

er x 

2 

к. коктен 
E 


Cex’ y'-x-0 
сих +у+х=0 


С, and С, touch externally => number of common tangents =3. 


54. Cy(x - 5) + у' 


‘Tangent, bx + ау -ab = 0, length of perpendicular 10 tangent 
from centre = radius, 


= Bb at =5 + 57 


5 


á ом 
ялзо°=_©М_ — ОМ =1/3 
1-0М 2 


radius ого, 71/3 C 2/36: ey 42a =0 
Point (-1/3,1 /3) will satisfy Су. 
56. (A) Let x = rcost y =rsin0 


x? + y? =r? (sin 04 соз 0) =? E 
and шө-У 08) 
d(x? + у?у= d?) 
From Eq. (i), x dx + у dy = rdr (ш) 
From Eq. (ii), 
4 (2) =4 (tan0) 
x. 
ә 2 ПР 
E 
x dy — y dx = x! sec? 0 d9 


= r cos! üsec'0 d0 = 329 
From Eqs. (iii) and (iv) 


or 


эш ВЕС 


= r=asin(0+ C) 
> ety? = аза Б tan? Ө! 
x 
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x'dy(x) 
dx 
а-зді 50) ge y 


= » y 


57. (A)r =5 cm, 8r = 0.06, А = nr? 
БА = 2nr бг = 101: x 0.06— 0.67 


dy oso = cos! 
(8) 2. sec? х tan zxy = cost x е Жазаны 


(В)у= х? 
Bv-3x ôx 
Bv 0-3 52 х100 =3 х1 =3 
v^ x 
Solution is y (1 — tan? x) = f соз (1 — tan? x) dx ((x-2 2 = х= 
а dt 
= | сой x — sin? x) dx 2% 
in. " даде 
= [совок к= 825 ус di 
атаа 2 ю 4 
when x= % 
58. (A =" (Асозх + Вата) + e'(-Asinx + Всовх) 
= у +e" (-Азіпх + Всозх) 
24У дууд про Ба 
FI Ae act C САзпхе Beosa) +ЕЧ-Асовх - Вапа) 
© d) 
So, degree = 1 and order = 
or -G (B) The equation of the family is y" = 4a (x — b) 
"S where a, b are arbitrary constants. 
From Egs 0 and (à, + у ca (+) „= : "A 
A ay S = да or (2) +745 шд 
dx dx di 


or- x? + y? -2xy D = Ois the differential equation 
5 LIN н m So, degree = 1 and order =2 

representing the given family of circles. To find the orthogon (©) The equation of the family is 

trajectories. уа 


2 
or x'ey'-2x-0 ог X T 
x 


or 


or 


(>. 2у 2) х-(х? + у?у-1 


23 


= 


=0 


or 


So, degree = 1 and order =1 


(0) The equation of the family is + = 1 because 
or " YURIX МЭХ 
E they have the same foci (t fa? — ^, 0). 
= Orthogonal trajectory. sting 2x 2y dy 
(D) Differentiating the equation w.r.t. x, we get а У те x Ran а 
БОГТ * y(t) dt d 
ay (х) + 1 [уфа =(х +1) хуб) + fy O á x (JP cg (5-2) 
FESSES ж 


Again, differentiating, w.r.t. x, we get 


у (а) = x2y'(x) + 2ху(х) + ку) or х0 + 2) + ура + А) =0 
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- х 


х+ур 
Тһе differential equation is 

= y 

—b'x - a^ = x- a * 

apir ү,-Эх-аур 

х+ур х+ур 
е хээр) Wort yp) 

а-ы (0 абур 

So, order = 1 and degree =2 


59. 2x^y dx —2y* dx + 2x dy + Зху dy - 0 
Dividing throughout by ху, we get 


ЕРГЕН 
= 225,4, 4p , Зу? х dy –2у% 
x y x 
= 24 4 ody зуы Ух g 
xy x 

з 
E запао) szata vys 425] =0 

x 

y 
=> 21151 + 271+ 2 

E 


when x=1,y=1.S0, C= 
60. Let the salt content at time "е be ub, so that its rate of change 

is du/dt. 

-2galx 21b= 4Ib/ min 
Ifc be the concentration of the brine at time t, the rate al which 
the salt content decreases due to the out flow 

= 2 рајх c Ib / min 

= ас Ib / min 


4024-2 249 
Also, since there is no increase in the volume of the liquid, the 


concentrations 


А du 2u 

+ Eq (i) becomes T= 4—5 
‘Separating the variables and integrating, we have 
ја = 4 

100 – и 
ог t--251n(100 – u) + K wwii) 
Initially when t = 0, u =0 

0 = - 25 In 100+ К (ш) 

Eliminating 'К’ from Eqs. (ii) and (iii), we get 


t=25 n| 1% 
100- u, 


Taking t = һ when u = 40 and t = t; when и =80, we have 
100 100 

а =25 ла | 222] and и =25 а ЕЛ 
БИСЕН 


5 
+. The required time(s - 1) =25 (Ins -in) =2sina 


5 x 1.0986 = 26 min 28 5 
= 1648 s =206 x8 = 206 X. 


~ 3-8 
61. Дх» fo) + є) = у + ДО +f) B 

Differentiating wr. x and y is constant 
fc for) ода ТАРАҒАНЫ 0) 


From Eq, (i) again differentiating w.r.t. y as x is constant 


fc fo) + xf) + x) fro) =1 + fl) i) 
From Eqs. (ii) and (iii) 
1+ fon 
аза) 
tenro. 15 fiz) _ 
1+Л) аю) 
"ESO 4x) = 14 Тед. 
Pa, - Pel) 
i-es таг 
Integrating both the sides f(x) = С(1 + х) -1 
From Eq. (i) putz =y =0 
Ко) = Хо) 
From Eq. (il), Ло) 2 C -1 
So, fic-1)-c-1 
C-01 (taking +ve sign) 


So, f(x) =- 1and f(x) =(1 + x) - 
f(x) = + ху! 


xandC=1 


efe) LL 


1 
1+ 2009) = №. 
+ Лео) = —— = (2010) 0 + 2009) 

62. Фо) + ах) <1 

e" (x) +26 (x) е «e 

i (e х) 36) <o 
~ (е (9 E is a non-increasing function of x. 
= 00)- js а non-increasing function of x, 


7. 26 (x) is always less than or equal to 1. 
1 - а -i2 d) 

63. 10+ ay 51 ау. 
2 ху 2 (yy о 


ея „У d 
Мах /ху ах [+ х дугах 


Putting this value in the given equation, 
ity dy 


d. dy 
> ЦЭ tyt ХХ 


ия) 
= (1+х l4 xj e 
2. Degree of the given equation is 1. 
64. Here, 2/0): f) |i (G9) = £0) 


+y 


= ТАРТЫС) аа» 
- | "са сву] = [дап "(хуу 


à 
= Д0 нс елаш ДО 0) =0 сто 


tan 700) 


9.) он 
2*3 2 


0 7) 
4%) «ла (5) 
= Number of integers between А and ky are 3. 
65. Put, dy /dx=t 


dt /dx-t+e™ одне =" 
Solution is, t-e" = [ее +C 


э ==“ +Суд) =1=>С == 


э у=” +6000) =2 =>" =1/2 
аа 5 

х =w- +l = S3 for x = log? 
2) =2" t ys; g: 


[2x] = [20082 = Пов 4] =1 


66. Let in time dt the decrease in water level in the tank is dh, then. 


amount of water flown out in time dt = лғ? - dh 


Now, through the hole the amount of water flown 
= (Volume of cylinder of cross sectional area ‘a’ 


and length vdt). 
| 


жа-у-Ж-ар J2gh dt 
Hence, ра РЕЙ dt = — п r^dh 
a 


= no" dh 
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Now, when t = 0, h = H and when t =t, h- 0 


tari M 
Thus, ftr pt dh 
E = aime 
на Дя 4 
zr рН 
> Liu 


67. Let at time t the depth of water is h; the radius of water surface 


isr 
Then, r?’ =R? -(R- h)? 
= ri -iRh-h 


Now, if in time dt the decrease in water level 


is dh, then 
=n r? dh = 06 f2gh -a dt 
(a is cross-sectional area of the outlet) 
- = RR- h’) - dt 
(06)a J2g yh 


mae Jy EP on yan fi а 


п ЕЯ 
з га 


(06) а ДЕ | 5 


"TER: [o-a(2-4) _ In xi 
(ова 2:19 5 37] 135 


t 


68. We have been given, 
Sf (xy) =e 2” fe” f(x) e ГУ xy ER 0) 
Replacing x=1, y = 138 Eq. (i), we get 


Рае fe Га) +e а} га) =0 


Now, 770) = lim 6+9 
EJ 


ТЕБЕ 


(21) h 


scia - 


= dim £— — (e Уз Куће“ Ја + x) - Дх) 
h 


h 
: 
әр-әр (+ 


21) Ћ 
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[E h 
Ж ее = ВН (re 3-m 
im MES д 
х 
лон EE. 
> ORIO 
2 егюж-нәсіі 
e x 
4 (ред): 
Е &( е" је 
Integrating both the sides, we get. 
© арс 
Біпсе, f()eo-c-o 
Thus, fG)-e т) 


69. Let P (x, f (x)) bea point lying on the curve in first quadrant. 


Equation of normal and tangent at P are 
1 
Sey ot eee: oe 
Ф-/о9-- 725 
Œ- f6) = "60 - x) respectively. 
EL DES нәр оу» 
Since, the mid-point of segment AB is origin. 


FB ere» feu 


= FOF OW «2x Г) - О) =0 


wart for жауа) _— xt Үс Ға) 
= fo 


2f (x) Ро) 
Negative sign been neglected as f (x) > 0 
Thus, we have, x + f (x)- f 'G) = x? + f? (x) 
E псе + өй = [+ FO) 
df 
246 + HG] 
Integrating both the sides, we get x^ + f^ (x) =x + А 
It passes through (1, 43). 


Hence, A 12229 A71 
.. Curveis х + f * (x) (x +1) or y! 214 2x 


(X =x) and 


- A= 


> 2х 


70. We have been given, 


Q+ py, 0 


ay yh 
Nu er de 


PI 


dy; 
Now, зул T. 


= piata 


71. 


л 


72. 


=n 
= 
E 
> 
> шіг-1|-- | 2 dx kA, being constant of integration 
» 
fou 
> #=1+се ^ 
+ 8.3 
We have, f (x) = х + x? | НЭЭНЭ 
faxt а хм бау) 
Now, afi rre (132) z +2? M) z dz 
-lth 
77% 
> 9-44, =4 t) 
Also, ъа ра 
«| (0 + das et M) dz 
NES NM 
4 
> 1334-40 =5 ЕС) 
From Eqs. (i) and (i), 
280 шш, 
19 25 по 
о ха 80 2, 81 20х 
т анг Мт Ады 


FR+FO)+ FON = у + аду F(x) 
Keep у constant and differentiating the expression зи гл. ‘x', we 
get 

/'(к+ Ро) + хуу) + ло) = / "(х)(1 + у) EU 


Similarly, differentiate the expression w.r.t. 'y' and keep x 
constant, we get 


Fix FO) + xfo( GY) A+ ху) = (1+ F(X) E 
Dividing Eq. (i) by Eq. (ii), we get 
1+ 76) _/у'(да+у) 
f'ü« (1+ F(x) 
= 1976) “да 6 
f'o)«y 04700) 
REMO HB sr (e citfG 
а+х) 
= Сеат 
Го) 1 
ЦЭГ vx 


- F(X) =e (bth 
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Replacing x, y 0 in the Е (i), we get 
f (оу) = FO) 


Thus, (a) is the correct answer. 
To check option (c), we have у =(x+ 2)? 


Now, [бд=м +) –—1= f()-X -1 à 
an 
and ГО) =f Gy -1)= 2 X21 
Since, — О) А АРТА = 5 “| 
> ARA. 
By taking «ve sign, we get 4, = 0,1 = 
> ж 
By taking - ve sign, we get А : 2 +2 ед or(x+ ase =зе 
= ғо) = ші 
1+х ein 36 
- - Ч 
l. Given, (x? tay + 4x + 2y жау) GEN 
ж у 5 
= (P een 4) кубе ay - * 
А 
= нару ада, 1 
ix 30/4 әр 
Put x 22 X and y = Y, then =e ок 
Qc ex»). у = о 9 
: e Clearly, they have no solution. 
E X'dY + ху -ҮМХ = o To check option (d). у = (+ 3)? 
а 
= Хау + Y(XdY – YdX) 20 i КЕШЕН КЕС 
ех ИИ Е | зе (+2) 
Ж To check the number of solutions. 
^i =d|— х " 
= d (log IYI) (1) Let g(x)e2log куук - log Ge) 
On integrating both sides, we get 
n integrating ы g А (2 2 (6:42): 23) (+з) 
ов = +C, where x +2 = Хаму =Y е Жие G2) й 
y " 2 /(хж3 хэл) 
ову = +С E PE +++ 
= log | erat x*3 (xc 2) 
Since, it passes through the point (1, 3), Clearly, when х > 0, then, g'(x) > 0 
2 “ю83-1%С (x) is increasing, when x > 0. 
25 C - -1-log3 = – (loge + log 3) Thus, when x » 0, then g(x) » g(0) 
log3e atx) > ly (ы) 
2. Eq. (i) becomes aches 
y Е Hence, there is по solution, 
log|y| + ITE log Ge) - 0 Thus, option (d) is true. 
= m (2) мж об) 74 Here, ГО) 2 - £8) 
зе) ха? 4 Ж 
Now, to check option (a), у = x + 2 intersects the curve. LE %=2 Пе linear differential equation in y] 
= i fia 
Integrating Factor, IF=e т =e* = y 
E ^. Required solution is y -(IF) = Joana: +C 
= ух) = fx) dx + c 
> si 
е = ухе хъс 
> ог х+2=%3 5 а,б “с 
|, -5 (rejected), ав x > 0 [given] 3 pesto Сал 


~ х= 1 only one solution, 
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@) ва, r- lim (1 Сх) 21 


E m 
>, Option (a) is correct. 


(b) ва УВЕ lim (1 + Cx?) 


хэ Ax) «эе 


2. Option (b) is incorrect. 
(© Вах f(x) = lim (х2-С)--Сж0 


E хэс 


л. Option (с) is incorrect. 
(9) Ло) =х+ сео 
Е: 


ForC»0, lim ж-е 
х0 

>. Function is not bounded in (0, 2). 

2. Option (d) is incorrect. 


75. Here, (tery eye 
dy ur d ХӨР” 
E Dee Wy 
de ба У 
= dy + e'dy + ye" dx = dx 
> dy + еу) = dx 


Оп integrating both sides, we get 
у+еу=х+С 


Given, 


For critical points, 


у ду (*e)1-(x* 4је“ 

ie ву (келі цэнийн 
dx (ey 

= с (х+3)-1= 

ог е =(x+3) 


Clearly, the intersection point lies between (- 1, 0). 
>, y(x) has a critical point in the interval (- 1, 0). 


-0) 


76. Since, centre lies on y = х. 


^. Equation of circle is x^ + у? — 2ax - 20у +с=0 


On differentiating, we get 
2x  2yy' -2a -2ay' = 0 


> х+уу'-а-ау'=0 
Р х+уу 
E 1597 


Again differentiating, we get 
Эй «yy 


aty 
S(t y+) + уу] (+ yy) у) =0 
= ї+у' Цу? + у + 1] жу4у-д-0 
On comparing with Py” + Qy’ + 1 = 0, we get 
Р=у-х 
and о-у) жун 


77. (i) Solution of the differential equation = + Py=Qis 
ix 


y (IF) = [0-(®)ах+с 
where, ее "= 
@ [, год ак => | fo) dei ftx) = (ж) 


Given differential equation. 


— Solution is 
x +2) 
1 = x17 x dx 
уч ІЛЕ Д 
ог yJi-x 
10) =0 => с=0 


= ло 


s 
fenem eee 


E ма x 
Now, [` f(xydx = Reed eu ipe] 


EI 3 
=> Г = dx 
E най 0 


сос р <0 940 [taking x — sin 8] 


- 
72 f sinta = [Г - cos 26) dà 


EC 5 
2 


зіп2л/3 л 435 


3 2 3534 


78. Whenever we have linear differential equation containing. 


79. 


inequality, we should always check for increasing or 
decreasing, 


dy dy 
infor +Ту<о > + рухо 


Multiply by integrating factor, ie. е! and convert into total 


differential equation, 
Here, f(x) «2/(х) multiplying by e124 


Дек -ас Дх) «0. => E Јоде =) <0 
~ Mx) = fixie is decreasing for x qi 1 


Thus, when x >: 


жө) seme 


> f) сећа, given Ав 
- о< f) Jod | ес 
ES өөө 
> o< ff fonde 58 

To solve homogeneous differential equation, 


ie substitute У-у 
х 


"d 
А а а 


Неге, slope of the curve at (x, y) is 


У) 
dx х. 
Put y 
x 
dv 
+ xB aut sec) 
уд (У) 
dv dx 
= sec(v) => ЕЕ =f = 
dx 
= Jeosvdy = [= = sinv=logx + loge 
x 


> за(2) = logíex) 


 Asit passes 2220 B - EG эйе 


Let Ox) =e" fix) 
a 1 
Here, v (у со refot) 


82. 


83. 
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and «охак, ) 
зєчгөд-чдэхөхс(01) 


= f'(x) < јбд 0 «x < 


. Here, /(х)-2/(х) + f(x) 2 e* 


= јаје“ fede - Где + Јоде“ 20 


= rto сан 
> угоде“ - reae 
а te fa) 21, Yx elo] 

= d.e Nzn лкені, 
лоф (х) = е7" f(x) is concave function. 

Ло) = (0-0 
= (0) = 0 = ft 
= $(х) «0 
- e™ f(x) «0 

Лх) «0 


Here, f(x) =(1 – x) sin! x + х 20V x 


and из) -Ц(822-ын| ой 


h 


жі 


log 4 ло) 
For g'(x) to be increasing or decreasing. 


Let $2270. 


x1 

4 1. -(x-10) 

G+ x хүхэ 

ФОд<0Ух>і 

- %()<90) = Фа) <0 

From Eqs. (i) and (ii), g'(x) < 0, x € (1, =) 

sg) is decreasing on x Е (1, es). 

Here, f(x) + 2x = (1 — ху sin! x + x? + 2x 

where, I: f(x) + 2x =2(1 + x)? 


logx 


Ф) = 


Al + x8) =(1 — x)? sin? xt x? +2х 
= (1-xysin* 


= (l-x)řsi 


= (1-х) cos? х=-1 
which is never possible. 
БЭ 
Again, let x) 22 f(x) + 1 -2x(1 + x) 
where, Ң0)-2/0)%1-0-1 
HQ) =20) + 1 – 4 -3as (КОЖИ < 0] 
= A(x) must have a solution. 
2M is true, 
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84. 


85. 


86. 


Linear differential equation under one variable. 
dy dre 
BiP =Q F= 
Уто 
^. Solution is, y (IF) = Í Q- (IF)dx+C 
y'-ytanx=2xsecx and y(0)=0 
dy 
= =i =2; 
roy tanx = 2xsecx 
эв fmt dem ceto = cosx 


Solution is y-cosx=[2xsecx+cosxdx+C 
» 


= yreosx =х*+С 
Аз уб) =0 
= с-о 
5 y=xtsecx 


ЕЕ 


= ЇЕ СЕ 
ЖАСЫРСА 

PAL 
тесе 


Solution is y (e^?) = f &GO- g'(x) et dx + С 
Put g(x) =t, g'(x) dx = dt 


yet) = [id det core - fire с 


stele $C 
уе 9 шдэ) - 1) ef) + С 
Given, (9) = 0, (0) = 802) =0 


Eq. (i) becomes, 
y(9)-e*9 = (g(0) – 1)-e9 + С 
EJ o=(-1)1+C => C= 
yG)-e 9 =(д(х) — 1) ef? +1 


E y(2)-e8 = (800) — 1) ef + 1, where g(2) = 0 
= ус): -(-1):141 
y@)=0 
From given integral equation, /(0) = 0. 
Also, differentiating the given integral equation w.r.t. x 
Ғод- Р) 
[4 уо) #0 
га, = ор Дк) хе 
= nor 


0-0 = 6-0, acontradiction 
f(x)=0,VxER = f(lns)=0 


0) 


Alter 
Given, Fle) = [да 
> flo) =0 and /%9-Л9 
If јод #0 p 
= лә" = Inf(xyexte 
= Ро) = ве“ 

f(o)=0 


= e = 0, a contradiction 
fix)=0,VxER = f(lns)=0 


87. Given, dy iy - 

i T dx x, хэ 

Б» “ШЕ -1 

= lyzi кес 
мета d Кане = се 


п al Р” 
Now, y «ес sec? х - 5 |= cos | cos? 2 = eos 


5 ЕНЕ 
5 


ЭРЭН) 


88. Given differential equation is 


УП + xy)dx = x dy 
= у dx + xy! dx = x ду 


= 


= 


Now, from Eq. (i) 


E 


89. Given differential equation is 


dy 
ов x) + y = 
( ху y =2xlog x, 
= %, 


dx 


y 
xlogx 


=2 


40 


(x20 


This is a linear differential equation. 


[ane 
Trae PU" оман Log 
Now, the solution of given differential equation is given by 


yr log x = flog x-2de 


> уговх =2f logx de 
= yslogx =2xlogx – x] e с 
At х=1с=2 
> y'lgx =2[xlogx— x] 2 
At 

y-He-e)*2 
= у= 


90. Given differential equation. Ф 500 » 
differential equation. 


Here, 


Hence, solution is 
p(t).IF = [ова 


pite? 


> 


> p(t) = 400 —300е7 
9 


ap 
. Given, — = (100 -124x] 
ven, ЗЕ ( x) 


= ар = (100 – 12/x) dx 
On integrating both sides, we get 
Ја = | 100-1242) dx 
Р =100х – 827: + С 


Now, when x =25, then 


P =100 x25 - 8 x (25) + 2000 


2500 – 8 х 125 + 2000 


= 4500 – 1000. = 3500 
92. Сіуеп 


(i) The population of mouse at time Г satisfies the 
differential equation p'() = E = 05p(t) - 450 
1 
(ii) Population of mouse at time г = 0 is 
p0) =850 


93. 


94. 
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‘To find The time at which the population of the mouse will 
become zero, i.e. to find the value of tat which pir) = 0. 
Let's solve the differential equation first 
"пу 0 _ 
p'(t) === = 05 p(t) – 450 
di 
ар) a 
p(t) – 900. 
ј 20... fu 
00) - 900 
=> 2log | p(t) -900| =t + C, where Cis the constant of 
integration. 
То find the value of °C’, let's substitute t = 0. 
= 2log|p(0) -900| =0 + С 
> C =2 log |850 —900 | 
> C -2log 50 
Now, substituting the value of C back in the solution, we get 
2 log | р) - 900] = t + 2 log 50 
Here, since we want to find the value of t at which p(t) = 0, 
hence substituting p(t) =-0, we get 


2 log | 0 -900 | =: + 2 log 50 


t=2 log| 200 
> 2218 |5 
E log 18 

dy 
Here, = у +3>0andy(0) =2 
ere ш у) 
dy 

> Z fa 

те 
- lgly*3|2x4C 
Since, у(0)-2 
- log, [2 + 3] =0+ C 

C -log,s 
> loge |у + 3| = x  log,5 
When x= log,2 
= log, |y + 3| = log,2 + log,5 = Тор, 10 
- у+3=10 
= yz 
" avio 
Given, TUM т-а 

di m-0 


: ау} & - k(T - 0) dt. 
On integrating both sides, we get 


Ч Ап=оу=1 
k а 
Іш ДТ-о +C 
207-0) 
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= c-1-Ép 
z 


= Кт Кт? 
Vy = afer" 


уф у 
Рш-1=2 
> 
= 
= Ф бапх)г = -secx 
dx 


This is a linear differential equation. 
Therefore, 


IF = el tris = qot „есу 


Hence, the solution is 
z (sec x) = f-secx-secx dx + C, 
1 
> 1 secx = -tanx Cj 
У 
= зесх = уйапх+С) 


97. 


Given, 
> 


> 


Equation of circle having centre (h, ® and radius а is 


(x- hy e (y -K)* a. 


Б Eq. (0), = 


У 


The equation of family of circles with centre оп у =2and of 


radius 5 is 

(x-0)? +(у -2) =5' 
=  x'eaoi-20x y! + A-4y -25 
On differentiating w.r.L. x, we get 


2х-2а+2у® 4% 
ах dx 
dy 
> aaxt D (y-2) 
dx 


On putting the value of a: in Eq. (i), we get 
h 9 
[0-а *(y-2y =5? 
dy a 1 
= (£)o 2) -25-(у-2) 


= y"(y -2y -25-(у-2) 


(i) 


